AD-A077  579  OHIO  STATE  UNTV  RESEARCH  FOUNDATION  COLUMBUS  F/G  20/11 

RECENT  DEVELOPMENTS  IN  CLASSICAL  WAVE  SCATTERING  -  FO^US  ON  THE— FTC (U) 
AU9  79  V  K  VARADAN  #  V  V  VARADAN  N00014-79-C-01 H 

UNCLASSIFIED  0SURF-761A54/711671  NL 


DDC  FILE  COPY.  AD  A  077579 


RF  Project  761454/711671 
Final  Report 


oNo 

state 

university 


research  foundation 

1314  kinnear  road 
columbus,  ohio 


RECENT  DEVELOPMENTS  IN  CLASSICAL  WAVE  SCATTERING 
FOCUS  ON  THE  T-MATRIX  APPROACH 


International  Symposium  Held  at 
The  Ohio  State  University,  Columbus ,  Ohio  43210 
June  25-27,  1979 


Editors : 

V.  K.  Varadan  and  V.  V.  Varadan 
The  Ohio  State  University  , 
Department  of  Engineering  Mechanics 


DEPARTMENT  OF  THE  NAVY 
Office  of  Naval  Research 
Arlington,  Virginia  22217 

Contract  No.  N00014-79-C-0UL1 


August,  1979 


DISTRIBUTION  STATEMENT  lf**l 
Approved  fox  public  release;  1 
Distribution  Unlimited 


RECENT  DEVELOPMENTS  IN 
FOCUS  ON  THE 


CLASSICAL  WAVE  SCATTERING  - 
T-MATRIX  APPROACH  m 


International  Symposium  held  at 
The  Ohio  State  University,  Columbus,  Ohio,  USA 
June  25-27,  1979 


1 


Editors  ^ 

J  0  \  v/k.  /varadan  *mA.  MJv  . .Varadan 
V  The  Ohio  State  University 


Sponsored  by  : 


rr'i 


U.S.  Office  of  Naval  Research  and 
The  Ohio  State  University 


7  .lb- 


jc'\  N  c  c  - 


__7  9-C' 


\  f  i- ; 

V- 


1  D 


ec 


1%  - 


y  c 

\ 


f  ; 


i/ 


%  6V  5^ 


-Jr  c. 


This  work  relates  to  the  Department  of  Navy 
Contract  No.  N00014-79-C-0111  issued  by  the 
Office  of  Naval  Research.  The  United  States 
Government  has  a  royalty-free  license 
throughout  the  world  on  all  copyrightable 
material  contained  herein. 


Dedicated  to  our  little  girl 
Haima 


The  scattering  and  propagation  of  waves  is  a  classical  area  which  has  engaged  the 
interest  of  several  generations  of  mathematicians,  physicists  and  engineers.  Exten¬ 
sive  research  in  the  areas  of  acoustics,  electromagnetics  and  elastodynamics  has 
resulted  in  many  mathematical  and  computational  techniques.  Recent  advances  in 
digital  computer  technology  have  made  it  possible  to  solve  complex  scattering 
and  wave  propagation  problems  which  are  not  amenable  to  analytical  solution.  Due 
to  the  underlying  unity  in  the  mathematical  description  of  the  three  wave  fields 
and  the  spurt  of  recent  developments,  the  Organizing  Committee  felt  the  need  for 
bringing  together,  for  the  first  time,  experts  from  all  three  areas  for  meaningful 
interaction  and  exchange  of  ideas.  The  Symposium,  that  was  held  at  The  Ohio  State 
University,  June  25  -  27,  1979,  was  very  successful  in  establishing  close  rapport 
among  the  many  participants.  The  group  had  an  excellent  opportunity  to  discuss 
critically  the  merits  and  limitations  of  several  new  theoretical  and  computation 
techniques  that  have  been  developed  in  the  recent  past  and  report  on  new  methods 
and  results.  The  main  theme  was  to  present  unified  theoretical  and  computational 
methods  for  the  scattering  of  acoustic,  electromagnetic  and  elastic  waves. 

A  major  development  in  the  last  ten  years  has  been  the  T-Matrix  method.  This  method 
which  incorporates  certain  elegant  analytical  properties  has  also  proven  to  be  an 
efficient  computational  technique.  Even  though  the  method  has  received  scant 
attention  in  the  past,  recent  advances  by  small  research  groups  throughout  the 
world  have  demonstrated  its  potential  applicability  in  many  areas  of  single  and 
multiple  scattering  of  all  three  wave  fields.  The  Symposium  was  focused  on  the 
T-Matrix  so  that  its  full  potential  and/or  limitations  could  be  properly  understood 
in  the  context  of  other  well  known  methods  such  as  geometrical  theory  of  diffrac¬ 
tion,  moment  method,  finite  element  method,  singularity  expansion  method,  etc. 

The  papers  presented  at  the  Symposium  are  collected  in  this  volume  which  may  serve 
as  a  basic  reference  for  unified  approaches  to  scattering  problems  in  all  three 
wave  fields.  At  the  suggestion  of  Dr.  M.A.  Chaszeyka,  Dr.  N.L.  Basdekas  and 
Dr.  L.  Flax,  and  the  interest  expressed  by  many  of  the  participants,  an  introduc¬ 
tory  chapter  on  the  differential  and  integral  representations  for  acoustic, 
electromagnetic  and  elastic  fields,  has  been  included.  The  book  is  organized  into 
ten  sections  :  the  first  few  sections  consist  of  papers  dealing  exclusively  with 
the  T-Matrix  and  its  many  applications,  the  subsequent  sections  consist  of  papers 
in  other  methods,  and  the  last  section  consists  of  papers  on  special  topics. 

The  Symposium  brought  together  35  invited  speakers  and  about  125  participants 
from  all  over  the  world.  The  lectures  were  very  stimulating  and  led  to  lively 
discussions.  Recomnendations  for  future  research  areas  in  the  T-Matrix  method 
as  summarized  by  a  panel  of  experts  are  included  in  the  book. 

The  Organizing  Committee  responsible  for  the  planning  of  the  Symposium  consisted 
of  Vi jay  K.  Varadan  and  Vasundara  V.  Varadan  (Engineering  Mechanics  Department 
and  Atmospheric  Sciences  Program),  Viswanathan  N.  Bringi  (Electrical  Engineering 
Department  and  Atmospheric  Sciences  Program) ;  who  are  members  of  the  Wave  Propaga¬ 
tion  Group  at  The  Ohio  State  University,  and  the  Conference  Coordinator 
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ABSTRACT 


For  the  convenience  of  researchers  in  different  areas  of  classical  wave  scattering 
a  brief  introduction  is  given  to  the  differential  equations,  potential  decomposi¬ 
tion,  Green's  functions,  integral  representations,  boundary  conditions,  reciprocity 
and  optical  theorems  for  acoustic,  electromagnetic  and  elastic  wave  fields.  Refere¬ 
nces  at  the  end  of  the  chapter  will  direct  the  reader  to  more  detailed,  pedagogical 
treatments  of  these  ideas. 


I.  INTRODUCTION 

Due  to  a  curious  set  of  circumstances  surrounding  18th  century  ideas  regarding  the 
propagation  of  light,  the  elastic  aether  was  invented.  At  that  time  it  was  generally 
understood  that  acoustic  waves  were  longitudinal  and  that  light  was  polarized 
transverse  to  the  direction  of  propagation.  But  the  elastic  aether  by  its  very 
nature  had  to  admit  both  irrotational  (curl  free)  and  solenoidal  (divergence  free) 
solutions.  Thus  basic  ideas  regarding  the  nature  of  the  elastic  field  were  estab¬ 
lished  long  before  the  application  of  elasticity  theory  to  the  behavior  of  structu¬ 
ral  materials.  However,  the  solution  of  the  elastic  aether  equation  by  Poisson 
sounded  the  deathknell  of  the  elastic  aether  theory  since  Poisson  showed  that  the 
irrotational  and  solenoidal  parts  of  the  elastic  field  propagate  with  distinct 
wave  speeds.  Later  Cauchy,  Stokes  and  Love  laid  the  foundations  of  the  mathematical 
theory  of  elasticity  as  we  know  it  today. 

Although  the  elastic  and  electromagnetic  field  parted  company  in  the  beginning  of 
the  19th  Century,  there  is  a  mathematical  unity  that  is  present  in  the  description 
of  these  fields  that  is  particularly  relevant  in  unified  approaches  to  the  solu¬ 
tion  of  scattering  and  boundary  value  problems  for  acoustic,  electromagnetic  and 
elastic  fields.  The  common  link  in  the  description  of  these  fields  is  the  decompo¬ 
sition  into  vector  and  scalar  potentials  which  describe  the  solenoidal  and 
irrotational  parts  of  the  field  respectively.  Further  it  can  be  shown  that  for 
time  harmonic  fields  the  scalar  and  vector  potentials  satisfy  the  scalar  and  vector 
Helmholtz  equations  for  all  three  classical  fields. 

The  acoustic  field  is  purely  longitudinal  and  hence  the  particle  velocity  can  be 
expressed  as  the  gradient  of  a  scalar  potential.  The  electromagnetic  field  in  the 
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absence  of  free  charges  can  be  expressed  as  the  curl  of  a  vector  potential.  The 
elastic  field  on  the  other  hand  requires  both  types  of  potentials  for  a  complete 
description.  In  addition,  although  the  differential  equations  for  the  scalar 
and  vector  potentials  are  uncoupled,  the  two  potentials  will  get  coupled  due  to 
boundary  conditions  at  a  free  surface  or  a  bimaterial  interface.  Thus  acoustic, 
electromagnetic  and  elastic  wave  problems  are  in  increasing  order  of  difficulty. 

The  striking  difference  between  the  three  fields  is  that  acoustic  and  electro¬ 
magnetic  wave  propagation  are  characterized  by  a  single  speed  of  propagation  for 
each  field  whereas  two  components  of  the  elastic  field  propagate  with  two 
distinct  wave  speeds. 

Researchers  in  the  three  different  areas  can  benefit  greatly  from  the  existing 
literature  for  the  solution  of  certain  types  of  boundary  value  and  scattering 
problems  that  have  common  mathematical  features.  The  barrier  in  most  cases  is  that 
researchers  in  one  field  are  unfamiliar  with  the  description  and  properties  of 
other  fields.  Since  the  thrust  of  this  symposium  proceedings  is  a  unified  approach 
to  classical  wave  scattering,  this  introductory  chapter  summarizing  the  description 
of  acoustic,  electromagnetic  and  elastic  wave  fields  is  included  as  part  of  the 
proceedings.  By  necessity,  the  treatment  is  quite  brief,  but  it  is  hoped  that  it 
will  still  benefit  all  readers. 

II.  ACOUSTIC  FIELD 


Field  Equations 


The  propagation  of  sound  in  an  infinite  non-viscous  ( or  perfectly  elastic)  fluid 
can  be  described  by  the  variation  of  the  pressure  pas  a  function  of  space  and 
time  or  by  the  variation  of  the  particle  velocity  or  the  particle  displacement  u. 
The  particle  velocity  can  be  expressed  as  the  gradient  of  a  scalar  potential  <j>  and 
the  pressure  is  related  to  the  time  derivative  of  <f>.  The  formalism  can  thus  be  a 
completely  scalar  formalism  or  a  vector  formalism.  The  material  properties  involved 
in  the  description  of  the  field  in  an  inviscid  fluid  are  the  compressibility  X, 
and  the  mass  density  p_. 

From  Euler's  equation  or  the  conservation  of  momentum  equation,  neglecting 
terms  quadratic  in  u,  p  and  we  obtain 


<?  (r,  t) 


0 


(2.1) 


where 


In  Eqs.  (2.1)  and  (2.2),  cf  is  the  speed  of  sound  in  an  ideal  fluid  and  lineari¬ 
zing  Euler's  equation  corresponds  to  assuming  |u|  <<  cf. 


Confining  the  rest  of  this  discussion  to  time  harmonic  fields  of  frequency  u>,  we 
find  that 


*  (r,  t)  =  <P  (r)  e'i(Jjt 


(2.3) 


so  that  Eq.  (2.1)  reduces  to  the  scalar  Helmholtz  equation. 
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CV2  +  kf2)  <f>  (r)  =  0  C2-4) 

where  kf  =  ui/cf  is  the  wavenumber 

If  there  are  sources  of  sound  in  the  infinite  fluid  then  the  right  hand  sides  of 
Eqs .  (2.1)  and  (2.4)  will  be  non-zero.  The  Green's  function  g  (?,  ?')  is  the  res¬ 
ponse  at  r  due  to  a  point  source  at  ?' and  is  the  solution  of 

(V  ♦  kf  )  g  (r,  r')  *  -  6  (r-r')  (2.5) 

The  solution  of  Eq.  (2.5)  is  well  known  and  is  given  by 


g (?,?•)  -  eikfl'  ‘  1/4*1?-  r'|  (2.6) 

Integral  Representations  for  Scattering  Problems 

In  the  solution  of  scattering  problems  we  are  interested  in  finding 
<{>(r)  exterior  to  a  surface  S  that  is  excited  by  a  source  exterior  to  S  that  we 
shall  denote  by  $°  (see  Fig.  1).  The  additional  pressure  field  created  outside 
S  due  to  the  scattering  of  sound  waves  from  S  is  denoted  by  $s .  Thus 

<J>(r)  *  <f>°(r)  ♦  (r)  ;  r  outside  S  (2.7) 

The  scattered  field  $s  satisfies  the  source  free  Helmholtz  equation  exterior  to 
S,  while  (j>°  satisfies  the  source  free  Helmholtz  equations  in  the  region  occupied 
by  the  scatterer. 


(V  +  kf  )  <f>°(r)  *  0  ;  r  inside  S 


(2.8) 


z  z  -  -► 

(V  +  kf  )  T(r)  =  0  ;  r  outside  S 


(2.9) 


Fig.  1.  Scattering  geometry 
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Multiplying  Eq.  (2.8)  by  g  and  subtracting  from  Eq.  (2.5)  multiplied  by  $°  and 
integrating  over  the  volume  occupied  by  S  and  using  Green's  theorem,  we  obtain 


,  0.*  >  n'r, 

9  n  .v  g 


1(  0  ;  r  outside  S 
dS  = 

{  <t>° (r)  ;  r  inside  S 


(2.10) 


Similarly  from  Eqs.  (2.9)  and  (2.5)  and  integrating  over  the  region  exterior 
to  S,  we  obtain 


(<^r) ;  r  outside  S 
0  ;  r  inside  S 


(2.11) 


Adding  Eqs.  (2.10)  and  (2.11),  we  obtain  the  Helmholtz  integral  representation 

!<jis  (r) ;  r  outside  S 

_  _  (2-12) 

-9°  (r) ,  r  inside  S 

^  *  •+ 

In  Eqs.  (2.10)  -  (2.12),  the  prime  on  n'  etc.  denotes  that  £he  argument  is  r" 

which  is  ajpoint  on  S.  The  Green's  function  g  =  g(r,  r')  where  r  is  the  field 

point  and  r'  is  the  source  point  which  in  this  case  is  on  the  surface.  In  deriving 

Eq.  (2.11),  the  surface  integral  at  S  is  equal  to  zero  because  g  satisfies  proper 

radiation  conditions.  The  first  of  Eq.  (2.12)  is  simply  Huygen's  principle  that 

states  that  the  scattered  field  9s  is  created  by  point  sources  induced  on  the 

surface  S  of  the  scatterer.  The  second  of  Eq.  (2.12)  has  been  called  the  null 

field  equation,  the  extinction  theorem  of  Ewald-Oseen  or  the  emended  boundary 

condition.  It  simply  states  that  the  incident  field  $°  is  extinguished  at  all 

points  to  the  interior  of  the  scatterer  by  the  negative  of  the  surface  integral 

that  creates  the  scattered  field  to  the  exterior  of  S. 

If  the  surface  S  encloses  a  different  fluid  with  material  properties  and  X^ 

and  if  is  the  velocity  potential  inside  S,  then  for  the  region  inside  S 

0  ;  r  outside  S 

HK  -  (2.13) 

^(r);  r  inside  S 

The  derivation  of  Eq.  (2.13)  is  exactly  similar  to  that  of  Eq. (2. 10)using  in  this 
case  instead  of  $°  and  g1 ,  the  Green's  function  for  the  fluid  inside  S  instead 
of  g. 


■/! 


gl 


dS  = 


/[ 


V  n".7'g  -  g  n'.V'Q 


Boundary  Conditions 

(a)  Sound  soft  obstacle  :  If  the  region  occupied  by  S  is  void,  then  the  boundary 

condition  at  S  is  that  the  pressure  field  must  vanish  at  all  points  on  S  and  thus 
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Equation  (2.14)  is  simply  a  Dirichlet  boundary  condition. 


(b)  Sound  hard  Obstacle  :  If  the  obstacle  enclosed  by  S  is  rigid  relative  to 
the  stirrounding  fluid,  then  the  particle  velocity  must  be  zero  everywhere  within 
and  on  S.  Only  the  normal  component  of  the  particle  velocity  appears  in  the 
integral  representation  and  hence 


n'**7'|  3  0  on  S 


(2.15) 


Thus  Neumann  boundary  conditions  imposed  on  S  corresponds  to  a  sound  hard  obsta¬ 
cle. 

(c)  Permeable  Obstacles  :  The  region  within  S  may  be  occupied  by  a  fluid  with 
properties  pf.  and  or  it  may  enclose  a  solid.  In  either  case,  continuity 
conditions  require  that  the  normal  component  of  the  particle  velocity  and  the 
pressure  must  be  continuous  across  the  bimaterial  interface  at  S. 

pf  ♦; a  pn 

n*V'$  3  nr7 

For  a  solid  fluid  interface,  if  5  and  r1  are  the  displacement  and  stress  fields 
in  the  solid,  then  the  continuity  of  pressure  and  normal  component  of  the  parti¬ 
cle  velocity  imply  that 


on  S 


(2.16) 


iiup£$' 


=  n 


..n 


on  S 


(2.17) 


n'.  =  -iu  n".  uf.  j 

In  equations  (2.14)  -  (2.17)  the  signs  indicate  that  the  surface  S  is  approached 
from  the  outside  and  inside  respectively. 


Reciprocity  and  Optical  Theorems 

At  distances  far  from  the  surface  of  the  scatterer,  the  scattered  field  potential 
4>s  consists  of  outgoing  spherical  waves  propagating  along  the  radius  vector  r 


*s 


f(k0.r) 


(2.18) 


In  Equation  (2.18),  f(k0,  r)  is  the  scattered  far  field  amplitude  that  depends 
on  the  geometry  and  nature  of  the  scatterer,  the  frequency  of  the  incident  wave, 
the  direction  of  incidence  k0  and  the  direction  of  observation  r. 


The  reciprocity  theorem  states  that  independent  of  the  obstacle 


f  (k0,  r)  3  f  C-r,  -k0)  (2.19) 

Equation  (2.19)  is  called  the  principle  of  reciprocity  and  states  that  the  ampli¬ 
tude  of  the  far  field  is  unchanged  by  interchanging  the  position  and  direction 
of  source  and  receiver.  This  principle  leads  directly  to  the  symmetry  property 
of  the  scattering  matrix. 
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The  total  scattering  cross  section  ot  t  is  the  total  energy  scattered  by  the 
obstacle  into  a  solid  angle  of  411  in  3-D, 


tot 


-kf 


-  ,2  - 

r)  dr 


Using  the  principle  of  Conservation  of  energy  it  can  be  shown  that 


atot  +  aabs  = 


1 

Xf 


!m  f(k0,kQ) 


(2.20) 


(2.21) 


Equation  (2.21)  is  called  the  optical  theorem  and  aajjS  is  the  energy  if  any  that 
is  dissipated  inside  the  scatterer.  If  the  material  constants  of  the  scatterer 
are  real  and  there  is  no  viscosity,  then  ^  us  =  0.  The  optical  theorem  is  some¬ 
times  also  known  as  the  forward  amplitude  theorem. 

III.  ELECTROMAGNETIC  FIELD 
Field  Equations 

-V  “V 

In  a  charge  free  medium,  using  the  electric  field  E  and  the  magnetic  field  H 
as  the  field  variables.  Maxwell's  equations  for  the  electromagnetic  field  are 
given  by 


7.  H 


7.  E  =  0 


7  x  H  - 


7  x  !  +  i- 
c 


3E 

TT 

3H 

3t 


=  0 


(3.1) 

(3.2) 

(3.3) 

(3.4) 


In  Eqs.  (3.1)  -  (3.4),  c  is  the  speed  of  light  in  the  medium  and  is  given  by 
c  =  1/Vey  where  £  is  the  dielectric  constant  and  y  is  the  permeability.  Equations 
(3.1)  and  (3.2)  state  that  "£  and  are  solenoidal  fields  i.e.  thay  can  be  repre¬ 
sented  by  the  curl  of  a  vector  potential.  Maxwell's  equations  for  a  charge  free 
medium  can  be  simplified  to 


/  2  1  j£_, 

\7  ■  at' 


The  potential  decomposition  of  the  E  and  H  field  can  be  written  as 


f  =  -  7  *  A - 

c 


(3.5) 


(3.6) 


and 


H 


7  x  B  - 


_1_ 

r 


3A 

3t 


(3.7) 
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with  the  guage  condition 
7.  X  =  V.  5=0 

If  the  ensuing  discussion  is  confined  to  time  harmonic  fields  of  frequency 
then  ft  and  ft  satisfy  the  vector  Helmholtz  equation.  The  Green's  function  for 
the  vector  Helmholtz  equation  is  a  dyadic  which  is  the  solution  of 

(72  ♦  k2)  ft  (r,  r')  =  -  I  5(r  -  r')  (3.8) 

and  hence  by  comparison  with  Eq.  (2.5) 


(r,  r-D  -  t  g (?,  tn 


(3.9) 


where  I  is  the  idemfactor  and  g  is  the  Green's  function  of  the  scalar  Helmholtz 
equation  as  given  by  Eq.  (2.6). 

Integral  Representations  for  Scattering  Problems 

Consider  the  geometry  of  Fig.  1 ,  where  S  now  encloses  a  perfectly  conducting 
obstacle  or  a  dielectric  with  dielectric  constant  Ej  and  permeability  y^.  A 
monochromatic  wave  of  frequency  <d  giving  rise  to  an  electric  field  E°  and 
magnetic  field  ft0  is  incident  on  S.  The  total  electric  and  magnetic  fields 
outside  S  can  be  written  as 

E  (r)  =  E°  (r)  +  Es  (r)  (3.10) 

H  (r)  =  H°  (r)  +  Hs  (r)  (3.11) 


Ho  and  H°  satisfy  the  source  from  Helmholtz  equation  in  the  region  occupied  by 
S  and  fs  and  Hs  satisfy  the  source  free  Helmholtz  equation  exterior  to  S. 

In  order  to  derive  an  integral  representation  for  the  E  field,  we  note  the 
following  vector  identities 

(7'2ft').  G  -  (7'2  ft).  H  =  H'  5(r  -  r ') ,  (3.12) 

7  «r7-2  h'-G  -  (7'2  G) •ft" j 

L  (  r*  -  -  51 

.  7  X  7'.  G  x(?'x  H')-H'*(7'x  G)J 

■  7  x  (ft'  5(r  -  r')  ),  (3.13) 


and 


X 

7'x  G 


X 

-7  x  G 


(3.14) 
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Using  the  procedure  used  in  deriving  Eqs.  (2.10)  -  (2.12),  using  15°  and  Hs 
successively  in  Eq.  (3.13)  and  using  the  divergence  theorem  and  radiation 
conditions  on  g  and  adding,  yields 

-V  "I  .  ) 

V  x  I  fin'  x  (V"  x  H')J  g  -  (n'  x  H')-(7'x  Ig)|  dS 


|  V  x  hs  (r)  ;  r  outside  S  | 
l-V  x  H°  (r)  ;  r  inside  S  ) 


(3.15) 


Using  Eqs.  (3.14)  and  (3.3)  in  (3.15),  manipulating  the  vector  products  in  the 
second  term  of  the  surface  integral,  we  finally  obtain 


kV  x  /  (ri'x  E")g  dS  +  iV  x7x  /  (n"  x  H')g  dS 

S  *4 


f 


P  (r); 


r  outside  S 


(3.16) 


(-E  (r) ;  r  inside  S 


Equation  (3.16)  is  the  Helmholtz  integral  representation  for  the  electric  field. 
The  first  part  of  Eq.  (3.16)  is  once  again  a  statement  of  Huygen's  principle 
and  the  second  part  is  the  null  field  equation. 

If  the  surface  S  encloses  a  dielectric  and  if  and  Hj  are  the  electric  and 
magnetic  fields  interior  to  S,  then  an  equation  similar  to  Eq.  (2.13)  can  be 
written  for 


k V  x  I  ( n '  x  E')g  dS  +  iV  x  7  x  /  (iT  x  H')g  dS 

*4  "5 

!0  ;  r  outside  S 
-Ej (r) ;  r  inside  S 


(3.17) 


Boundary  Conditions 

(a)  ^Perfect  Conductor  :  If  the  surface  S  encloses  a  perfect  conductor,  then 
the  E  field  everywhere  inside  and  on  S  must  vanish.  In  particular,  the  tangential 
component  of  £  on  S,  i.e. 


(n'  x  f-)+  =  0  on  S 


(3.18) 


! 


(b)  Permeable  Dielectric  :  If  the  scatterer  is  a  dielectric,  then  the  tangential 
components  of  the  an(j  ^  fields  must  be  continuous  across  the  interface  at  S, 


; 


(n'  x  E')+  *  (n'x  f{)_ 
(n'*3')/  (n'x  S') 


at  S 


(3.19) j 


Reciprocity  and  Optical  Theorem  j 

At  distances  far  from  S,  the  scattered  field  1?  consists  of  outgoing  spherical 
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waves  and  can  be  written  in  the  form 

^  ^  ^  a  ikr 

Es  (r)  -  —  ■  ■  F(kQ,r)e  /4Hr  (3.20) 

I  r  I  -  °* 

where  kQ  is  the  direction  of  incidence  and  r  the  direction  of  observation.  Let  u0 
be  the  polarization  of  the  incident  wave.  If  we  interchange  source  and  receiver 
and  reverse  the  direction  of  the  waves,  then  the  reciprocity  condition  states 
that 


u.  F  (k0,  r)  *  Uq.  ?  (-r,  -k0)  (3.21) 

where  u  is  the  polarization  of  the  wave  incident  along  -r,  i.e.  after  interchange 
of  source  and  receiver.  Equation  (3.21)  is  independent  of  the  boundary  conditions 
at  S  and  the  geometry  of  the  scatterer. 

The  optical  theorem  is  again  a  statement  of  the  conservation  of  energy.  This 
theorom  relates  the  far  field  scattered  amplitude  in  the  forward  direction  to 
the  total  energy  scattered  and  absorbed  by  the  obstacle,  i.e. 

atot  +  aabs  *  “k"  Im  “o*  ?(*o*  *o)  (3.22) 


where 


tot 


r)|2  to 


(3.23) 


The  absorption  crosssection  is  zero  if  the  dielectric  constant  of  the  scatterer 
is  real. 


IV.  ELASTIC  FIELD 


Field  Equations 


The  field  variables  that  ^describe  the  elastic  field  are  the  displacement  vector 
J  and  the  stress  tensor  f  that  are  related  by  generalized  Hooke’s  law 

Tij  *  Cijkf  3k  H  (4.D 

where  is  the  fourth  rank  stiffness  tensor.  For  a  linear  isotropic  elastic 

solid,  there  are  only  two  independent  elastic  constants  \  and  u  called  the 
Lame'  constants.  The  stiffness  tensor  then  reduces  to 

l 

Cijk£  *  x  dij  6kf  +  u  («ik  6j t  *  6i£4jk5 


(4.2) 
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so  that  the  stress  tensor  can  be  written  in  dyadic  form  as 

t  *  +  +  + 

t  3  \  IV.  u  +  u  (Vu  uV)  (4.3) 


The  stress  tensor  is  symmetric  and  has  only  six  independent  components.  The  dis¬ 
placement  equation  in  the  solid  can  be  derived  from  Newton's  law  for  a  source 
free  elastic  continuum  and  is  given  by 

V.T-P  =  0  (4.4) 

3  t* 


where  p  is  the  mass  density. 

Since  there  are  no  additional  restrictions  on  u,  the  Helmholtz  decomposition  of 
the  displacement  field  should  include  both  irrotational  and  solenoidal  parts. 
Thus 


V<(>  +  V  x  i|i  ;  V.i |i  3  0 


(4.S) 


where  *  and  $  are  the  scalar  and  vector  potentials  of  the  elastic  field.  Substi¬ 
tuting  Eq.  (4.5)  into  (4.4)  and  (4.3)  it  can  be  seen  that  for  harmonic  fields 
of  frequency  w 

(V2  +  kp2)$  =  0  (4.6) 


(V2  +  ks2)£  *o  (4.7) 


where 

kp“=  ui2p/(X  +  2y)  ;  kg  *  (o  p/y  (4.8) 


Even  though  the  potentials  satisfy  Helmholtz  equation,  the  important  feature  of 
Eqs.  (4.6)  and  (4.7)  is  that  the  irrotational  and  solenoidal  parts  of  the 
elastic  field  propagate  with  distinct  speeds  cp  and  cs  respectively  where 

c  * .  /X  ♦  2u  and  z  -  Jy/p  .  The  subscript  p  denotes  primary  and  s 

P  \  P  s  1 

denotes  secondary  null  c  >c  .  These  waves  are  variously  referred  to  as  P-waves 
or  pressure  waves  or  compreslional  waves  and  S-waves  or  shear  waves. 

The  two  components  of  the  shear  wave  are  further  classified  as  SV-  and  SH-waves 
for  problems  where  there  is  a  preferred  axis.  Shear  waves  polarized  parallel 
to  the  preferred  axis  are  called  horizontally  polarized  shear  waves  or  SH 
waves . 

Although  the  differential  equations  for  the  scalar  and  vector  potentials  are 


13 


Acoustic,  Electromagnetic  and  Elastic  Field  Equations 


uncoupled,  whenever  boundaries  are  present,  the  two  potentials  will  be 
coupled  by  boundary  conditjnns  making  problems  of  elastodynamics  quite  difficult. 

The  Green's  stress  dyadic  and  the  displacement  dyadic  G  are  the  response  to 
a  uniform  point  force  applied  at  t'  in  an  infinite  medium  and  satisfy 


y 

7.  Z_i  ♦  pu  G 


-  I<5  (r  -  r') 


C4.9) 


The  dyadic  Zw  is  of  third  rank  and  is  related  to  G  by  Hooke's  law 


* 

E 


XI  7.  G  +  y  (7G  +  G7) 


(4.10) 


ti, 


is  defined  so  that  it  is  symmetric  in  the  first  two  indices. 

The  Green's  dyadic  G  can  be  constructed  by  noting  the  potential  decomposition 
of  u.  The  Green's  dyadic  will  also  have  irrotational  and  solenoidal  parts  and 
is  given  by 


$ 

G  (r,  r') 


kg2  I  g(kg|r  -  r'|)  + 


1  ( 

4np«*  ) 

vjgCkpl?  -  r'l)  -  g(kg  |r  -  P  I)]?  j 


C4.ll) 


where  g  is  the  scalar  Green's  function  given  by  Eq.  (2.6). 


Integral  Representations  for  Scattering  Problems 

Consider  the  geometry  shown  by  Fig.  1  where  the  region  exterior  to  S  is  an  infi¬ 
nite  elastic  medium  with  material  properties  p,  X,  y.  An  incident  wave  of 
frequency  u  giving  rise  to  a  displacement  u°  excites  the  scatterer  S.  The  total 
field  outside  S  is  given  by 


u(r)  «  u°  (?)  ♦  3s  (r)  (4>: 

where  u3  is  the  scattered  displacement  field.  The  sources  giving  rise  to  u° 
are  outside  S  and  those  giving  rise  to  u5  are  located  on  the  surface  of  the 
scatterer.  Thus  both  u°  and  us  satisfy  Eq.  (4.4)  inside  and  outside  S  respect¬ 
ively.  The  procedure  for  deriving  the  integral  representation  for  us  and  u  is 
exactly  similar  to  that  used  for  the  acoustic  and  electromagnetic  fields.  From 
Eqs.  (4.4)  and  (4.9),  using  the  following  vector  identities 


(7.  t).  G  -  7.  (t  .  G)  -t  :7  G, 

*  i  3 

u  .  (7  .^)  *  7.  (u  .^3)  -  7u 
* 

t  *  +  y 

t  :  7G  —  7u  :  Z-j  *  0 , 


(4.13) 


(4.14) 


(4.15) 
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so  that 


r.[?.  G  -  u.^Zj  *  u  5(r  -  r') 


(4.16) 


we  obtain 


u'.  (n'.S)  -  n".  x'.  G  IdS 

iu5  (r) ;  r  outside  S 
-u°  (r) ;  r  inside  S 


(4.17) 


The  first  part  of  Eq.  (4.17)  is  a  statement  of  Huygen’s  principle  for  the 
scattered  elastic  field  and  the  second  part  is  the  extinction  theorem  or  the 
null  field  equation. 

If  the  surface  S  encloses  a  different  elastic  material  of  peoperties  P1»^1  and  u1 
then  the  integral  representation  for  ttj,  the  displacement  field  in  S  is  given 

(n-.^j)  -  Gi  JdS 

|  0  ;  i  outside  S  (4.18) 

J|  -u  (r)  ;  r  inside  S 

In  Eq.  (4.18),  and  are  the  Green's  stress  and  displacement  dyadics  for 
the  material  inside  S. 


It  is  useful  to  observe  that  although  sound  propagation  in  an  ideal  fluid  can  be 
given  an  entirely  scalar  formulation,  for  many  problems  involving  solid-fluid 
boundaries,  it  becomes  convenient  to  use  a  vector  formalism  for  the  acoustic 
field  similar  to  that  used  for  the  elastic  field.  We  set  the  shear  modulus  of 
the  ideal  fluid  to  zero  so  that  the  stress  tensor  in  the  fluid  is  completely 
diagonal  and  simply  corresponds  to  the  pressure.  Both  the  displacement  field 
and  Green's  dyadic  ^  in  the  fluid  have  only  irrotational  parts.  Thus  the 
integral  representations  given  in  Eqs.  (4.17)  and  (4.18)  may  be  used  for  the 
fluid  also  keeping  these  factors  in  mind. 


Boundary  Conditions 

(a)  Cavity  :  If  S  encloses  a  void  or  cavity  then  the  normal  component  of  the 
stress  tensor  should  vanish  everywhere  on  S  and  thus 


t'  «  n'.  t'  »  0  on  S  (4.19) 

The  vector  t  defined  in  Eq.  (4.19)  is  called  the  traction  vector.  This  boundary 
condition  on  the  traction  can  be  considered  as  a  generalized  Neumann  boundary 
condition  if  we  think  of  the  Hookian  differential  operator  C^i  as  the 
analogue  of  the  gradient  operator  in  scalar  problems.  However,  for  the  acoustic 
field  the  Neumann  boundary  condition  corresponds  to  a  sound  hard  obstacle 
whereas  in  the  elastic  case  it  refers  to  a  soft  obstacle. 

(b)  Rigid  fixed  scatterer  :  In  this  case  the  scatterer  is  considered  to  have 
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material  properties  Xi,  u;  „,  so  that  it  is  rigid  relative  to  the  surrounding 
material.  In  addition  to  this,  the  scatterer  should  also  have  inifinite  mass 
i.e.  pj  4  .  or  be  fixed.  This  is  difficult  to  realize  in  practice  except 
perhaps  in  the  case  of  infinitely  long  cylinders.  The  boundary  condition  in  this 
case  is  a  Dirichlet  boundary  condition  and  requires  the  displacement  field  i!  to 
be  zero  everywhere  on  S 

u;  *  0  on  S  (4.20) 


It  is  again  interesting  to  note  that  for  the  acoustic  field  the  Dirichlet  boun¬ 
dary  condition  corresponds  to  the  sound  soft  obstacle  and  for  the  elastic 
field  to  a  rigid  obstacle. 

(c)  Elastic  Solid  Inclusion  : 

If  the  contact  at  the  bimaterial  interface  S  is  to  be  perfectly  welded,  then 
all  components  of  the  displacement  and  traction  vectors  must  be  continuous,  i.e. 


(4.21) 


(d)  Elastic  Fluid  Inclusion  : 

If  the  surface  S  encloses  a  perfect  fluid,  then  only  the  normal  components 
of  the  displacement  and  traction  are  continuous  across  the  interface  at  S  and 
since  the  fluid  does  not  support  any  shear  stresses,  the  tangential  component 
of  the  traction  when  approached  from  the  outside  (the  solid  side)  must  be  zero 
and  hence 

-K.  *„ 

n  .  u+  *  n  •  ^ 

iT.  t;  «  rT- 

Ct')  -  o 

+tangential 


on  S 


(4.22) 


It  must  be  noted  that  Eq.  (4.22)  does  not  specify  anything  about  the  tangential 
component  of  the  displacement  at  the  fluid  solid  interface. 

Reciprocity  and  Optical  Theorems 

One  if  the  distinct  features  of  elastic  wave  scattering  is  the  phenomenon  of 
mode  conversion.  When  a  P  wave  hits  a  free  surface  or  a  bimaterial  interface, 
then  both  P-waves  and  S-waves  are  generated  on  scattering  and  S-waves  when 
scattered  give  rise  to  both  S-waves  and  P-waves.  For  the  elastic  field  in 
addition  to  the  usual  reciprocity  relations  for  the  non-mode  converted  scattered 
field  amplitudes,  we  need  an  additional  relation  for  the  mode  conversion  ampli¬ 
tudes  . 

At  distances  far  from  the  scatterer  the  displacement  field  u  consists  of  outgoing 
spherical  P-  and  S-  waves  given  by 
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fp  ^o'  T) 

|rh  00 

+  fs  Ck0,  r) 


where  f  .  r  =0  denoting  that  f  is  polarized  transverse  to  the  direction  of 
propagation, kQ  is  the  direction  of  incidence  and  r  the  direction  of  observa¬ 
tion  and  hence  that  of  the  propagating  spherical  P-  and  S-  waves. 

Using  the  Betti-  Rayleigh  reciprocal  identity  for  two  elastodynamic  states, 
we  can  derive  reciprocity  relations  between  the  scattered  field  amplitudes  when 
the  source  and  receiver  are  interchanged  and  reversed.  In  the  second  case  the 
wave  is  incident  along  -  r  and  observed  along  -  k0.  Let  uQ  be  the  polarization 
of  the  shear  wave  incident  along  kn  and  u  that  of  the  shear  wave  incident  along 
-  i.  Then 


eil(Pr/r 


eik*r/r 


(4.23) 


fPP  <V  •  Vr* 

-ko} 

(4.24) 

“o  •  *ss  C-  r,  -  k0) 

=  u  . 

?ss 

(4.25) 

V--  -v  ■  -zr 

1 1 

f  fie  tO 

(4.26) 

U  • 

rps'*Ko> 

In  Eqs.  (4.24)  -  (4.26),  the  first  subscript  on  f  denotes  the  polarization  of 
the  incident  wave  and  second  subscript  the  polarization  of  the  scattered  wave. 
Equations  (4.24)  and  (4.25)  are  similar  to  reciprocity  relations  for  the 
acoustic  and  electromagnetic  field  respectively  whereas  Eq.  (4.26)  which  relates 
the  mode  converted  amplitudes  is  unique  to  elastic  wave  scattering. 

The  optical  theorem  for  elastic  waves  can  be  derived  using  the  principle  of 
conservation  of  energy.  If  a^Qt  is  the  total  energy  in  the  scattered  field  and 
°ab$  t*ie  energy  if  any  that  is  dissipated  in  the  obstacle  then, for  P-wave 
incidence 


’’tot  *  °abs  '  •$-  In  (Vk°'  V1 


and  for  S-wave  incidence 


o  ♦  a  *  — Im  [u_.  f  (k  .  k  )] 
tot  abs  0  ssv  o’  oJ1 


For  an  elastic  obstacle  is  zero. 


V.  CONCLUDING  REMARKS 


(4.27) 


(4.28) 


In  this  brief  summary,  some  of  the  important  features  of  acoustic,  electro¬ 
magnetic  and  elastic  waves  relevant  to  scattering  problems  have  been  briefly 
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discussed.  Many  of  the  details  are  missing  and  some  features  like  volume  integral 
formulations  for  the  three  fields  have  been  omitted  for  the  sake  of  brevity.  The 
list  of  references  given  at  the  end  of  this  section  will  point  the  reader  to 
more  detailed  treatments  of  the  ideas  summarized  here. 

After  a  first  reading,  it  will  be  realized  that  the  mathematical  unity  in  the 
description  arises  from  the  potential  decomposition  of  the  fields  and  although 
the  field  equations  are  quite  different  to  begin  with, the  scalar  and  vector 
potentials  for  all  three  fields  satisfy  the  wave  equation.  Another  interesting 
observation  is  that  in  the  surface  integral  representation  for  scattering  prob¬ 
lems,  only  those  surface  quantities  that  are  prescribed  by  boundary  conditions 
natural  to  the  problem  occur  in  the  integrand.  For  the  acoustic  field  it  is  the 
pressure  and  particle  velocity,  for  the  electromagnetic  field  it  is  the  tangen¬ 
tial  component  of  the  ?  and  H  fields  and  for  the  elastic  field  it  is  u  and  t. 


Lastly  there  is  one  particular  scattering  problem  that  is  mathematically  iden¬ 
tical  for  all  three  wave  fields.  This  is  the  scattering  of  waves  normally 
incident  to  the  axis  (z-axis)  of  an  infinitely  long  cylinder.  For  the  electro¬ 
magnetic  field  the  polarization  of  the  incident  field  in  the  z-direction  and 
for  the  elastic  field,  the  incident  wave  is  an  SH-wave  polarized  in  the  z-direc- 
tion.  For  this  particular  problem  there  is  no  depolarization  of  both  vector 
fields  upon  scattering  and  the  differential  equation  for  both  reduces  to  the 
scalar  wave  equation  that  describes  the  acoustic  field.  Hence  this  particular 
example  serves  as  a  convenient  check  for  all  unified  approaches  to  classical 
wave  scattering  problems. 
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GENERAL  INTRODUCTION  TO  THE  EXTENDED  BOUNDARY  CONDITION 
(Thomas  Alvin  Boyd  Lecture*) 
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ABSTRACT 

To  review  the  essentials  of  P.C.  Waterman's  extended  boundary  condition  approach 
to  classical  wave  diffraction,  the  scattering  of  a  scalar  monochromatic  cylindri¬ 
cal  wave  by  a  homogeneous  cylinder  of  arbitrary  cross-section  is  discussed  in  some 
detail.  The  conventional  volume-source  (or  polarisation-source)  approach  is  de¬ 
scribed  first,  and  it  is  pointed  out  that  improved  numerical  efficiency  is  to  be 
expected  if  the  volume  sources  are  replaced  by  surface  sources.  Waterman's  exten¬ 
ded  boundary  condition,  which  can  be  thought  of  as  a  surface-source  formulation, 
and  which  is  a  specialisation  of  Love's  equivalence  principle  or  the  Evald-Oseen 
optical  extinction  theorem,  is  then  introduced.  It  is  explained  how  Waterman  com¬ 
putes  the  scattered  field  without  explicitly  evaluating  either  the  field  inside 
the  body  or  the  field  on  the  body's  surface  -  this  is  the  T-matrix  method,  which 
implies  restrictions  on  the  shape  of  the  body's  surface.  The  null-field  methods 
are  then  outlined  -  these  employ  Waterman's  approach  to  evaluate  surface  fields, 
on  bodies  whose  surfaces  can  have  arbitrary  shapes,  and  they  can  be  formulated  in 
terms  of  any  separable  coordinate  system  -  improved  numerical  efficiency  is  rea¬ 
lised  when  elliptic-cylinder  or  spheroidal  coordinates  are  used  for  bodies  of 
appreciable  aspect  ratio.  Finally,  it  is  indicated  how  the  null-field  methods  lead 
to  recently  discovered  approximate  diffraction  formulations  of  Kirchoff's  type. 

The  conventional  Kirchoff  approximation,  which  is  called  planar  physical  optics, 
is  exact  for  homogeneous  bodies  having  plane  surfaces.  The  new  approximations, 
which  are  called  circular  physical  optics,  spheroidal  physical  optics,  etc.,  are 
exact  for  homogeneous  bodies  having  the  forms  of  circular  cylinders,  spheroids, 
etc. 


I.  INTRODUCTION 


I  wish  to  discuss  the  theoretical  and  computational  usefulness  of  Waterman's  (l), 
(2),  (3),  (k)  approach  to  the  soxution  of  diffraction  problems.  While  I  must  not 
over-simplify  my  argument,  I  am  determined  to  avoid  obscuring  essentials  with 
complicated  technicalities.  Although  the  differences  between  vector  and  scalar 
wave  motion,  and  between  fields  varying  in  three  and  two  dimensions,  are  far  from 
trivial  (especially  frco  a  computational  viewpoint,  and  even  more  so  when  elastic 
as  opposed  to  electromagnetic  wave  motion  is  examined) ,  I  hold  that  all  the  basic 
considerations  are  retained  by  restricting  the  discussion  to  monochromatic,  two- 
dimensional  wave  motion.  I  also  assert  that  little  that  is  fundamental  is  missed 
by  examining  diffraction  by  a  homogeneous  body.  The  recognition  of  the  value  of 
Waterman's  approach  for  elastic  waves  is  due  to  the  authors  of  Refs.  13  through  15. 
Consider  a  two-dimensional  space  ft  consisting  of  the  union  of  a  closed  curve  C  and 
its  interior  and  its  exterior  Choose  ,i  point  0  within  to  be  the  origin 

for  cylindrical  polar  coordinates  (p,$)  and  (r,0).  An  arbitrary  point  P  in  D  ha3 

21 


22 


R.H.T.  Bates 


the  coordinates  (p,$)  and  an  arbitrary  point  Q  on  C  has  the  coordinates  (r,9).  De¬ 
note  the  minimum  and  maximum  values  of  r  by  r_  and  r+  respectively.  It  is  con¬ 
venient  to  partition  ft_  and  ft+  into  pairs  of  non-intersecting  parts: 

ft_  =  ft__  U  ft^  and  ft+  -  ft+_  U  ft++  (1) 

where  P<r  for  all  points  in  ft  and  p>r  for  all  points  in  ft.  .  . 

The  space  ft  is  to  be  thought  of  as  a  plane  in  a  three-dimensional  space.  The  curve 
C  is  the  intersection  with  ft  of  the  surface  of  a  body  having  the  form  of  a  cylin¬ 
der  of  arbitrary  cross-section  whose  generators  are  perpendicular  to  ft.  The  media 
embedded  in  the  spaces  outside  and  inside  the  body  are  homogeneous  and  of  refrac¬ 
tive  indices  unity  and  v  respectively.  A  monochromatic  line  source,  parallel  to 
the  generators  of  the  cylinder,  intersects  ft  at  P  ,  which  point  lies  within  ft++. 

The  angular  frequency  of  the  source  is  cu  and  its  suppressed  time  dependence  is 
exp(ioat).  The  source  induces  a  scalar  wave  motion  which  is  scattered  by  the  body. 
Within  ft+,  the  wavelength  and  the  wave  number  of  the  wave  motion  are  X  and  k 

respectively.  It  is  convenient  to  affix  a  particular  point  Qq  to  C  and  to  draw 

from  0  through  Qq  the  datum  from  which  are  measured  the  polar  angles  $  and  e .  Arc 

length  along  C  is  measured  from  to  Q.  The  outward  normal  to  C  at  Q  is  n  and 

the  angle  between  OQ  and  n  is  a. 

The  total  wave  motion  at  any  point  P  is  represented  by  the  wave  function  t|i(P).  The 
cylindrical  wave  emitted  by  the  line  source  (which  is  of  unit  amplitude)  is  the 
incident  wave  function  <(>  (P),  which  has  the  form  (Ref.  5) 


♦0(P)  -  (-1/4)  H^2)  <kR0)  (2) 

(2) 

where  H  (•)  denotes  the  Hankel  function  of  the  second  kind  of  zero  order  and  R 
o  o 

is  the  distance  from  P  to  P. 

o 

When  ^0(P)  impinges  on  the  cylinder  a  scattered  wave  function  ij>(P)  is  produced,  so 
that  the  total  wave  function  is  written  as 


<|KP)  “  ^(P)  +  'i'(P)  (3) 

Denoting  a  two-dimensional  delta  function  at  P  by  Sp,  the  wave  equations  obeyed 
by  ^  are 

V2i li  +  k2ij)  -  -6p  (4) 

o 

when  P  is  in  ft_,_,  and 

V2! p  +  k2v2tj i  *  0  (5) 


when  P  is  in  ft_.  The  forms  of  equations  (M  and  (5)  ensure  that  both  ij/(P)  and 

V<|i(P)  are  continuous  across  C,  which  are  the  boundary  conditions  I  have  chosen  to 
impose  upon  the  wave  motion.  Note  from  Eqs.  (2)  through  (b)  that 
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72t|;  +  k2i p  m  -5^  and  V2iji  +  k2ij»  m  0 

o 


(6) 


when  P  is  in  Q+. 

The  scattering  problem  is  posed  thus : 

PROBLEM:  Given  the  position  of  P  ,  the  position  and  shape  of  C  and  the  value  of 
•  <v. 

v,  evaluate  <p  throughout  0. 

conceptually  convenient  and  theoretically  rigorous  approach  to  the  evaluation  of 
is  the  volume-source ,  or  polarization-source  approach,  in  which  all  fields  are 
taken  to  propagate  everywhere  at  the  fundamental  velocity  and  inhomogeneities  of 
media  are  replaced  by  equivalent  source  densities  (Ref.  6).  The  wave  equations 
(H)  through  (6)  are  rewritten  as 


V2i|i  +  k2^  ”  -6_  and  72i| >  +  k2\Ji  =  -k2[u2-l]i|>  (7) 

o  o  P 

o 

for  P  throughout  ft,  where  u=v  when  P  is  in  G_,  and  y=1  when  P  is  in  ft+.  It  follows 

from  equations  (3)  and  (L)  and  the  general  solution  to  the  monochromatic  reduced 
wave  equation  (Ref.  5)  that 

i|i(P)  *  4>0(P)  ~  (i[v2-l]k2/4) 

where  R'  is  the  distance  to  P  from  an  arbitrary  point  P'  in  Q_.  In  equation  (8) 

the  point  P  can  be  considered  fixed,  whereas  the  point  P'  spans  all  of  G_,  imply¬ 
ing  that  dft(P')  is  the  element  of  area  enclosing  P* .  ' 

Equation  (8)  is  a  Fredholm  integral  equation  of  the  second  kind  for  i}i.  Once  this 
equation  is  solved  for  all  P  in  the  integral  on  the  right  side  can  be  evalua¬ 

ted  for  any  P  in  fl,  which  means  that  the  scattering  problem  is  solved.  Numerical 
solutions  are  obtained  by  expanding  within  in  terms  of  a  finite  set  of  basis 
functions: 


IL 


,(2> 


iMP')  H'  '  (kR’)  dG(P') 


(8) 


i|>(P) 


N 

y  d  *  (p) 

“mm 

m»l 


(9) 


where  N  is  a  finite  positive  integer,  the  Dm  are  expansion  coefficients  (to  be  de¬ 
termined)  and  the  V  (P)  are  basis  functions.  When  equation  (9)  is  substituted  into 
in 

equation  (8),  the  latter  can  be  manipulated  straightforwardly  into  the  form 
N 


ro»l 


0  K. 
m  2m 


(10) 


where  the  integer  l  ranges  from  unity  to  LkH  and  where  the  d^  and  are  known. 

The  D  are  found  by  any  appropriate  numerical  inversion  of  equation  (10).  Since 

m  .  ...  2 
the  number  of  required  storage  locations  is  proportional  to  N  and  the  number  of 

necessary  computational  operations  is  proportional  to  t(3,  it  is  obviously  worth¬ 
while  trying  to  arrange  matters  so  that  N  (which  is  necessarily  proportional  to 
r2/X2)  j_3  aa  small  as  is  consistent  with  evaluating  t)!  to  whatever  accuracy  is 

desired. 
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If  the  diffraction  problem  could  be  reformulated  as  an  integral  over  C,  rather 
than  as  an  integral  over  fl_  as  in  equation  (8),  the  required  number  of  basis  func¬ 
tions  would  be  expected  to  be  markedly  reduced  -  i.e.  the  number  should  be  propor¬ 
tional  to  r+/X  since  C  is  a  one-dimensional  curve. 

O'  .  . 

By  appealing  to  Green's  theorem,  i|»  c^an  be  expressed  in  terms  of  radiations  from 
sources  existing  only  on  C.  This  formulation,  which  is  developed  in  detail  below, 
is  theoretically  equivalent  to  equation  (8),  and  it  has  the  computational  advant¬ 
age  mentioned  in  the  final  sentence  of  the  previous  paragraph.  Define  g(P',P|y)  to 
be  the  Green's  function  at  the  point  P'  in  a  homogeneous  space  of  refractive  index 
u  due  to  a  point  source  of  unit  amplitude  at  P.  Reference  to  equation  (2)  then  in¬ 
dicates  that 


g(P\P|u)  -  g(P,P'|u)  *  (-i/4)  H^2)(kR') 


(11) 


Note  also  that 
<P0  (P)  =  g(P,P0lD 


(12) 


because  P  lies  in  £5  where  u=1  • 
o  + 

Use  the  symbol  ft  to  denote  either  or  D+.  Denote  by  ft  the  closed  curve(s)  bound¬ 
ing  ft.  An  arbitrary  point  on  ft  is  ft.  Denote  the  outward  unit  normal  to  ft  at  ft  by 
n.  It  follows  from  elementary  vector  calculus  and  from  the  Divergence  Theorem  that 

JJ  [g(P  ,P  '  |  u)  V2<J/(  P’)  -  ij)(P’)  V2g(P,P'|u)l  dfl(P’) 
ft 


JJ  7 •  (g(P ,P  '  | u)  V<|i(P')  -  <|> (P ’ )  7  g (P,P '  | u)  )  dfi(P') 


J  tg(p 


,Q|u)  ?<MQ)  -  «(Q)7g(P,Q|y)]*n  dC(Q) 


(13) 


where  dC(ft)  denotes,  the  element  of  arc  length  along  ft.  Since  PQ  is  in  ft  when  the 

latter  is  Q+,  both  *|i(F)  and  g(P,P'|l)  are  outgoing  on  the  part  of  ft  that  bounds 

at  infinity.  It  therefore  follows  from  the  Sommerfeld  radiation  condition 

(Ref.  5)  that  the  integral  over  ft  in  equation  (13)  always  reduces  to  an  integral 
over  C.  However,  at  each  point  ft  on C  the  direction  of  ?!  reverses  when  ft  changes 
from  and  (2+.  Note  that  31=6  when  ft=fl_.  So,  on  defining 

h(P | u)  *  /  tg(P,Q|u)i|»(Q)  -  ii«(Q)Vg(P,Q|u)  1 -n  dC(Q)  "  (14) 


it  is  seen  that 


L 


-[g(P.Q*  |n)7<KQ)  -  4>CQ> Vg(P ,Q I y]  •  n  dC(Q) 


-h (P | u) ,  when  ft  ■  G 
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*  h (P | u) »  when  fi  -  n+ 

It  is  now  convenient  to  consider  the  following  set  of  equations: 

7 2ii>  +  k2y2^  *  [ (y-v)/(v-l)  ] 5 

o  o  o 

V2i|i  +  k2y2ij)  “  0  (16) 

.  / 

V2g  +  k2y2g  *  -  <5p 


Refer  to  equation  (3).  The  first  two  of  the  equations  (l6)  are  seen  to  be. consis¬ 
tent  with  equation  (5)  when  P  is  in  S3_  and  with  the  equations  (6)  when  P  is  in  fl+. 

Note  that  the  right  side  of  the  first  of  the  equations  (l6)  reduces  to  zero  when 
u=v.  Consequently,  when  the  equations  (l6)  are  substituted  into  equations  (13)  and 
(15),  the  correct  form  for  i|i(P)  is  obtained  if  u  is  given  the  values  unity  and  v 
appropriately.  It  follows  from  equations  (3),  (11 )»  (12)  and  (16)  that 

jJ[g(P,P'  |y)72^(P')  -  iii(P’)V2g(P,P'  |y)  ]  dn(P') 

£2 

m  ' )  5p  -  (v-y)g(P,P' |u)  5p  /(V“T)  1  dfl(P') 

J  z  p  o 

a 


*  iji(P),  when  P  in  u  “  v*  n  ■ 

*  0,  when  P  in  y  ■  v,  (1  * 

»  -A  (P)  ,  when  P  in  Q  ,  y*l,  6  ■  fi. 
o  -  T 

*  ip  (P)  ,  when  P  in  y  ■  1,  £1  *  Q+ 


which,  when  substituted  into  equations  (13)  and  (15)  give 

h  (P  |  v)  *  -i|»(P)  and  h(p|l)  *  (5>> 

when  P  is  in  £2_,  and 
h(P|v)  *  0  and  h(P|l)  *  <?(P) 


when  P  is  in  £1+. 

Equations  (18)  and  (19)  are  particularly  illuminating  from  a  physical  point  of 
view.  The  second  of  the  equations  (19)  states  that  the  scattered  field  can  be 
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thought  of  as  being  radiated  by  the  equivalent  sources  on  C.  At  first  sight  it  may 
be  difficult  to  see  how  the  two  equations  (19)  are  mutually  compatible.  However, 
remember  that  the  body  becomes  indistinguishable  from  the  space  surrounding  it 
when  v*l,  in  which  case  ,=0  because  there  is  nothing  to  cause  any  scattering.  The 
second  equation  in  ( 1 8 )  is  a  statement  of  Love's  equivalence  principle,  or  the 
Ewald-Oseen  optical  extinction  theorem,  or  Waterman's  extended  boundary  condition 
(Ref.  T).  When  the  body  is  indistinguishable  from  its  surroundings,  the  field 
within  the  body  must  have  the  same  form  as  the  incident  field,  which  explains  why 
the  two  equations  (18)  are  mutually  compatible. 

It  is  convenient  to  introduce  Waterman's  approach  by  expanding  the  Green's  func¬ 
tion  in  multipoles  (Ref.  5): 

g(P,Qfu)  -  (-i/4) 

m— < »  .  , 

for  psr,  where  J  (•)  and  H  (•)  denote,  respectively,  the  Bessel  function  of  the 
m  m 

first  kind  and  the  Hankel  function  of  the  second  kind,  both  of  order  m.  The  ex¬ 
pansion  of  g(P,Q|u)  has  the  above  form  for  P  anywhere  in  H _ ,  because  p<r_  there . 

Similarly,  if  the  symbols  J  and  H  are  interchanged,  the  expansion  of  g(P,Q|y)  has 
the  above  form  for  P  anywhere  in  because  p>r+  there.  It  is  further  convenient 

to  introduce  the  notation 


z 


J  (kyp)H 
m  m 


(2) 


(kyr) exp(im[$-9  ) 


(20) 


Z  (S,r)  «  [Z  (Sr)exp(id)-  Z  ,  ( £r) exp(-ia)3  5/2  (21) 

in  m-i  nw-i 

(2) 

where  the  symbol  Z  stands  for  either  J  or  H  .  Since  PQ  is  defined  to  be  in  G++, 
it  follows  that  P<PQ  when  P  is  in  So,  on  substituting  equations  (2),  (iL),  (20) 

and  (21)  into  the  second  of  the  equations  ( 1 8 ) ,  for  P  in  fi _ ,  on  invoking  the  re¬ 

currence  relations  for  Bessel  functions  (Ref.  5)  and  on  recognising  that  6  spans 
the  range  £0 ,2ir]  within 0 _ (so  that  the  functions  exp(im$)  are  orthogonal  within 

ft _  when  m  is  any  integer),  it  follows  (for  all  integers  m)  that 

-H(2)  (kp  )  exp  (-im6  )  -  /  [f(Q)H(2) (kr)  +  <fi  (Q)  H (2)  (k,r)  ]exp  (-im0)  dC(Q)  (22) 

mo  o  I  m  m 

JC 

which  it  is  convenient  to  call  a  null-field  equation  (Ref.  7),  where  (p  ,9  )  are 

o  o 

the  coordinates  of  P^  and 

o 

f (Q)  -  3 't (Q) /3n  (23) 


The  infinite  set  of  equations  (22)  only  ensures  that  the  second  of  the  equations 
(l8)  is  explicitly  satisfied  within  _ .  However,  ip(P)  is  analytic  throughout 

£)_,  so  the  uniqueness  of  analytic  continuation  ensures  that  the  second  equation 

in  ( 1 8 )  is  implicitly  satisfied  throughout  £2 _ .  Nevertheless,  this  point  has  com- 

putational  significance  because,  in  order  to  evaluate  to  a  desired  accuracy,  the 
precision  with  which  f(Q)  and  ( Q)  must  be  computed  is  greater,  the  greater  is 
the  ratio  of  the  area  of  to  the  area  of  G _ .  The  consequences  of  this  have 

been  studied  in  detail  for  totally  reflecting  bodies  (Ref.  7).  Appropriate  to  any 
separable  coordinate  system  there  is  a  multipole  expansion  of  g(P,Q[y)  having  a 
form  similar  to  the  right  side  of  equation  (20).  In  a  two-dimensional  space,  el- 
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liptic-cylinder  coordinates  can  be  used  instead  of  cylindrical  polar  coordinates, 
in  which  case  the  Bessel  and  Hankel  functions  in  equation  (20)  sure  replaced  by 
Mathieu  functions  and  the  boundary  between  and  _  is  an  ellipse  instead  of  a 

circle.  It  is  clear  that  in  any  particular  case  there  is  a  particular  ellipticity 
which  minimises  the  ratio  of  the  area  of  to  the  area  of  £i _ .  When  coordinates 

having  this  ellipticity  are  used  in  practice,  a  marked  increase  in  computational 
efficiency  is  realized  (Ref.  7).  In  a  three-dimensional  space,  spheroidal  or 
ellipsoidal  coordinates  can  be  used  (although  it  is  worth  remembering  that  the  on¬ 
ly  three-dimensional  coordinate  systems  in  which  vector  wave  motion  is  generally 
separable  are  Cartesian  and  spherical  polar).  D.J.N.  Wall  and  I  say  that  we  are 
using  the  circular,  spheroidal,  elliptical,  etc.,  null-field  methods  when  we  in¬ 
voke  cylindrical-polar,  spheroidal,  elliptic-cylinder,  etc.,  coordinates  (Ref.  7). 

Before  numerical  solutions  to  (22)  can  be  obtained,  a  connection  between  f(Q)  and 
i|i(Q)  must  be  found.  It  is  clear  that  an  expansion  of  the  form 


<KP)  ■  ^2  Al  J40tvp)exp(iA4>)  (24) 

must  be  valid  for  any  P  in  When  C  is  such  that  the  internal  Rayleigh  Hypothe¬ 

sis  (Ref.  8)  is  valid  then  equation  (24)  applies,  by  definition,  for  any  P  in 

Consequently,  it  follows  from  equations  (21)  and  (23)  and  the  aforementioned  re¬ 
currence  relations  for  Bessel  functions  that 


*<Q> 

and 


AZJ«.(kvr>  **p(U6) 


(25) 


f(Q)  —  Aj  J£(kvr)exp(Ue) 

Waterman  (3)  assumes  that  the  right  side  of  (24)  is  a  valid  expansion  of  ^(P ) 
throughout  an  interior  neighbourhood  of  C,  for  a  wider  class  of  curves  C  than  the 
class  for  which  the  internal  Rayleigh  hypothesis  is  valid  -  this  is  an  important, 
as  yet  seemingly  unresolved,  aspect  of  diffraction  theory  (Refs.  8  and  9).  Of 
course,  equations  (25)  and  (26)  can  be  used  whenever  Waterman's  assumption  is  valid. 
On  interchanging  J  and  H'^'  in  equation  (20)  and  applying  it,  within  fl++,  to  equation 

(l4)  and  manipulating  the  second  of  the  equations  (19)  in  the  same  way  as  is  done 
above  for  the  second  of  the  equations  (l8),  it  is  found  that  ^(P)  can  be  expressed 
as 


tji(P)  -  V  8  h(2)  Ocp)exp(im<}>)  (27) 

/  ^  in  m 

for  any  P  in  fl.. ,  where 


B 

m 


/ tJt(l‘ur)V,tt> 

Z— 


j„(kvr)J  (kr) ]exp(i [Z-m] $)  dC(Q) 

2,  m 


(28) 


By  manipulating  equations  (22)  and  (28),  Waterman  obtains  his  T-matrix  which  per¬ 
mits  the  scattered  field  to  be  computed  without  any  explicit  evaluation  of  the 
fields  in  or  on  the  body  being  necessary  (Refs.  1  through  4). 


On  manipulating  the  first  of  the  equations  (19)  for  P  in  fl 


in  the  same  way  as 
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the  second  of  the  equations  (18)  is  manipulated  for  P  in  Q _ ,  it  is  seen  that 

f [f(Q)J  (kvr)  +  iMQ)J  (kvr)  ]exp(-im<j>)  dC(Q)  »  0  (29) 

/  m  m 

C 

for  all  integers  m.  Provided  that  the  summations  on  the  right  sides  of  equations 
(25)  and  (26)  exist,  they  can  he  substituted  for  tp(Q)  and  f(Q),  respectively,  in 
equation  (29).  It  is  then  found,  as  Waterman  (3),  (M  intimates  and  Peterson  and 
Strom  (10)  discuss  in  some  detail,  that  the  equation  (29)  is  satisfied  identically; 
an  easy  way  to  establish  this  is  to  appeal  to  the  Divergence  Theorem  and  the 
nature  of  Bessel's  equation.  This  confirms  the  correctness  of  Waterman's  T-matrix 
for  those  bodies  for  which  the  right  sides  of  equations  (25)  and  (26)  exist. 

Strom  and  his  colleagues  (10),  (11),  (12)  have  developed  the  T-matrix  formalism  so 
that  it  can  conveniently  and  efficiently  (from  a  numerical  point  of  view)  be  app¬ 
lied  to  complicated  geometries  incorporating  several  homogeneous  scatterers  of 
arbitrary  shape.  Bostrom  (12)  has  further  extended  the  formalism  so  that  it  can 
handle  a  body  whose  refractive  index  is,  effectively,  continuously  variable. 


The  expansions  on  the  right  sides  of  equations  (25)  and  (26)  are  not  the  most 
convenient  if  it  is  desired  to  evaluate  the  surface  fields  explicitly.  It  is  pre¬ 
ferable  to  choose  basis  functions  that  vary  along  C  in  the  general  manner  to  be 
expected  from  the  mathematical  physics  of  the  situation  -  e.g.  the  basis  functions 
should  exhibit  the  right  kinds  of  singularity  at  corners  and  they  should  be  approp¬ 
riately  smooth  where  C  is  smooth,  as  Wall  and  I  argue  for  our  null-field  methods, 
whose  numerical  efficiency  we  have  demonstrated  for  totally  reflecting  bodies 
(Ref.  7).  The  main’  defect  of  the  basis  functions  appearing  in  equations  (25)  and 
(26)  is  that  they  depend  upon  the  distance  of  Q  from  0,. rather  than  (as  is  de- 
sireable)  on  the  distance  along  C  of  Q  from  Q  . 


In  the  null-field  methods,  which  are  applicable  to  bodies  of  arbitrary  shape, 
appropriate  basis  functions  are  chosen  and  f(Q)  and  i(i(Q)  are  written  as  truncated 
summations : 

M  M 


f(Q)  J  (Q)  and  <(i(Q)  *  /  v  e(2)  $(2)  (Q) 

i.  1 j  1  1 


(30) 


a— m 


a— m 


where  the  E, 1 ^  and  E^2^  are  expansion  coefficients  (to  be  determined).  Now,  the 


equations  (30)  are  substituted  into  equations  (22)  and  (29),  for  (2M+1 )  values 
of  m,  thereby  permitting  the  expansion  coefficients  to  be  evaluated.  This  completes 
the  demonstration  that  the  extended  boundary  condition  can  conveniently  be  invoked 
to  formulate  the  diffraction  problem  in  terms  of  an  integral  over  C,  instead  of 
as  an  integral  over 


The  use  of  equation  (29),  as  proposed  in‘ the  previous  paragraph,  to  allow  the 
null-field  methods  to  be  applied  to  penetrable  bodies  seems  to  have  gone  unnoticed 
previously.  It  should  now  be  possible  to  handle  diffraction  by  such  bodies  as 
straightforwardly  as  diffraction  by  totally  reflecting  bodies  (for  the  latter 
see  Ref.  7).  Morita  (Ref.  16)  has  recently  reached  similar  conclusions. 


A  promising  aspect  of  the  null -field  methods  is  that  they  have  led  to  the  develop¬ 
ment  of  new  approximate  formulations  of  the  Kirchoff  type.  Wall  and  I  call  these 
approximations  circular  physical  optics,  elliptical  physical  optics,  spheroidal 
physical  optics,  etc.,  when  they  are  based  on  the  circular,  elliptical,  spheroidal, 
etc.,  null-field  methods.  Conventional  physical  optics  (i.e.  the  Kirchoff  approxi¬ 
mation)  becomes  exact  when  the  body  reduces  to  a  homogeneous  half  space  with  a 
plane  surface  -  so  Wall  and  I  call  it  planar  physical  optics.  Our  new  approximate 
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methods  become  exact  when  the  surface  of  the  body  reduces  to  an  appropriate  coor¬ 
dinate  surface  -  e.g.  a  spheroid  of  the  correct  eccentricity  for  spheroidal  physi¬ 
cal  optics.  We  have  demonstrated  the  power  of  these  new  physical  optics  methods 
for  totally  reflecting  bodies  (Ref.  7).  I  conclude  this  review  with  a  brief  dis¬ 
cussion  of  circular  physical  optics  for  a  totally  reflecting  body. 


Either  f(Q)=0  or  4i(Q)=0  when  the  body  is  totally  reflecting,  in  which  case  equa¬ 
tion  (22)  can  be  rewritten  as 

2ir8  • 
m 

c 


F(Q)I  (k>r)exp( 
in 


■im6)  dC(Q) 


'(3D 


( 2 ) 

where  2*6  =-H_  (kp  )  exp(-im9  )  and  F(Q)  is  either  f(Q)  or  tp(Q),  and  I  denotes, 

.  m  m  .  0  (2) 

respectively,  either  H  or  H^'.  The  nature  of  the  asymptotic  expansion  of 

Hankel  functions  (Ref.  5)  is  such  that  the  r-dependence  of  I  (k,r)  becomes  in- 

in 

creasingly  independent  of  m  as  |m|  decreases  below  (kr  -2).  This  suggests  that  a 


useful  approximation  to  F(Q)  is 


F(Q)  *  (<S9/dC(Q))  B^exp (iZ.  9)  /I^  (k,  r) 


(32) 


provided  that  C  is  such  that  r=r(0)  is  single— valued.  Further  .discussion  of  equa¬ 
tion  (32)  is  deferred  until  after  the  following  paragraph. 


When  r(8)  is  not  single-valued  it  is  convenient  to  partition  C  into  the  non-inter¬ 
secting  parts  C_  and  C+.  Draw  all  straight  lines  from  0  to  all  points  Q  on  C. 

Those  lines  which  contain  only  one  point  Q  are  defined  to  intersect  the  part  of 
C+  called  C++.  For  each  line  which  contains  more  than  one  point  Q,  denote  by  Q+ 

the  Q  for  which  r  is  largest.  The  part  of  C  spanned  by  all  points  Q+  is  defined 

to  be  the  part  of  C+  called  C+_.  The  whole  of  C+  is  defined  to  be  the  union  of 

C  and  C  . 

++  -t— 

In  general,  F(Q)  is  defined  to  have  the  form  of  the  right  side  of  equation  (32) 
for  all  Q  on  C+,  whereas  F(Q)=0  for  all  Q  on  C_.  It  is  seen  that  C+  and  C_  are 

analogous  to  the  illuminated  and  shadowed  parts  of  surfaces  in  conventional  physi¬ 
cal  optics.  However,  the  partitioning  of  C  into  C+  and  C_  is  determined  by  the 

coordinate  system  and  not  by  the  incident  field.  This  may  seem  physically  ridicu¬ 
lous.  However,  it  should  be  remembered  that  conventional  physical  optics  is  most 
satisfactory  when  the  body  has  a  large  lateral  extension  and  the  incident  field  is 
a  plane  wave.  This  means  that  the  origin  0  of  coordinates  can  be  positioned  a  long 
way  behind  the  surface  of  the  body,  so  that  straight  lines  drawn  from  0  are,  when 
they  intersect  the  body’s  surface,  effectively  parallel  to  the  rays  of  which  the 
incident  plane  wave  is  composed.  In  such  a  case  it  is  clear  that  C+  and  C_  corres¬ 
pond  to  the  conventional  definitions  of  the  illuminated  and  shadowed  parts  of  C. 
This  demonstrates  the  physical  reasonableness  of  the  above  choice  of  where  F(Q)  is 
taken  to  be  zero. 

Substituting  equation  (32)  into  equation  (31),  and  making  F(Q)=0  for  all  Q  on  C_, 
gives 

<■  2* 

2*8  »  Z  3,  C  (I  (k,r)/I. (k,r) exp (i [Z-m] 9)  d0 

m  l—  1  J o  m  1 


(33) 
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For  sufficiently  low  values  of  \l\  and  |m[,  the  integral  on  the  right  side  of  equa¬ 
tion  (33)  is  very  small,  unless  i=n  in  which  case  the  integral  reduces  to  2ir.  For 
|i|>(kr++2)  the  integral  decreases  rapidly  with  increasing  |i|  provided  that 

|i|>  m  .  It  follows  that  the  terms  on  the  right  side  of  equation  (32)  that  intro¬ 
duce  the  most  significant  errors  are  those  for  which 

kr_  -2  <  | 4 |  <  kr+  +  2  (34) 

Wall  has  devised  an'  improved  physical  optics,  whose  accuracy  and  numerical  effi¬ 
ciency  appear  impressive  (Ref.  7),  in  which  an  extra  term  is  aided  to  the  right 
side  of  (32).  The  explicit  9-dependence  of  this  extra  term,  which  is  not  identical¬ 
ly  zero  on  C  ,  contains  no  factors  exp(ize)  for  which  1 2.  |  lies  outside  the  inecua- 
lity  (31*). 

In  order  to  extend  the  new  physical  optics  to  partially  transparent  bodies,  it  is 
necessary  to  devise  a  scheme  whereby  equation  (29)  is  combined  with  equation  (22) 
in  such  a  way  as  to  lead  to  approximate  expressions,  similar  to  the  right  side  of 
equation  (32),  for  both  f(Q)  and  \'<(Q).  I  leave  this  as  a  challenge  to  the  reader. 
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ABSTRACT 

The  scattering  of  elastic  waves  by  voids,  elastic,  visco-elastic  and  fluid  in¬ 
clusions  embedded  in  an  infinite  elastic  solid  is  analyzed  at  wavelength  compara¬ 
ble  to  the  size  of  the  scatterer.  The  limitations  of  the  separation  of  variables 
method  is  first  discussed  by  considering  the  simple  examples  of  a  circular  cavity 
and  an  elliptical  cavity.  The  method  fails  in  the  latter  case  for  elastic  wave 
scattering.  The  T-matrix  or  null  field  method  is  formulated  for  elastic  waves 
and  applied  to  various  types  of  scatterers.  The  general  properties  of  the  T- 
matrix  which  are  independent  of  the  geometry  of  the  scatterer  are  then  discussed. 
Numerical  applications  to  elliptic  cylindrical  cavities  and  inclusions,  prolate 
and  oblate  spheroidal  cavities  and  inclusions,  rough  spheroidal  cavities  and 
stress  free  strips  and  penny  shaped  cracks  are  discussed. 

I.  INTRODUCTION 

The  scattering  of  elastic  waves  has  been  a  subject  of  interest  from  the  times  of 
Rayleigh  and  Lamb.  The  practical  applications  of  this  subject  are  many  and  wide 
ranging.  To  mention  a  few  examples  -  elastic  wave  scattering  problems  arise  in 
geophysical  exploration,  seismology,  the  response  of  structures  to  seismic  waves, 
acoustic  response  of  elastic  objects  immersed  in  water,  response  of  aircraft 
parts  and  high  speed  machinery  to  dynamic  loads,  non-destructive  testing  of  flaws 
in  structural  materials,  applications  of  ultrasound  to  biological  systems  for 
diagnostic  and  therapeutic  purposes.  In  short,  theories  of  diffraction,  re¬ 
flection,  refraction,  scattering  and  propagation  come  into  play  whenever  the 
response  of  an  elastic  or  viscoelastic  structure  to  applied  dynamic  loads  is  to 
be  studied. 

Although  the  first  few  simple  problems  of  elastic  wave  scattering  from  spheres 
and  circular  cylinders  using  the  separation  of  variables  approach  were  solved 
many  years  ago,  solutions  of  elastic  wave  problems  have  not  kept  pace  with  their 
cousins  in  electromagnetic  and  acoustic  waves.  In  spite  of  the  mathematical 
unity  present  in  the  description  of  the  three  classical  fields,  due  to  the 
coupling  by  boundary  conditions  of  the  rotational  and  irrotational  parts  of  the 
elastic  field  that  propagate  at  distinct  wave  speeds,  many  problems  have  defied 
solution.  Till  a  few  years  ago  no  results  were  available  in  the  literature  at 
wave  lengths  comparable  to  the  size  of  the  scatterer  for  non-spherical  and  non- 
circular  obstacles.  The  only  other  method  that  had  some  degree  of  success  was 
the  integral  equation  approach  for  the  scattering  of  elastic  waves  normally 
incident  on  strips  and  penny  shaped  cracks. 

r  r  j  r  . 
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In  the  last  six  to  seven  years,  tremendous  developments  have  taken  place  in  this 
field  thanks  largely  to  a  giant  effort  in  the  non-destructive  testing  of  flaws 
in  structural  materials  using  ultrasonic  waves  (1) .  The  moment  method  was 
developed  by  Tan  (2)  for  elastic  wave  scattering  from  elliptical  cavities  and 
strips.  The  T-matrix  or  the  null  field  method  was  developed  by  Varadan  and  Pao 
(3)  and  applied  to  elliptical  cavities  and  inclusions  (4),  spheroidal  cavities 
and  inclusions  (5)  and  statistical  distribution  of  scatterers  (6) .  This  method 
has  proved  to  be  a  powerful  computation  technique  for  long  and  intermediate  wave¬ 
lengths.  Recently,  it  has  been  extended  to  layered  scatterers  and  finite  number 
of  scatterers  (7)  and  (8) .  Simultaneously,  Achenbach  and  co-workers  have 
generalized  Keller's  geometrical  theory  of  diffraction  (GTD)  to  elastodynamic  (9) 
and  obtained  extensive  results  for  scattering  from  strips,  penny  shaped  and  lens 
shaped  cracks. 

This  article  focuses  on  the  T-matrix  method  for  elastic  wave  scattering  and 
summarizes  the  various  types  of  problems  to  which  this  method  has  been  applied, 
the  numerical  results  that  have  been  obtained  and  the  limitations  on  the 
numerical  computations.  The  actual  results  have  already  been  published  elsewhere 
and  are  not  reproduced  here.  References  direct  the  interested  readers  to  the 
appropriate  sources. 

II.  ELASTIC  FIELD  EQUATIONS 


The  propagation  of  elastic  waves  in  an  infinite  elastic  medium  is  described  by 
the  displacement  vector  u  and  the  stress  tensor  ^  which  are  related  by  Generalized 
Hooke's  law.  For  an  isotropic  linear  elastic  medium 

t  *  A  T  V.  u  +  y  (Vu  +  uV)  (2.1) 

where  X  and  u  are  Lame’s  constants  for  the  medium.  From  Eq.  (2.1),  it  is  seen 
that  f  is  a  symmetric  second  rank  tensor  with  six  independent  components  and 
is  the  unit  second  rank  tensor.  The  displacement  equation  in  a  source  free 
medium  for  time  harmonic  waves  of  frequency  ut  is  given  by 
-► 

V.  T  ♦  pui2u  =0  (2.2) 

where  p  is  the  mass  density.  The  displacement  vector  can  be  resolved  into  scalar 
and  vector  potentials  which  describe  the  irrotational  and  solenoidal  parts  of  the 
field  respectively: 

u  =  V$+Vxtp;7-£s0  (2.3) 

Substituting  Eqs.  (2.1)  and  (2.3)  into  (2.2),  we  find  that  4  and  satisfy  the 
scalar  and  vector  Helmholtz  equations,  respectively 


(V2  ♦  k|)  *  (p)  *  0  , 
(72  ♦  k2)  |(r)  =  0  , 


(2.4) 


where 


u/Cp  ;  ks 


(2.6) 


are  the  compressional  (P-)  and  shear  (S-)  wave  numbers  and  Cp  and  cs  are  the  P- 
and  S-  wave  speeds  given  by 


'(X  +  2y) / p  ;  c 
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The  existance  of  two  wave  speeds  in  the  elastic  medium  causes  a  number  of  mathe¬ 
matical  difficulties  in  the  solution  of  scattering  and  boundary  value  problems. 

III.  SEPARATION  OF  VARIABLES  APPROACH 

The  vector  and  scalar  Helmholtz  equations  are  separable  in  several  different  co¬ 
ordinate  systems  -  spherical,  circular  cylindrical,  elliptical,  spheroidal  etc. 
to  mention  some.  Except  for  spherical  and  circular  cylindrical  coordinates,  the 
angular  parts  of  the  eigenfunctions  explicitly  depend  on  the  wavenumbers.  For 
elastic  waves  since  there  are  two  wave  speeds,  there  are  no  orthogonality  re¬ 
lations  for  the  product  of* P-  wave  and  S-  wave  angular  functions.  This  diffi¬ 
culty  does  not  arise  in  acoustic  and  electromagnetic  wave  scattering  problems 
when  the  field  inside  the  scatterer  is  zero  as  in  the  case  of  sound  soft,  sound 
hard  and  perfectly  conducting  obstacles  because  there  is  only  one  wave  speed 
that  enters  the  formalism.  Thus  one  can  find  fairly  extensive  results  for  such 
problems  that  are  collected  in  a  book  edited  by  Senior,  Bowman  and  Uslenghi  (10) . 

The  scattering  of  elastic  waves  by  circular  cylinders  have  been  discussed  by 
White  (11)  and  the  sphere  problem  has  been  studied  by  Ying  and  Truell  (12) .  In 
this  section,  the  simple  example  of  a  circular  cylindrical  cavity  for  normally 
incident  P-  and  S-  waves  is  illustrated  using  the  separation  of  variables  ap¬ 
proach  and  then  the  problem  of  a  elliptical  cavity  is  considered. 


Circular  Cavit) 


Consider  an  infinitely  long  cylinder  of  circular  cross  section  (Fig.  la).  A 
plane  monochromatic  wave  incident  normal  to  the  axis  (z-axis)  of  the  cylinder. 

The  wave  may  be  a  P-  wave,  SV-  wave  (polarized  in  the  x-y  plane)  or  an  SH-  wave 
(polarized  along  the  z-axis).  Without  any  loss  of  generality,  the  direction  of 
incidence  can  be  taken  as  the  x-axis.  The  displacement  u°(r)  due  to  the  incident 
wave  may  be  given  by 


i 

«v 

-iut 

e 

• 

P-wave 

J5  c?)  * 1 

elksx 

-iwt 

e 

SV-wave 
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k 

eiks* 

-iwt 

e 

SH-wave 

where  i,  j,  k  are  unit  vectors  along  the  coordinate  axes  and  w  is  the  frequency 
of  the  incident  wave.  Due  to  the  symmetry  of  the  problem,  the  incident  and 
hence  the  scattered  displacement  field  us  is  independent  of  the  z-coordinate. 
For  oblique  incidence  this  is  not  so,  as  discussed  by  White  (11). 

The  total  displacement  field  outside  the  cavity  is  given  by 

u(r)  *  u° (r)  +  u3 (r)  (3.2) 


To  solve  the  problem  using  separation  of  variables,  the  incident  and  scattered 
fields  are  expanded  in  vector  cylindrical  functions  given  by 


u°  (r)  *  I,  2  2  a  Reip  (r) 

1  t*1  n=0  o=l  tno  tno 


(3.3) 


u5  (r) 


3-2 

III 

t=l  n=0  o*l 


tno 


( T ) 


(3.4) 
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Jn (kpT) I  Icos  n9;a  »1 
H^k^r)!  I  sin  n6;a  »2 


(3.5) 


Re  f 


2n  a 


t  =  /c~  7  x  k 
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^2nal 


J  (k  r) 
n  s  n 
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sin  a9;a  =2^ 


(3.6) 
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(3.7) 


In  Eqs.  (3.5)  -  (3.7),  Jn  and  are  the  cylindrical  Bessel  and  Hankel  functions, 
en  is  the  Neumann  factor.  The  position  vector  r  is  in  the  x-y  plane  and  9  is 
measured  counterclockwise  from  the  x-axis.  It  is  important  to  note  that  the 
angular  parts  of  the  basis  functions  cos  n9  and  sin  n9  are  completely  independent 
of  the  wave  number. 


For  an  incident  wave  of  the  form  given  in  Eq.  (3.1),  the  expansion  coefficients 
a^n(j  in  Eq.  (3.3)  are  given  by 

*  sr  in  6 


<S  .  ;  P-wave 

t,1 


tna 


<7,1  {  <S  -  ;  SV-wave 

* 

5  ,  ;  SH-wave 

t,3 


(3.8) 


(3.9) 


The  boundary  conditions  at  the  surface  of  a  cavity  of  radius  a  are 
^  *► 

r  *  3  ^ 

Substituting  the  expansions  for  u  and  u  in  £he  stress  tensor,  noting  that  ^1 
and  are  entirely  in  the  x-y  plane  whereas  <(13  has  only  a  z-component,  and 
using  the  orthogonality  of  the  angular  functions,  we  obtain  the  following  set  of 
equations  relating  f  and  a 


tna 


[T?.  6  ,6  .  +  Tf,  6  ,  6  ,]  f 

1  11  a,l  a,l  12  a, 2  t,2J 

*  -[T*  5  .5  .  +  T|,  {  ,  6  ,]  a 
1  11  a,l  t , 1  12  a, 2  t,2J 

[T? .  6  ,6  .  +  T3  6  .5  .]  f 

1  41  a, 2  t , 1  42  a,l  t,2J 


tna 


(3.10) 
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53  a,l  t,3  tna  53  a,l  t,3  xnc 


(3.12) 


where  the  are  stress  components  (see  Eringen  and  Suhubi  (13))  given  by 


Tll s 

(n2 

+  n  -  1/2  k2a2)  ( 

Z1  -  k  a  C1  . 
n  p  n-1 
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.13a) 

Ti2  ■- 

♦  n 
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ci-i^ 
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,13b) 

T41  a 

+  n 

[-(n+1)  C*  +  kpa 

ci-i 

(3. 

,13c) 

T42  = 

-(n2 

+  n  -  1/2  k2a2) 
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(3. 

,13d) 

T53 

k2  a 
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■  1> 

(3. 

.  13e) 

j  3 

where  -  Jn  and.C^T  =  i-^.  In  Eqs.  (3.13),  if  the  second  subscript  of  T  is  1, 
the  jrgument  of  is  kpa;  if  the  second  subscript  of  T  is  2  or  3,  the  argument 
of  Cn  is  ksa. 

From  Eqs.  (3.10)  -  (3.12),  we  observe  that  an  incident  P-wave  gives  rise  to  both 
P-  and  SV-waves  on  scattering  and  vice  versa.  However,  SH-waves  are  completely 
uncoupled  as  given  by  Eq.  (3.12).  This  is  called  anti-plane  strain  in  elasticity 
and  the  case  of  P-  and  SV-waves  is  called  the  plane  strain  problem.  Equations 
(3.10)  -  (3.12)  may  be  easily  solved  for  the  scattered  field  coefficients. 


Fig.  la.  Circular  scatterer 


Fig.  lb.  Elliptical  scatterer 
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Elliptical  Cavity 

Consider  an  infinitely  long  cylinderical  cavity  of  elliptical  cross  section  (see 
Fig.  lb)  with  major  axes  2a  along  the  x-direction  and  minor  axis  2b  along  the 
y-direction.  P-,  SV-  or  SH-waves  are  incident  in  the  x-y  plane  at  an  angle  a 
to  the  x-axis.  As  discussed  before,  the  SH-wave  problem  uncouples  and  reduces 
to  the  scalar  wave  equation.  In  elliptic  coordinates,  p,  v,  the  Helmholtz 
equation  is  separable  and  the  solutions  are  given  by  the  radial  and  angular 
Mathieu  functions  (see  Morse  and  Feshbach  (14)).  The  angular  Mathieu  functions 
are  Se^h,  v) ,  Son^h.v)  and  the  radial  functions  are  Je^(h,p),  JojjCh.p), 

Nem(h,p)  and  Nom(h,p)  where  h  *  kd  where  2d  is  the  interfocal  distance  and  k  * 
u)/c  is  the  wave  number.  The  Mathieu  functions  have  a  completely  different  series 
expansion  depending  on  whether  the  index  m  is  an  even  or  odd  integer.  The  radial 
functions  J  correspond  to  the  Bessel  functions  in  polar  coordinates  and  the  N 
functions  to  the  Neumann  functions.  The  angular  functions  for  a  given  value  of 
h  form  a  complete  set  of  eigenfunctions  which  are  mutually  orthogonal. 


Let  Re<j>na(h,p,v)  where  n  =  0,  1,  and  a  =  e,o  denote  the  product  of  radial 

(J)  functions  and  angular  functions.  The  'Re'  denotes  that  the  J  functions  are 
regular  and  well  behaved  at  p  =  0  and  let  Ou$nCT  (h,p  v)  denote  the  product  of 
radial  (N)  functions  and  angular  functions. 


We  can  expand  the  incident  field  u  and  the  scattered  field  u  as 


-0  E 

n,a 

S  [fln,  <V"'°  *  f2nc  7  *  k  °“*na 


[a.  VRe$  (h  ,p,v)  +  a_  Vx  k  Re$  (h  ,p,v)]  (3.14) 
n,a  lna  no  p  2no  no  s  K  1 

S5  ,2 


The  boundary  condition  at  p  =  p0,  which  defines  the  boundary  of  the  ellipse  is 
given  by 


(3.16) 


where  p  is  the  unit  normal  to  the  elliptic  boundary.  Since  Eq.  (3. IS)  is  a 
vector  boundary  condition,  we  get  two  separate  equations  similar  to  Eqs.  (3.10) 
and  (3.11)  for  the  circular  boundary.  However,  as  before  we  cannot  use  the 
orthogonality  of  the  angular  functions  to  obtain  expressions  for  fTna  in  terms 
of  aTtlo  since  there  is  no  orthogonality  for  products  of  the  form  Sem(hp,v)  Sem 
(hs,vj.  H 


One  of  the  ways  of  circumventing  this  difficulty  is  to  expand  the  angular 
functions  in  an  infinite  series  of  trigonometric  functions  cos  nv  and  sin  nv  and 
the  coefficients  of  expansion  depend  on  the  wavenumber  hp  or  hs  as  the  case  may 
be.  Now  the  orthogonality  of  the  trigonometric  functions  can  be  invoked  to 
obtain  expressions  for  f-rnq-  However,  instead  of  obtaining  a  simple  expression 
for  fTno  in  terms  of  aTno  for  the  circular  cavity,  the  scattered  field  co¬ 
efficients  are  given  in  the  form  of  an  infinite  series  which  are  poorly  conver¬ 
gent  and  not  easy  to  evaluate  numerically.  This  difficulty  will  also  be  en¬ 
countered  when  one  solves  the  SH-wave  or  acoustic  wave  problem  when  the  scatterer 
is ^permeable.  In  this  case  instead  of  dealing  with  two  distinct  wavenumbers  in 
the  exterior  as  for  the  elastic  cavity  is  concerned,  one  wavenumber  for  the 
exterior  and  a  different  one  for  the  interior  enter  into  the  boundary  conditions. 
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again  causing  the  same  problems.  This  will  explain  the  reason  for  the  dearth 
of  results  in  the  literature  for  acoustic  wave  scattering  by  permeable  scatterers 
and  electromagnetic  wave  scattering  by  dielectric  scatterers  using  the  separation 
of  variables  approach. 

IV.  OTHER  APPROACHES  FOR  NON-SPHERICAL  AND 
NON-CIRCULAR  SCATTERERS 


Very  few  problems  have  been  solved  other  than  the  sphere  and  the  circular 
cylinder.  Integral  equation  methods  have  been  used  for  the  rigid  strip  (IS)  and 
the  stress  free  strip  (16)  as  well  as  for  the  penny  shaped  crack  (17).  Harumi 
(18)  has  also  obtained  the  first  few  scattered  field  coefficients  for  the  rigid 
strip  and  the  stress  free  strip  using  Mathieu  functions.  The  Wiener-Hopf  method, 
restricted  to  two  dimensional  problems  (19)  has  also  been  used  for  the  strip. 

The  method  of  matched  asymptotic  expansions  has  been  successfully  used  by  Datta 
(20)  to  obtain  low  frequency  expansions  of  the  scattered  field  for  spheroidal 
inclusions  and  cavities.  Krumhansl,  Gubematis  and  Domany  (21)  have  used  the 
Bom  approximation  starting  with  a  volume  integral  formula  for  the  scattered 
field.  Recent  extensions  include  the  quasi-static  and  the  extended  quasi-static 
approximations.  Domany  (22)  has  recently  tried  the  distorted  wave  Bom  approxi¬ 
mation.  These  methods  have  been  used  extensively  in  quantum  mechanical  scattering 
problems.  The  work  of  Tan  (2)  and  Achenbach  et.  al  (9)  has  already  been  re¬ 
ferred  to  in  the  introduction. 

V.  T-MATRIX  FORMULATION  IN  SPHERICAL  COORDINATES 

This  approach  was  first  introduced  by  Waterman  for  acoustic  (23)  and  electro¬ 
magnetic  (24)  waves  for  single  scatterers.  Later  it  was  applied  to  elastic  wave 
scattering  by  Varadan  and  Pao  (3)  and  Waterman  (25) .  The  basic  difference  bet¬ 
ween  the  two  formulations  is  the  integral  representation  for  the  elastic  field. 

In  (3),  the  formulation  begins  with  integral  representations  (26)  that  are 
analogous  to  Helmholtz  type  integral  formulas  for  the  acoustic  and  electro¬ 
magnetic  field  that  involve  only  the  field  quantities  that  are  naturally  pre¬ 
scribed  by  boundary  conditions  pertinent  to  the  problem  occur  in  the  integrand. 
Waterman  (25)  has  used  the  integral  representation  given  by  Morse  and  Feshbach 
(27)  which  involves  the  divergence  and  curl  of  the  displacement  field  u,  whereas 
the  stress  tensor,  Eq.  (2.1),  involves  the  divergence  and  gradient  of  u. 

The  Green's  function  for  the  infinite  elastic  mediugi  is  the  response  to  a  uni¬ 
formly  applied  point  force  at  r'.  The  response  at  r  is  denoted  by  the  Green's 
displacement  dyadic  (j  and  the  stress  dyadic  t  which  are  related  to  each  other 
by  Hookes  law  as  described  in  the  introductory  chapter  of  these  proceedings. 

Consider  a  scatterer  embedded  in  an  infinite  medium  yhose  surface  is  described 
by  surface  S  with  a  continuously  turning  unit  normal  h  satisfying  the  re¬ 
strictions  of  the  divergence  theorem  (see  Fig.  2).  A  wave  of  frequency  u  giving 
rise  to  a  displacement  field  u°  is  incident  on  S.  The  total  field  outside  S  is 
given  by 


-*•  -cO  -*-s 
u  ■  u  *  u 


(5.1) 
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Fig.  2.  Scattering  geometry  (a)  for  points  r  interior  to  S  (b)  for  points  r 
exterior  to  S 


The  surface  integral  representation  for  the  elastic  field  is  given  by 


5;  •  n-  •  z  (r.p-)  -  t;  *  2  (?,?-)}  ds- 


us  (r)  ;  r  -outside  S 


-u  (r)  ;  r  inside  S 


(5.2) 


where  u+  and  t+  are  the  displacement  and  traction  vectors  on  the  surface  S,  the 
+  sign  indicating  that  the  surface  is  approached  from^the  outside.  The  primes 
on  the  variables  indicate  that  they  are  functions  of  r"  which  is  a  point  on  S. 

The  basic  philosophy  of  the  appproach  is  to  expand  every  field  variable  in  Eq. 
(5.2)  in  terms  of  a  convenient  set  of  orthogonal  basis  functions,  not  necessarily 
orthogonal  on  the  actual  surface  S  of  the  scatterer.  As  discussed  in  Section 
III,  since  the  elastic  field  involves  two  distinct  wavenumbers,  only  the  vector 
cylindrical  and  vector  spherical  functions  are  suitable. 


Vector  Spherical  Functions 


These  are  solutions  of  the  vector  Helmholtz  equation  in  spherical  coordinates  r, 
0,  i) i  and  form  a  complete  orthogonal  set.  They  can  be  constructed  directly  from 
the  solutions  of  the  scalar  Helmholtz  equation  which  are  given  by 
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where  jn  are  the  spherical  Bessel  functions  which  are  finite  or  regular  at  the 
origin  and  the  hn  are  spherical  Hankel  functions  which  behave  as  outgoing 
spherical  waves  for  large  values  of  the  argument.  The  function  Y  is  the  spheri¬ 
cal  harmonic  given  by 


Y 

nmo 


(cose) 


cos  md>  o  =  l 
sin  md>  ;  a  =  2 


(5.4) 


where  the  are  the  associated  Legendre  polynomials.  The  normalization  constant 
5nm  is  given  by 


nm 


tfn 

\  (2n+ 


(n-m) ! 


1) (n+m) ! 


(5.5) 


with  eQ  =  1,  en  =  2  for  n  >  0  and  n  =  0,  1,  ®  *  0,  1,  ....  n. 

There  are  three  vector  spherical  functions,  the  first  one  describing  the  ir- 
rotational  field  and  the  second  and  third  describing  the  two  components  of  the 


solenoidal  field: 

^lnmo 

(kpr) 

=  /k  /k  7$ 

p  s  Tnmo 

(kp?) 

(S.6) 

^2nmo 

(ksr) 

=  ks  /  /n(n+l) 

7  x  [r  ip 

1  rnmc 

(ksr)] 

(5.7) 

^3nmo 

(ks?) 

3  i  7  x 

v  v2nmo 

(5.8) 

For  convenience,  we  use 

the  abbreviation 

• 

tnmo 

=  0 

tn 

;  t  *  1,  2,  3 

(5.9) 

The  vector  spherical  functions  corresponde  to  the  L,  M  an<£  N  functions  defined 
by  Morse  and  Feshbach  (27) .  ^It  should  be  noted  that  for  ij/2n  and  ^3n»  the  index 
n  starts  from  1  whereas  for  it  starts  from  0.  The  functions  can  also  be 
expressed  in  temuj  of  the  vector  spherical  harmonics.  The  vector  function  il>2 
is  orthogonal  to  ip,  and  ifi3,  i/z^and  ;//3  are  orthogonal  w^th  respect  to  themselves 
when  their  orders  differ,  but  ^  is  not  orthogonal  to  ^3  if  their  orders  are  the 
same,  see  for  example  (3).  In  elastic  wave  problems  where  all  three  functions 
are  involved,  quantities  involving  iT]_  and  V3  have  the  same  properties  because 
£he  angular  part  of  these  two  functions  is  the  same  whereas  quantities  involving 
<l>2  form  a  separate  group. 


Expansion  of  Fields  in  Vector  Spherical  Functions 

-K) 

The  incident  displacement  field  u  is  involved  in  the  interior  Helmholtz  formula 
and  hence  expanded  in  terms  of  Bessel  functions  that  are  finite  at  the  origin 


u  (r) 


Rei|> 


Tnmo 


(?) 


•E 


a 


rn 


(?) 


(5.10) 
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The  scattered  displacement  field  uS  is  expected  to  be  outgoing  at  infinity  and 
hence 


■+s 

u  (r) 


x  n 


xn 


ij>  (r) 
xnv 


C5.ll) 


From  the  construction  of  the  Green's  dyadic  G  (Chapter  I  of  these  proceedings) 

5(?,  r')  =  (iks/pa>2)  2  *  (r>)'Re  t  (r<)  (5.12) 

x  n 

where  r>  and  r<.  are  greater  and  lesser  of  r  and  T' ,  respectively. 

Substituting  Eqs.  (5.10)  -  (5.12)_|_into  the  integral  representation  given  in 
Eq.  (5.2)  and  considering  points  r  outside  the  sphere  circumscribing  the  surface 
S  of  the  scattering  and  using  the  orthogonality  of  the  angular  parts  of  the  basis 
function  on  the  sphere  |r|  *  constant,  we  obtain  for  |r|  >  |r'| 

fxn  “  (iks/poj2)jf  ju;  •  V  (Re  *Tn)  -  t;  •  Re  J  dS'  .(5.13) 

Similarly,  considering  points  r  inside  the  sphere  inscribing  S,  for  [r|  <  [r'| 

*tn  ■  ?-(*,„)  -  f,  •  dS-j.  (5.14) 

In  Eqs.  (5.13)  and  (5.14),  we  use  the  notation 


t(£)  =  n  •  [1  !  7 
and  the  primes  again  indicate 


.1  +  u  (VA  +  A7) ] 

that  the  variables  are  functions  of  t'. 


(5.15) 


From  this  step  onwards,  since  the  dependence  on  r  has^disappeared  from  the  ex¬ 
pressions  f^r  fTn  and  aTn,  we  will  omit  the  prime  on  r"  and  it  will  be  under¬ 
stood  that  r,  the  variable  of  integration  is  a  point  on  the  surface. 

Recently,  Wall  (28)  has  suggested  the  possibility  of  using  basis  fijnctionj  more 
,  natural  to  the  boundary  of  the  scatterer  for  the  expansion  of  u°,  us  and  G.  But 
as  we  have  seen  for  the  elastic  wave  problem  only  cylindrical  and  spherical 
functions  can  be  used. 

In  the  integrand  of  Eqs.  (5.13)  and  (5.14),  we  still  have  to  specify  the  surface 
displacement  and  the  surface  traction.  This  is  prescribed  by  boundary  conditions 
at  S  which  depend  on  the  type  of  scatterer.  So  far  we  have  not  restricted  the 
scatterer  properties.  Our  aim  is  to  obtain  a  matrix  which  is  called  the  T-matrix 
to  relate  the  incident  and  scattered  field  coefficients. 

Cavity 

If  S  encloses  a  void,  then  the  boundary  condition  at  S  is  that  all  components  of 
the  traction  must  vanish  at  S,  i.e., 

t+(r)  =  0  ,  r  on  S  .  (5.16) 


I 


Elastic  Wave  Scattering 


43 


The  second  term  in  the  integrand  of  Eqs.  (5.13)  and  (5.14)  are  zero  and  the  only- 
field  variable  to  be  specified  is  the  unknown  displacement  u  on  the  surface  S 
which  can  be  expanded  as  follows: 


u+(r)  *XXn 

t  n 


Re  i(» _ (r)  ,  r  on  S 


rxn 


(5 .17) 


Substituting  the  above  expansion  in  the  integral  expressions  for  f  and  a  , 
we  obtain  .  tn  xn 


xn 


xn 


(Re,Re)ctT„n„ 


-  i 

xn 

*  ~i  '  J  T._.(Ou,Re)  a  *  * 
>  >  iH j  x  n  t  n 


whence  in  vector  matrix  notation 

.c 


f  «  -T  a 

Tc  «  QC(Re,Re)  [(ffOu.Re)]"1 


where 


^n,x-n-[S*  Re]  *  (ks *Tn]  *  Re  *T-n-  ds- 


(5.18) 

(5.19) 

(5.20) 

(5.21) 

(5.22) 


In  Eqs.  (5.21)  and  (5.22),  we  have  used  the  notation  Ou  <Ji  to  denote  spherical 
functions  containing  Hankel  functions  and  Re  <|i  to  denote  functions  containing 
Bessel  functions. 

Rigid  Fixed  Scatterer 


The  boundary  condition  in  this  case  is  that  the  displacement  should  vanish  every¬ 
where  inside  and  on  S.  Thus, 


u+(r)  *  0  ,  r  on  S  .  (5.23) 

The  unknown  quantity  in  the  integrand  of  Eqs.  (5.13)  and  (5.14)  is  the  surface 
traction  t  which  may  be  expanded  in  regular  functions  as  follows 


t+(?)  -Satn  *  tfTnC?)1* 
x  n 

Substitution  of  Eq.  (5.24)  in  Eqs.  (5.13)  and  (5.14)  results  in 
f  »  -TR  a 

T11  *  -QR(Re,Re)  [QR(0u,Re) ] _1 
where  the  Q-matrix  of  the  rigid  inclusion  is  given  by 


(5  .*24) 


(5.25) 

(5.26) 
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Elastic  Inclusion 


If  the  contact  at  the  bimaterial  interface  is  perfectly  welded,  then  we  require 
that  all  components  of  the  displacement  and  traction  must  be  continuous  across 
the  surface  S.  Let  u1  be  the  displacement  field  inside  the  elastic  inclusion  of 
material  properties  p1,  X1  and  u1.  Wavefunctions  pertaining  to  the  interior  are 
distinguished  by  the  superscript  1.  The  displacement  field  in  the  interior  of 
S  is  represented  by 

ul(r)  »  /  j  a  Re  ip_(r),  r  inside  S.  (5-28) 

^ rn 
x  n 

The  proof  of  the  convergence  of  expansions  of  the  above  type  have  been  discussed 
by  several  authors,  notably  Millar  (29),  Bates  and  Wall  (30),  Waterman  (23)  and 
Pao  (31). 

The  expansion  for  the  displacement  can  be  differentiated  to  yield  the  stress  at 
all  points  within  S  and  on  S  approached  from  the  inside.  The  boundary  conditions 
at  S  are  then 


u+(r)  =  ui (r) 

*  ti(r)  . 


(5.29) 


Substituting  the  values  of  ui  and  t!  from  Eq.  (5.28)  into  (5.13)  and  (5.14),  we 
obtain 


f  =  -T  a 


T1  =■  Q1  (Re, Re)  [Q^Ou.Re)]'1 
where  the  Q-matrix  of  the  inclusion  is  given  by 


(5.30) 

(5.31) 


^rn,T'n'  Re]  =  (ks/W).£j?’  [Re  O  *  Re 


Re4-Tn  •  t(Re 


dS 


(5.32) 


Fluid  Inclusion 

If  the  surface  S  encloses  an  invicid  or  perfect  fluid  of  density  Pf  and  com¬ 
pressibility  Xf,  then  the  problem  is  very  much  more  complicated.  This  is  because 
the  exterior  solid  supports  both  corapressional  and  shear  waves,  whereas  the  per¬ 
fect  fluid  supports  only  compressional  waves.  The  boundary  conditions  at  the 
surface  S  require  the  normal  component  of  the  particle  velocity  and  hence  the 
displacement  to  be  continuous  and  also  the  normal  component  of  the  traction  or 
pressure  to  be  continuous.  In  addition  since  the  fluid  cannot  support  shear 
stresses,  the  tangential  component  of  the  traction  on  the  solid  side  of  the 
surface  is  zero.  However,  this  leaves  the  tangential  component  of  the  displace¬ 
ment  on  the  solid  side  unspecified.  Hence  even  if  an  expansion  of  the  type 
given  in  Eq.  (5.28)  for  the  displacement  u  in  the  fluid  is  assumed  in  terms  of 
irrotational  functions  alone  and  an  expansion  in  terms  of  Re  ^n,  t *  1,2,3  for 
the  tangential  displacement  on  S  is  assumed,  Eqs.  (5.13)  and  (5.14)  are  not 
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sufficient  to  yield  the  desired  relation  between  the  incident  and  scattered  field 
coefficients. 


We  denote  the  fluid  wave  function  by 
-1  + 


♦in  1  *  fn 


and  hence 


u1  (r)  Re  (r) ,  r  inside  S. 

u 

The  tangential  component  of  the  displacement  on  S+  is  given  by 

u  (r)  L  .  •  ,  *  /  y  8  Re  iT  (r),  r  on  S. 

' 1  tangential  tn  tn^  " 

The  boundary  conditions  at  S  require 


n  •  u+(r)  *  n  •  u1  (r) 


n  •  t+(r)  *  n  •  tj(r) 


tangential  -  ® 


r  on  S. 


(5.33) 


(5.34) 


(5.35) 


(5.36) 


Substituting  for  n  •  u  and  n  •  t  from  Eq.  (5.34)  and  using  Eq.  (5.35)  and  the 
boundary  conditions  in  (5.36),  we  obtain 


■  {IC-  (Re>Re)  “fn-  CRe.Reja  n.J 

n  t  n 

(5.37) 

•  (0u-Re)  “fn-  *??V,-n-  “’“■Re>V„3l 

n  t  n  J  *- 


(5.38) 


where 


^n.n-  [ReRe]  "  ? 


[Re  *Tn  ]  *  n  [n  *  Re  ’"fn'1 


•[2*tnl  *nXfV.  ^  dS 


(5.39) 


i.t-n-  [°VRe]  *  (ks/p“2)/|* 


J  t[S£$tn]  ’  ^  *  -  A  |  da 

S(  Tn  tangential 


(5.40) 
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To  obtain  additional  equations  connecting  a  and  8,  consider  the  integral  re¬ 
presentation  for  the  field  in  the  fluid. 


I. 


Af(n-  •  u'J  (V'  •  <5f)  -  (n-  •  t-)  (n-  •  2f) 


dS' 


0  ,  r  outside  S 

-u1 (r)  »  r  inside  S 
where  2^  is  the  Green's  function  in  the  fluid  given  by 

£f(r,r')  =  (kf/pio2)^i((fnCr>)  Re  r£fn(r<). 


(5.41) 


(5.42) 


Considering  points  r  outside  the  sphere  circumscribing  S,  i.e.,  for  |rj  >  |r"|, 
we  obtain  using  Eqs.  (5.34),  (5.35)  and  (5.36)  in  (5.41): 


EE 


x  n 


TPn,t'n'  (Re’Re) 


-5Mn,n^  (Re’Re)  afn" 


where 


Pn,r'n'  <Re’Re>  * 


Mn  n-  (Re 

n,n 


/*. 

JS 

.Re)  -/(,. 


Re  tjjfn)  (n  •  Re  <| dS 


t  n 


Re  ^fn^  *  Re  *fn^  dS 


From  Eq.  (5.43),  we  can  write 
a  =  M'1  P  8. 


=  0  (5.43) 

(5.44) 

(5.45) 

(5.46) 


Substituting  the  above  equation  into  (5.37)  and  (5.38),  we  finally  obtain 

f  =  -TFS  a  (5.47) 

where  is  the  T-matrix  of  a  fluid  inclusion  in  an  elastic  solid  given  by 

TFS  *  [QFS(Re,Re)  M_1P  +  R  (Re, Re)]  [QFS(0u,Re)  M_1P  ♦  R  (Ou.Re)] 

(5.48) 

The  formalism  given  here  for  the  fluid  inclusion  in  the  solid  is  analogous  to 
that  proposed  by  Bostrom  (32)  for  the  solid  inclusion  in  a  fluid  medium. 

VI.  GENERAL  PROPERTIES  OF  THE  T-MATRIX 


Symmetry  and  Unitarity 

Independent  of  the  geometry  and  nature  of  the  scatterer,  some  very  gtneral  pro¬ 
perties  of  the  T-matrix  of  a  scatterer  embedded  in  an  infinite  medium  can  be 
proved.  From  the  Betti-Rayleigh  reciprocal  identity  for  two  elastodynamic  states, 
the  T-matrix  can  be  proved  to  be  symmetric,  i.e., 


(6.1) 
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where  the  superscript  t  denotes  matrix  transposition.  The  details  of  the  proof 
have  been  given  in  (3) . 

If  no  energy  is  dissipated  in  the  scatterer  or  the  embedding  medium,  then  from 
the  conservation  of  energy,  we  can  show  that 

TT*  =  -Re  T  (6.2) 

where  the  asterisk,  denotes  complex  conjugate  and  Re  stands  for  real  part.  In 
quantum  mechanics,  it  is  more  common  to  refer  to  the  S-matrix  which  is  related 
to  T  by  S  =  1  -  2T.  Then,  from  (6.1)  and  (6.2)  it  follows  that 

S  *  S*  ;  SS+  =  1  (6.3) 

where  the  dagger  sign  denotes  the  matrix  adjoint.  Thus,  S  is  both  symmetric  and 
unitary. 

The  importance  of  these  general  properties  cannot  be  overemphasized  from  the 
computational  point  of  view.  Equations  (6.1)  and  (6.2)  serve  as  a  basic  check 
for  any  numerical  calculations  involving  non-spherical  and  non-circular  scat- 
terers . 

Translation  of  the  T-matrix 


Especially  in  problems  involving  two  or  more  scatterers,  it  is  preferable  to 
compute  the  T-raatrix  of  each  scatterer  with  respect  to  a  coordinate  system 
located  inside  that  scatterer.  In  computing  the  T-matrix  of  the  whole  con¬ 
figuration,  we  may  want  to  choose  an  arbitrary  coordinate  system.  Then  it  be¬ 
comes  necessary  .. o  translate  the  T-matrix  from  one  reference  system  to  another 
(see,  for  example  Peterson  and  Strom  (33)).  Even  in  problems  involving  just  one 
scatterer  in  order  to  evaluate  the  accuracy  of  the  numerical  computations,  it  is 
sometimes  useful  to  compute  the  T-matrix  with  respect  to  different  coordinate 
systems  centered  at  0  and  0'  (see  Fig.  3).  The  transformation  of  the  T-matrices 
under  translation  is  governed  by  the  transformation  properties  of  the  vector 
basis  functions  in  which  they  are  evaluated.  Cruzan  (34)  has  given  the  trans¬ 
lation  theorems  for  the  vector  spherical  functions  when  they  are  defined  in  terms 
of  a  complex  basis  for  the  angular  functions,  i.e.,  the  spherical  harmonics  are 
defined  with  exp  (im$),  -n  <_m  <_  n..  Peterson  and  Strom  (35)  have  given  the 
translation  theorems  for  the  transverse  vector  functions  with  real  angular 
functions,  i.e.  in  terms  of  cos  m<Ji  and  sin  m$,  o  <  m  <  n. 


Fig.  3.  Translation  of  the  coordinate  system 
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The  translation  of  the  longitudinal  or  P-wave  function  is  the  same  as  that  for 
scalar  waves.  From  the  computational  point  of  view  it  is  preferable  to  use  real 
spherical  harmonics  and  in  this  case  the  translation  theorem  is  given  by 


Re  *T„C?  *  *>  -  Rt„, 

*T-(;  *  *>  ' 

t  n 

.  *  y  D 

!(/  (r  +  a)  *  /  y  R 


rt„  (a)  Re  <|i  ..(r) 
xn,x  n  t  n 


(a)  Re  (r) ;  |a|  >  |  r  [ 


xn,x  n 


(a)  (r);  |a|  <  |r| 


(6.4) 

(6.5) 

(6.6) 


In  Eqs.  (6.4)  and  (6.6),  R  and  a  are  the  translation  matrices.  R  can  be  obtained 
from  o  by  simply  replacing  the  spherical  Hankel  functions  that  appear  in  a  by  the 
spherical  Bessel  functions. 

Explicit  expressions  for  the  translation  have  been  given  in  (35)  and  since  they 
are  rather  involved,  they  are  not  repeated  here.  The  super  matrix  R  has  the 
following  structure  in  the  modal  indices 


4'tt'  =  0  R22  R23  .  (6.7) 

-°  *32  R33- 

There  is  no  coupling  of  the  longitudinal  and  transverse  vector  functions  on 
translation.  We  further  note  that 

R22  =  R33  ;  R23  =  R32  ;  R12  3  R21  =  R13  =  R31  =  °*  C6‘8) 

One  of  the  important  properties  of  the  a  and  R  matrices  is  that 

aZ( a)  =  o(-a)  ;  R*(a)  =  R(-a)  (6.9) 

Let  the  wave  functions  and  coefficients  defined  with  respect  to  the  coordinate 
system  at  0'  be  distinguished  by  a  prime.  The  incident  and  scattered  displace¬ 
ment  field  can  be  expanded  in  vector  spherical  functions  with  respect  to  the  two 
origins.  Thus, 


0 

0 

R22 

R23 

R32 

R33 

Ef'  %  (r*)  »  52  f'  (r-a) 

m  yxn  rn  xn  ' 

t  n  t  n 


rH  Tn 

=  52 f  * 

a— w  tn 


tn  "xn 


(6.10) 


where  a  is  the  vector  drawn  from  0  to  O'  (that  is  restricted  to  be  within  the 
sphere  circumscribing  S  with  center  at  0.  Similarly, 

“°  3  X!  Sn  Re  ^n(?-)  =  22  Sn  Re  ^n(?-X) 

t  n  x  n 

»  /  ,  a  Re  ^  (r) . 

xn  xn 
x  n 


a'  Re  ’i>'  (r-a) 
xn  rxnv 


(6.11) 
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Using  the  translation  theorems  given  in  Eqs.  (6.4)  -  (6.6)  and  the  orthogonality 
of  the  vector  spherical  functions,  we  obtain  in  vector  matrix  notation 

f  *  R(a)  £'  (6.12) 

a  =  R(a)  a.'  .  (6.13) 

Further,  if  T  and  T'  are  the  T-matrices  relating  the  incident  and  scattered  wave 
coefficients  in  the  two  coordinates  systems,  then 


f  =  -Ta  (6.14) 

£'  =  -T'a'  (6. IS) 

From  Eqs.  (6.12)  -  (6.15),  we  have 

T'  =  [R(a)]"1  T  R(a)  (6.16) 

which  gives  the  transformation  rule  for  the  translation  of  the  origin  within  the 
sphere  circumscribing  S. 

Rotation  of  the  T-matrix 


In  some  problems,  it  is  necessary  to  study  how  the  T-matrix  transforms  under  a 
rotation  of  the  coordinate  system.  Let  a,  S,  y  be  the  Euler  angles  of  the  primed 
coordinate  system  with  respect  to  the  unprimed  system,  see  Fig.  4.  The  origin 


Fig.  4.  Rotation  of  the  coordinate  system  and  Euler  angles 


of  the  two  systems  are  at  0.  The  incident  and  scattered  displacement  fields  can 
£e  expanded  with  respect  to  both  systems.  Since  the  length  of  the  position  vector 
r  is  invariant  under  rotation,  the  transformation  of  the  vector  spherical  func¬ 
tion  is  governed  by  the  transformation  of  the  spherical  harmonics  under  finite 
rotations.  Since  the  spherical  harmonics  are  the  eigen  functions  of  the  angular 
momentum  operator,  their  transformation  properties  are  well  documented  in  the 
quantum  mechanics  literature,  see  Edmonds  (36) .  Edmonds  has  given  the  trans- 
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formation  formulae  for  complex  spherical  harmonics 
obtain  the  corresponding  formula  foT  real  spherical 
(8,$)  be  the  angular  coordinates  of  a  certain  point 
and  unprimed  coordinate  system.  Then,  we  can  write 


from  which  is  fairly  easy  to 
harmonics.  Let  ( 0',$')  and 
with  respect  to  the  primed 


Y  (0 
nmcr 


•) 


X>. 

*  m  v, 
m  v  ’ 


me 


Ca.B.y)  Y, 


run  v 


(6,4>) 


(6.17) 


The  index  n  is  invariant  under  rotations  and  the  rotation  matrix  D  is  a  function 
of  the  Euler  angles  that  define  the  relative  orientation  of  the  two  coordinate 
systems.  The  expression  for  the  rotation  matrix  is  not  repeated  here  and  we  re¬ 
fer  the  reader  to  Edmonds  (36) . 

If  !j^n  and  <£tn  are  the  vector  spherical  functions  in  the  two  coordinate  systems, 
then  one  can  write 

-*■ 

jh  s 

rnmo 

The  incident  and  scattered  displacement  fields  are  once  again  expanded  with  re¬ 
spect  to  the  two  coordinate  systems  as  in  Eqs.  (6.10)  and  (6.11).  Using  the 
orthogonality  of  the  vector  spherical  functions,  we _can  establish  a  relation¬ 
ship  between  the  expansion  coefficients  for  u  and  u°  in  the  two  systems.  Using 
the  definition  of  the  T-matrix,  we  finally  get 

T'>D‘l(a,M)TD(a,(,Y).  (6.19) 

Equation  (6.19)  is  particularly  important  in  comparing  theoretical  and  experi¬ 
mental  scattering  data.  Theoretically  one  can  take  advantage  of  any  symmetry 
present  in  the  geometry  of  the  scatterer  to  choose  a  convenient  coordinate  system. 
The  experimentalist  on  the  other  hand  will  want  to  choose  a  coordinate  system 
convenient  to  the  experimental  set  up.  Equation  (6.19)  is  then  useful  to  trans¬ 
form  from  the  coordinate  system  of  the  scatterer  to  the  laboratory  axes. 

Another  application  of  Eq.  (6.19)  is  in  arbitrary  translation  of  the  origin. 
Although  the  translation  theorems  in  Eqs.  (6.4)  -  (6.6)  are  for  an  arbitrary 
vector  a,  numerically  it  may  be  more  efficient  to  first  translate  along  the  z- 
axis  of  the  original  system  and  then  perform  a  rotation  to  achieve  the  same  end 
results.  The  transformation  under  rotations  and  translations  is  also  very  use¬ 
ful  when  a  finite  or  even  statistical  ensemble  of  scatterers  are  involved. 


£ 


D  „  (a, B.y)  „  . 

m  v  m  v,ma  v  vrnm  v 


(6.18) 


VII.  NUMERICAL  APPLICATIONS 

The  greatest  advantage  of  the  null  field  method  is  that  it  is  very  well  suited 
for  numerical  computations  when  applied  to  non-spherical  and  non-circular  scat¬ 
terers.  Till  a  few  years  ago  except  for  spheres  and  circular  cylinders,  no 
results  were  available  for  other  shapes  at  wavelengths  comparable  to  the  size  of 
the  scatterer.  Results  for  cylindrical  cavities  of  elliptic  cross  section  have 
been  given  by  Tan  (2)  using  the  moment  method  and  by  Varadan  (4)  using  the  T- 
matrix  method.  In  (4),  a  complete  set  of  results  have  also  been  given  for 
cylindrical  inclusions.  These  results  are  for  plane  and  anti-plane  problems  with 
the  wave  incident  normal  to  the  axis  of  the  cylinder.  The  scattering  of  waves 
incident  obliquely  to  the  axis  of  infinite  cylinders  is  yet  to  be  studied  using 
the  null  field  method.  Recently,  Varadan  and  Varadan  (5)  have  obtained  extensive 
results  for  spheroidal  inclusions  and  cavities.  Visscher  (37)  has  also  studied 
the  problem  of  the  spheroidal  cavity  using  a  modified  T-matrix  approach.  Pre¬ 
liminary  results  have  also  been  obtained  by  Varadan  and  Varadan  (38)  for  rough 
spheroidal  cavities  and  for  elliptical  and  penny  shaped  cracks. 
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In  this  section,  the  various  aspects  of  the  numerical  calculation,  the  limita¬ 
tions  and  efficiency  of  each  step  for  the  various  problems  studied  are  discussed 
in  detail.  The  basic  steps  involved  in  the  computations  for  a  single  scatterer 
embedded  in  an  infinite  elastic  solid  are: 

(1)  Generation  of  the  Q-matrix  elements  by  numerical  quadrature 

(2)  Inversion  of  the  Q-matrix 

(3)  Calculation  of  scattered  fields  and  scattering  cross  sections 
•for  various  scattering  geometries. 

(1)  Numerical  Quadrature 

It  is  efficient  to  generate  the  whole  Q-matrix  for  a  given  incident  wave  fre¬ 
quency  simultaneously,  so  the  Bessel,  Hankel  and  Legendre  functions  that  have  to 
be  calculated  for  each  point  on  the  surface  need  not  be  computed  unnecessarily 
for  each  matrix  element.  Since  some  of  the  special  functions  are  calculated  by 
’  backward  recursion  and  some  by  forward  recursion,  this  is  especially  efficient. 
At  the  present  time,  Gaussian  quadrature  using  the  Legendre  polynomials  seems 
most  efficient,  although  for  the  elliptic  cylinder  Bodes  fourth  order  formula 
for  integration  is  equally  good.  When  using  the  Gauss  quadrature  formula  for 
spheroidal  cavities  and  inclusions,  difficulties  were  encountered  for  all  values 
of  the  azimuthal  index  m  t  0  especially  for  the  higher  order  Q-matrix  elements. 
The  matrix  elements  tend  to  become  very  large  and  the  integrations  fail  to  con¬ 
verge  even  for  a  very  large  number  of  Gaussian  points.  This  is  of  course  more 
noticeable  at  higher  frequencies  when  both  the  Hankel  functions  and  the  asso¬ 
ciated  Legendre  polynomials  (ra  >0)  tend  to  oscillate  very  rapidly  even  for  small 
changes  in  the  argument. 


(2)  Inversion  of  the  Q-matrix 

The  Q-matrix  can  be  inverted  by  direct  methods  like  the  Gaussian  elimination 
process.  However,  there  are  problems  of  overflow  when  the  Q-matrices  are  ill- 
conditioned  with  very  large  imaginary  parts  for  the  higher  order  elements.  Water¬ 
man  (39)  has  suggested  another  approach  in  which  the  unitarity  and  symmetry 
properties  of  the  S-matrix  are  incorporated  in  the  inversion  of  the  Q-matrix. 
There  are  advantages  and  disadvantage  in  using  Waterman's  program  for  the 
inversion  of  the  Q-matrix.  The  disadvantages  are  that  the  symmetry  and  unitarity 
of  the  S-matrix  cannot  be  used  a',  checks  to  estimate  the  accuracy  of  the  computa¬ 
tions,  since  these  properties  are  already  forced  on  the  T-matrix  ;  secondly  the 
approach  is  not  suited  for  lossy  or  dissipative  scatterers  because  the  S-matrix 
is  no  longer  unitary.  The  advantages  are  that  computation  time  is  lower  and  the 
Q-matrix  is  conditioned  and  triangularized  before  the  inversion  procedure  so  that 
no  overflow  problems  are  encountered  due  to  large  imaginary  parts.  The  inversion 
itself  is  achieved  by  Schmidt  orthogonal ization  of  the  rows  of  the  conditioned 
Q-matrix.  For  an  otherwise  well  tested  program,  there  are  distinct  advantages 
in  using  the  Waterman  procedure  for  inversion.  Once  the  Q-matrix  is  inverted, 
it  is  a  straight  forward  procedure  to  construct  the  T-matrix. 

(3)  Scattering  Cross  Sections 

Since  the  T-matrix  depends  only  on  the  frequency  of  the  incident  wave  and  is 
independent  of  the  scattering  geometry,  it  is  advantageous  to  compute  the 
scattering  cross  section  for  several  different  incident  and  scattered  wave 
directions  before  going  on  to  a  different  frequency.  This  is  more  efficient  than 
storing  the  T-matrix  on  a  disk  or  magnetic  tape  and  reading  it  over  and  over 
again  for  different  geometries.  It  is,  however,  practical  to  store  the  T-matrix 
on  a  storage  device  for  future  use. 
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Elliptic  Cylinders 

The  equation  to  the  boundary  in  cylindrical  polar  coordinates  r,0,z,  see  Fig.  1  b, 
is  given  by 


r(0)  =  (cos20/a2  +  sin20/b2)-J* 


C7.1) 


where  a  and  b  are  the  semi-major  and  semi-minor  axes.  For  plane  and  anti-plane 
problems,  i'.e.,  for  waves  incident  normal  to  the  axis  of  the  cylinder,  the 
incident  and  scattered  fields  are  independent  of  the  z-coordinates  so  that  the 
problem  effectively  reduces  to  two  dimensions.  For  an  elliptical  boundary 


n  d5 


yj-  9 ]  r (6)  d0 


(7.2) 


where  r  is  set  equal  to  r(9)  in  the  vector  cylindrical  functions  after  all  the 
derivatives  have  been  taken. 


Due  to  the  symmetry  of  the  ellipse,  many  of  the  elements  of  the  Q-matrix  for 
cavity,  rigid,  elastic  solid  and  fluid  inclusion  are  all  zero.  It  can  be  shown 
that 


^xno.x'n'v  =  0  i£  n+n'  odd 

Qxna  x'n'v  *  0  if  T  -  t'  and  a  i  v  (7.3) 

^xna  ’  VnV  0  if  *  j*  x'  and  a  =  v  • 

Further,  the  range  of  integration  can  be  reduced  to  0  -  ir/2  because 

r(0)  *  r(ir-9)  *  r(3V2  -  0)  =  r(2ir  -9)*  (7.4) 

The  special  properties  for  the  ellipse  can  be  first  used  to  check  the  program 

and  then  incorporated  into  the  program  to  reduce  computation  time  by  a  signifi¬ 

cant  amount. 

.If  computations  are  required  for  the  same  embedding  medium  with  different  types 
of  scatterers,  it  is  economical  to  generate  the  different  Q-matrices  simultan¬ 
eously  provided  storage  requirements  are  not  expensive. 

In  Ref.  (4),  the  scattered  stress  field  and  the  scattering  cross  section  are 
presented  as  a  function  of  k_a  for  aspect  ratio  b/a  ranging  from  0.25  to  1.0 
for  0.05  <  k  a  <  3.0  for  P-,  SV-  and  SH-waves  incident  at  0°,  30°,  60°  and  90° 
to  the  majorpaxis  of  the  ellipse.  The  host  material  is  Aluminium  and  the 
scatterers  are  cavity  and  tungsten  inclusion  representatives  of  soft  and  hard 
scatterers.  For  the  range  of  wavelengths  considered  it  was  sufficient  to  keep 
terms  up  to  n  «  10  resulting  in  a  T-matrix  size  of  40  x40  to  obtain  a  3  decimal 
place  accuracy  in  the  scattering  cross  section.  The  interested  reader  may  refer 
to  (4)  for  numerical  results. 

Spheroids 


The  equation  to  the  surface  of  a  spheroid  with  its  axis  of  revolution  parallel 
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to  the  z-axis,  see  Fig.  5a,  in  spheroidal  coordinates  r,9,$  is  given  by 


r(9)  *  (cos29/b2  +  sin29/a2)-ls 


(7.5) 


where  'a'  is  the  radius  in  the  x-y  plane  and  b  is  the  semi-axis  in  the  z-direction. 
Since  r  is  independent  of  we  have 


f  .  r  r 

I  •  n  dS  3  /  d$  Id 


d(cos9)  •••  (r  -  j;  ||-0)  r2(0) 


(7.6) 


and  the  <t  integration  can  be  performed  directly.  Due  to  the  orthogonality  of  the 
angular  functions  cos  m$  and  sin  ra<f>,  the  Q-matrix  and  hence  the  T-matrix  are 
diagonal  in  the  azimuthal  index  m.  In  addition  due  to  the  fact  that  r(0)  3  r(ir-9) , 
the  range  of  integration  on  9  can  be  reduced  to  half  and  we  note  the  following 
symmetries  of  the  Q-matrix  (see  Ref. (5))  : 


0  ,  ,  .  =  0  if  m  ^  m' 

yTnmo  ,  x  n  m  v 


^rnmo  ,  t  ”"n 

Q. 


m  v 


'tnma  ,  t  n  m  v 


0  if  n  +  n'  odd  or  c i  v 
for  t  3  t ^  or  t,t'=  1,3 

0  if  n+n'  even  or  a  3  v  or  m=0 
for  t=2  or  t  '=>  2 


(7.7) 


Since  Q  and  T  are  diagonal  in  the  azimuthal  index,  it  is  efficient  to  compute 
the  T-matrix  separately  for  each  azimuthal  index.  For  P-waves  incident  along  the 
z-axis  only  the  m  =  0  term  contributes  to  the  scattered  field  while  for  S-wave 
incidence  along  the  z-axis  only  the m =  1  term  contributes  to  the  scattered  field. 
For  all  other  angles  of  incidence,  there  is  a  summation  on  the  azimuthal  modes. 
Many  of  the  remarks  made  for  elliptic  cylinders  apply  to  the  computations  for  the 
spheroid  also. 

In  (5) ,  results  are  presented  for  titanium  as  the  host  material  for  spheroidal 
cavities  and  spheroidal  tungsten  carbide  inclusions  for  aspect  ratios  ranging 
from  0.2  to  2.0.  Note  that  for  b/a<l,  the  spheroid  is  oblate  and  for  b/a  *  1, 
the  spheroid  is  prolate.  We  considered  both  P-  and  S-  waves  incident  at  v&.xOus 
angles  to  the  axis  of  revolution  for  0.1  <  k_a  s  4.0.  For  the  range  of  frequencies 
and  aspect  ratios  considered,  we  begin  with  *n  3  20  for  m  3  0  and  consider  up  to 
n  3  16  for  m  3  6  recalling  that  n  >  m. 

For  kpa>3.0,  numerical  difficulties  are  already  encountered  for  m > 0  both  with 
the  integration  scheme  as  well  as  highly  illconditioned  Q-matrices  for  both 
cavities  and  inclusions  especially  for  the  higher  values  of  m.  Hence,  with  the 
integration  and  inversion  routines  presently  available,  kpa  must  be  less  than  4.0 
to  obtain  stable  results. 

The  results  obtained  using  the  T-matrix  method  have  compared  very  favorably  with 
experiments  (40)  and  have  also  served  as  a  data  base  for  inverse  methods  like 
adaptive  learning  and  Born  inversion  that  are  currently  being  tried  for  flaw 
detection  in  structural  materials  (41) . 


Rough  Spheroidal  Cavities 

One  of  the  major  applications  for  the  T-matrix  approach  to  elastic  wave  scattering 
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has  been  in  flaw  detection.  Flaws  do  not  occur  as  smooth  spheroids.  So  an  attempt 
was  made  to  model  the  flaw  more  realistically  by  perturbing  the  smoothness  with 
periodic  corrugations.  The  equation  to  the  surface  of  the  rough  spheroid  is 
written  as 


r(6)  »  (cos20/b2  +  sin20/a2)_!s  +  5  cos£0 


(7.3) 


where  5  gives  the  amplitude  of  the  roughness  and  l  defines  the  periodicity  of  the 
roughness,  see  Fig.  5b.  Since  r(0)  is  still  independent  of  $,  it  has  the 
symmetries  of  a  smooth  spheroid  if  l  is  a  multiple  of  four. 


Fig.  5a.  Spheroidal  scatterer 


In  numerical  computations,  it  was  found  that  fairly  stable  Q-  and  T-matrices  could 
be  computed  for  b/a>0.7,  5/a  <  0.02  and  l  >  12.  If  the  amplitude  of  the  rough¬ 
ness  is  increased  beyond  this  limit  and  the  wavelength  decreased,  the  Q-matrix 
becomes  highly  illcor.ditioned  and  the  integration  fails  to  converge.  If  the 
wavelength  of  the  roughness  is  decreased  beyond  l  *  64,  there  is  not  much 
difference  between  a  smooth  and  rough  spheroid  up  to  kpa  *  2.0.  The  convergence 
of  the  integration  was  checked  for  all  values  of  kpa  *to  ensure  that  this  was 
not  the  cause  of  the  agreement  with  the  smooth  spheroid.  Thus,  for  wavenumber 
up  to  kpa  *  2.0,  if  the  wavelength  of  the  roughness  is  not  too  large,  there  is 
no  appreciable  change  from  a  smooth  spheroid.  This  suggests  that  modelling  a  flaw 
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in  a  structural  material  as  a  oblate  spheroid  is  not  too  far  removed  from  reality. 
The  reader  may  refer  to  (38)  for  the  numerical  results. 

Penny  Shaped  Cracks  and  Strips 

Although  the  oblate  spheroid  is  a  good  model  for  a  flaw  in  a  structural  material, 
the  aspect  ratio  of  the  flaw  is  typically  quite  small  making  it  resemble  a  penny 
shaped  crack  or  an  elliptical  crack.  These  may  be  visualized  as  an  oblate  spheroid 
and  an  ellipsoid  of  zero  aspect  ratio.  Although  the  null-field  or  T-matrix  method 
is  in  general  not- well  suited  for  numerical  computations  on  long  slender  obstacles, 
the  degenerate  spheroid  and  the  degenerate  ellipse  are  special  cases  where  the 
limit  of  zero  aspect  ratio  can  be  taken  by  choosing  suitable  surface  field  expan¬ 
sions  that  incorporate  the  proper  conditions  at  the  crack  edge.  Waterman  (23)  in 
his  original  formulation  of  the  T-matrix  method  for  acoustic  wave  scattering  has 
discussed  the  scattering  from  infinitely  long  strips  for  both  Neumann  and 
Dirichlet  conditions  where  he  has  discussed  the  choice  of  proper  weight  factors 
that  lead  the  correct  edge  conditions  at  the  crack  tip  when  the  limit  of  zero 
aspect  ratio  is  taken.  Bates  and  Wall  (30)  have  also  dealt  with  the  choice  of 
proper  surface  field  expressions  for  different  types  if  sharp  comers  in  some 
detail . 


The  scattering  of  normally  incident  acoustic  waves  by  a  strip  on  which  Neumann 
boundary  conditions  are  prescribed  is  mathematically  the  same  as  the  scattering 
of  SH-elastic  waves  by  a  stress  free  strip.  The  scattered  (fncr)  and  incident  (a^) 
field  coefficients  are  given  by 


£  _  iim  JL 

no  b/a-^0  4 

♦ 

* 

n*V  Re$no(r)  dS(r) 

(7.9) 

a  , .  JL 

no  b/a-vO  4 

f w+(r) 

(r)  dS(r) 
no 

(7.10) 

s 

where  r  on  S  is  given  by  Eq.  (7.1)  and  w+  is  the  unknown  anti-plane  displacement 
field  (in  the  z  direction)  on  the  surface  of  the  strip. 


For  numerical  computations,  the  limit  of  zero  aspect  ratio  has  to  be  taken  before 
integration  and  this  necessitates  a  careful  choice  for  the  expression  of  w+.  Since 
the  range  of  integration  now  becomes  -a  s  x  $  a  which  includes  the  origin,  the 
Hankel  functions  become  singular.  Further,  the  edge  conditions  at  the  crack  tip 
require  that  the  crack  opening  displacement  should  vanish  as  /T  -  x^/a^  at  the 
tips.  Waterman  suggested  the  following  expression  for  w+ 


w  = 

♦ 


/I  ♦  [ (3r/30)/r]z 


— 


•V  /^a  Re$ 
x— i  no 


n,a 


no 


(7.11) 


This  leads  to  a  sy-metric  Q-matrix  for  ellipses  of  arbitrary  aspect  ratio.  When 
the  limit  is  taken  in  Eqs.  (7.9  and  (7.10),  the  Q-matrix  for  the  strip  is  given 
by 
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Qn, 


a,n  v 


JSL 
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^-x2/a2 

k*x2 


-  a 

Q 

n'v.no 


Hp  (k|x  i )  Jn^kM)  dx  5av><Sv,2 


(7.12) 


Since  the  Q-matrix  is  symmetric,  only  the  elements  above  the  diagonal  need  be 
evaluated  numerically  when  the  order  of  the  Bessel  function  is  greater  than  or 
equal  to  the  order  of  the  Hankel  function.  The  only  other  troublesome  term  in  the 
Q-matrix  is  the  constant  term  in  the  expansion  of  Jn-(k|x|)  Hn(k|x|)  due  to  the 
factors  1/x2  in  the  Q-matrix.  This  integral  can,  however,  be  evaluated  analytically 
for  arbitrary  aspect  ratio  and  the  limit  then  taken  yielding  a  finite  contribution. 
All  the  other  terms  in  the  expansion  of  j  jj  (n'>n)  can  be  integrated  numerically 
or  given  in  the  form  of  a  finite  series.  -n  n 

Numerical  results  were  obtained  using  the  Q-matrix  given  in  Eq.  (7.12)  as  well 
as  the  Q-matrix  for  am  elliptical  cavity  for  an  aspect  ratio  of  b/a  =  0.05.  The 
scattering  cross  section  was  obtained  as  a  function  of  ka  and  compared  with 
available  results  using  Mathieu  function  (10) .  The  agreement  was  excellent  for 
both  approaches.  We  have  concluded  that  not  much  is  gained  by  attempting  to  put 
b/a  *  0  because  values  of  b/a  <0.1  mimic  the  results  for  a  crack  very  closely 
and  not  that  much  is  gained  by  setting  b/a  exactly  to  zero.  The  additional 
advantage  is  that  no  new  computer  programs  need  be  developed  as  long  as  stability 
of  the  numerical  results  can  be  ensured  for  b/a  <  0.1. 

For  P-  and  SV-wave  scattering  from  strips  again  we  have  used  the  programs  developed 
for  the  elliptical  cavity.  Stable  results  can  easily  be  obtained  down  to  b/a 
values  of  0.05.  These  results  have  been  checked  with  Tan's  results  (2)  for  the 
strip  using  the  moment  method  and  again  the  agreement  is  very  good.  An  important 
difference  between  SH-wave  scattering  and  P-,  SV-wave  scattering  is  that  even 
for  incidence  parallel  to  the  strip  there  is  a  non-zero  scattered  field. 

The  penny  shaped  crack  is  an  oblate  spheroid  of  zero  aspect  ratio.  Calculations 
for  b/a  *  0.05  are  compared  with  those  obtained  by  Mai  (17)  using  integral  equa¬ 
tions  and  again  the  agreement  was  quite  good.  For  waves  incident  normal  to  the 
crack,  results  have  been  obtained  up  to  k_a  =  2.0  for  which  the  symmetry  properties 
of  the  T-matrix  have  been  verified  using  ^direct  inversion  algorithms  for  the 
Q-matrix.  All  the  numerical  results  for  crack  like  scatterers  are  presented  in 
(38). 
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ABSTRACT 

The  development  of  T-matrix  methods  is  traced  through  the  first  applications  in 
potential  theory  to  scattering  problems  involving  acoustic,  electromagnetic  and 
elastic  waves.  Throughout,  the  origins  of  the  theory  in  Huygens'  principle  are 
stressed,  and  possible  further  developments  are  noted.  Detailed  numerical  studies 
are  also  presented  which  point  out  the  relative  merits  of  various  wave  function 
representations  for  surface  current  in  the  electromagnetic  case. 


INTRODUCTION 

Recent  years  have  seen  a  significant  growth  rate  in  the  literature  employing  T- 
matrix  methods.  We  want  to  attempt  a  brief  survey  of  this  work,  including  specu¬ 
lation  on  possible  further  developments.  With  regard  to  future  work,  incidentally, 
we  take  the  point  of  view  that  Huygens'  principle  is  in  fact  the  fundamental  under¬ 
lying  concept.  Whether  or  not  the  principle  can  then  be  reduced  to  a  T-matrix 
formulation.,  or_ something  analogous,  in  specific  areas  of  interest  (e.g.,  time- 
dependent  problems)  depends  on  whether  one  is  clever  or  lucky  enough  to  find  ap¬ 
propriate  sets  of  basis  functions  that  will  cast  the  problem  in  matrix  form. 

It  should  be  stressed  that  the  present  discussion  is  by  no  means  intended  as  a  com¬ 
prehensive  review;  apologies  are  offered  in  advance  to  those  who  have  made  impor¬ 
tant  contributions  which,  through  oversight,  are  not  mentioned  here. 

One  specific  question  which  has  remained  unresolved  for  several  years  now  is  that 
of  how  best  to  represent  surface  fields  that  arise  in  connection  with  two-  and 
three-dimensional  scattering  problems.  In  addition  to  our  survey,  it  thus  is 
appropriate  to  present  some  numerical  results  which  may  perhaps  narrow  the  options 
in  this  area.  In  particular,  we  will  look  at  truncation  behavior  for  various 
choices  of  vector  wave  functions  used  to  represent  surface  current.  The  manner  in 
which  convergence  is  affected  by  the  choice  of  coordinate  origin  will  also  be  ex¬ 
amined,  and  finally  the  advantages  of  orthagonalization  (i.e.,  constraining  the 
S-matrix  to  be  symmetric  and  unitary  at  finite  truncation)  will  be  demonstrated 
numerically. 


THE  T-MATRIX  AND  HUYGENS'  PRINCIPLE 

As  already  noted,  we  regard  Huygens'  principle  as  the  fundamental  physical  concept 
underlying  all  of  the  T-matrix  work.  Specifically,  when  one  writes  down  the  Green's 
identity  using  the  appropriate  free-space  Green's  function,  and  integrates  over 
only  a  portion  of  space,  the  result  is  quite  different  for  points  within  and  with¬ 
out  the  integration  volume.  The  key  to  further  progress  then  lies  in  recognizing 
that  for  those  latter  points,  where  the  singularity  of  the  Green's  function  does 
not  come  into  force,  the  resulting  statement,  which  one  is  easily  tempted  to  pass 
over  as  a  trivial  and  obvious  consequence  of  the  mathematics,  is  in  fact  a  useful 

61  -r*  - - - 

PRECEDING  PAGE  NOT  FILMED 
BLANK 


62 


P.  C.  Waterman 


and  apparently  rather  powerful  computational  tool. 

The  mathematical  details  of  all  this  have  been  given  many  times;  it  would  be  super¬ 
fluous  to  show  them  here.  We  could  note,  however,  that  Huygens'  principle  used  in 
this  way  has  been  variously  known  as  the  extended  boundary  condition,  Schelkunoff 
equivalent  current  method,  Ewald-Oseen  extinction  theorem,  null-field  method,  and 
perhaps  other  names.  We  will  try  to  point  out  where  these  different  names  occur 
as  we  go  along. 

Smythe  was  one  of  the  earliest  to  employ  Huygens'  principle  this  way.  He  treated 
various  electrostatic  problems,  e.g.,  the  charged  right  circular  cylinder,  by 
noting  that  the  resulting  charge  distribution  must  be  such  as  to  give  a  constant 
potential,  and  thus  no  field,  in  the  interior  (1).  Taylor  made  further  extensions 
in  both  electrostatics  (2)  and  magnetostatics  (3).  Fikioris  employed  similar  tech¬ 
niques  to  show  that  the  closed-form  solution  can  be  recovered  for  the  conducting 
spheroid  in  a  uniform  applied  field  (4).  In  view  of  the  analogy  between  magnetic 
polarizability  and  virtual  mass  (5) ,  some  of  this  work  carries  over  immediately  to 
the  fluid  dynamics  case.  Problems  of  incompressible  and  perhaps  compressible  fluid 
flow  are  presently  being  examined  in  this  light  by  Eyges,  who  already  has  found 
new  insights  in  the  thin-body  limit  (6). 

With  regard  to  the  classical  scattering  of  time-harmonic  waves,  the  acoustic  case 
is  by  far  the  simplest  to  follow  because  of  its  scalar  nature.  Papers  by  Schenck  (7 
and  the  present  writer  (8)  discussed  this  case  from  somewhat  different  points  of 
view,  in  that  the  former  did  not  employ  a  T-matrix  formalism  even  though  both  began 
essentially  from  Huygens'  principle.  More  recently,  the  problem  was  re-examined 
by  Bates  and  Wall  (9,  null-field  method).  They  have  examined  the  consequences  of 
using  alternative  expansion  functions,  and  present  many  numerical  results  in  sup¬ 
port  of  their  analysis. 

Because  of  the  wide  ranging  applications,  the  electromagnetic  case  has  received  the 
most  attention.  Earlier  work  considered  only  conducting  objects  (10,  extended 
boundary  condition),  but  the  method  was  soon  extended  to  dielectrics  (11).  Exten¬ 
sive  numerical  results  for  dielectrics  were  given  by  Barber  and  Yeh  (12,  Schelkunoff 
equivalent  current  method) ,  and  Barber  went  on  to  consider  effects  in  lossy  di¬ 
electric  biological  models  (13).  By  this  time,  it  had  also  been  shown  how  to 
incorporate  symmetry  and  unitary  constraints,  corresponding  physically  to  reci¬ 
procity  and  energy  conservation,  into  the  numerical  solutions  (14).  Whether  or 
not  such  constraints  should  be  included  in  truncated  solutions  remains  contro¬ 
versial  (IS);  some  numerical  results  supporting  the  approach  will  be  given  below. 

In  parallel  but  independent  work,  Wolf  observed  that  the  Ewald-Oseen  extinction 
theorem,  which  historically  played  such  an  important  role  in  obtaining  the  Lorentz- 
Lorenz  formula,  could  be  used  directly  as  a  computational  tool  (16).  Agarwal 
subsequently  pointed  out  the  eq-ivalence  of  methods  using  the  extinction  theorem 
and  the  extended  boundary  condii.ion  (17) -  A  least-squares  approach  has  been  ad¬ 
vocated  by  Visscher  which,  as  he  points  out,  has  the  net  effect  of  leading  to 
almost  the  same  system  of  equations  as  those  obtained  by  other  authors  (15).  The 
key  difference  lies  in  the  choice  of  expansion  functions  for  the  surface  field, 
which  must  be  chosen  as  incoming  waves  in  order  to  correspond  to  the  least-squares 
result. 

A  further  degree  of  complexity  is  introduced  when  one  considers  wave  scattering 
in  an  elastic  solid,  because  of  the  necessity  of  dealing  simultaneously  with 
longitudinal  and  transverse  modes  and  their  interactions.  It  turns  out  in  this 
case  that  two  different  forms  of  Huygens'  principle  are  available  for  deriving  the 
T-matrix  equations.  The  resulting  equations  are  superficially  somewhat  different, 
one  set  involving  the  vector  gradient  operation  VF  (18),  the  other  the  surface 


Survey  of  T-Matrix 


63 


vector  calculus  of  Weatherbum  (19).  The  equivalence  of  the  final  results  was 
later  shown,  however  (20),  and  Varadan  went  on  to  give  detailed  numerical  com¬ 
putations  (21). 

Two  methods  seen  in  the  literature  to  date  do  not  rely  on  Huygens'  principle.  The 
first  is  the  least-squares  formulation  already  mentioned  (IS),  while  the  second 
involves  a  conserved  flux  which  can  only  be  identified  with  energy  flux  when  there 
is  no  dissipation  present.  This  conserved  flux  method  has  been  described  for  all 
three  cases,  acoustic  (22),  electromagnetic  (23),  and  elastic  waves  (20,24). 

Under  the  direction  of  Strom,  workers  in  Goteborg  were  among  the  earliest  to 
recognize  the  single-object  T-matrix  as  a  fundamental  building  block  that  could 
be  used  to  great  advantage  in  compound  problems,  specifically  those  involving 
layered  scatterers  (25)  and/or  multiple  scattering  (26) .  As  they  observed,  this 
extension  is  possible  because  the  single-object  T-matrix  allows  for  the  possibility 
of  quite  general  incident  waves,  e.g.,  a  wave  impinging  on  the  object  from  a 
second  object  in  the  vicinity.  Additional  multiple  scattering  computations  have 
also  been  carried  out  by  the  Varadans  at  Ohio  State,  in  conjunction  with  Pao  at 
Cornell  (27). 

It  will  be  interesting  to  observe  the  eventual  impact  of  T-matrix  methods  in  the 
field  of  multiple  scattering,  where  a  great  many  questions  arise  which  do  not 
occur  in  the  single-object  context.  There  is,  for  example,  the  behavior  of 
periodic  vs.  irregular  vs.  random  arrays  of  objects.  One  is  also  interested  in 
the  "medium"  or  "bulk"  properties  of  such  arrays,  assuming  of  course  that  such 
properties  exist  in  the  first  place.  Many  of  these  of  course  are  old  questions, 
but  only  a  few  have  been  resolved  with  any  thoroughness. 


The  T-matrix  approach  should  also  prove  useful  for  computing  scattering  from  in¬ 
homogeneous  objects  that  cannot  be  modeled  by  layered  media,  although  this  has  not 
beer,  tried,  to  our  knowledge.  The  idea  here  would  be  to  build  up  a  set  of  field 
solutions  within  the  object  by  solving  appropriate  partial  difference  equations 
numerically.  Using  a  linear  combination  of  these  fields  to  represent  the  interior 
solution,  the  result  is  then  substituted  in  the  moment  equations  (e.g..  Equation  7 
of  Reference  14  for  the  electromagnetic  case),  and  coupled  with  boundary  conditions 
leads  in  the  usual  way  to  a  matrix  equation  for  T. 


Huygens'  principle  would  also  seem  to  present  useful  possibilities  for  general 
time-dependent  problems.  Here  fields  are  governed  by  the  full  wave  equations,  and 
for  acoustic  problems,  for  example,  we  can  write  (u  is  the  velocity  potential,  and 
underline  indicates  vector  quantity) 


u(£,t)  j 
(X  ) 


uinc(r,t)  ♦  (l/4if) Jdo '  *  [u(r'  ,t*)V'  (1/R) 


-(l/cR)7'R3u(r,,t*)/3t*-(l/R)7'u(r',t*)]; 


outside  a 
inside  o 


(1) 


This  equation  describes  scattering  by  an  object  bounded  by  the  closed  surface  a 
of  integration.  The  quantity  R  *  |r-r't  c  is  the  velocity  of  sound,  and  t*  is  set 
equal  to  t-R/c  (retarded  time)  after  the  differentiations  are  carried  out.  One 
easily  verifies  that  Eq.  1  is  a  slight  generalization  of  the  expression  given  by 
Morse  and  Feshbach  (28) . 

Just  as  in  the  time-harmonic  case,  the  right-hand  side  of  Eq.  1  must  vanish  iden¬ 
tically  throughout  the  entire  interior  volume. 
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When  supplemented  with  boundary  conditions  (e.g.,  for  the  acoustically  "soft” 
object  only  the  last  term  in  the  integrand  is  non-vanishing)  this  provides  a  pre¬ 
scription  for  finding  the  unknown  surface  fields.  The  incident  wave  uinc  is  of 
course  known. 

The  problem  can  be  expressed  in  matrix  form  provided  one  can  find  complete  sets  of 
time -dependent  wave  functions  to  use  as  basis  functions.  Although  we  have  not  in¬ 
vestigated  this  question  in  any  detail,  it  appears  that  the  spherical  wave  func¬ 
tions  derived  by  Granzow  may  be  appropriate  here  (29) .  Granzow  gives  both  the 
acoustic  and  electromagnetic  wave  functions;  the  corresponding  Huygens'  principle 
for  the  time-dependent  electromagnetic  case  can  be  constructed  by  extension  of  the 
equations  given  by  Stickler  (30) . 


WAVE  FUNCTION  REPRESENTATION  OF  SURFACE  CURRENTS 

For  electromagnetic  scattering  by  a  perfectly  conducting  object,  recall  that  the 
basic  equations  read  as  follows:  For  the  incident  and  scattered  waves,  respectively, 
one  has  (14) 

j,inc  =  2anRejln,  (2) 

/Cat  “  ^ 

where  the  are  the  outgoing  spherical  ector  partial  waves,  and  the  Re^n  their 
regular  parts  (replace  Hankel  by  Bessel  functions) .  The  incident  wave  coefficients 
a  are  of  course  known,  and  the  scattered  wave  coefficients  f  are  to  be  found. 

Tfie  moment  relations  are  then 


an  3  O^/iOjdq^-  2 

(4) 

?n  =  -(k2/ir)Jda  RefjJ^)  •  j_,  n»l,2,... 

(S) 

where  the  integration  is  over  the  surface  of  the  object,  which  need  not  be  smooth, 
and  2.  =  n  x  H  is  the  unknown  surface  current. 

Now  the  T-matrix  enables  us  to  compute  the  scattering  directly  according  to  the 
prescription 

f  =  Ta,  (6) 

without  the  intermediate  step  of  finding  the  surface  currents.  In  order  to  get  T, 
we  expand  j[  in  some  complete  set  of  tangential  vector  functions,  viz. 

1  *  (r ) ,  r  on  a  .  (7) 

Substituting  this  expansion  in  Eqs.  4  and  5,  the  an  can  be  eliminated  to  give 

QT  -  -PeQ,  (8) 

with  elements  of  Q  given  by 

V  ■  S,  •  In 

(for  ReQ,  replace  jj^  by  Re^)  (9) 

Equation  8  is  now  truncated  and  solved  numerically  for  the  T-matrix. 
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The  crucia]  question  at  this  point  involves  the  choice  of  expansion  functions  F 
for  the  surface  current.  One  possibility  is  to  use  the  wave  functions  them-  -n 
selves.  There  are  in  this  event  several  alternatives,  the  relative  merits  of 
which  we  want  to  examine. 

Table  1  lists  six  possible  choices  for  the  F  .  The  electric  and  magnetic  partial 
waves,  which  together  make  up  the  4^,  are  each  other's  curls,  so  that  the  table 
is  unaffected  should  4^  be  replaced  byVx  4^  anywhere.  Based  only  on  the  table, 
case  A,  the  outgoing  waves,  appears  by  far  the  most  advantageous,  and  this  was  in 
fact  our  original  choice  in  1965  CIO)-  Note  first  that  an  exact  decoupling  of  the 
equations  is  possible,  reducing  the  calculation  from  one  N  x  N  problem  to  two 
independent  JN  x  JN  problems.  Furthermore,  for  a  given  truncation  N,  case  A  in¬ 
volves  the  smallest  number  of  independent  real  matrix  elements.  This  is  important 
because  the  evaluation  of  these  elements  by  numerical  quadrature  consumes  probably 
90%  of  the  required  computation  time.  Note,  incidentally,  that  the  skew- symmetry 
of  Q  for  general  bodies  is  fairly  easily  apparent,  upon  substituting  Fji  *  n  x  4^ 
in  Eq.  9.  The  symmetry  of  Q  for  rotational ly  symmetric  bodies  is  somewhat  contrived, 
however,  arising  from  further  condensation  due  to  azimuthal  orthogonality  (10,14). 

Case  B  uses  the  regular  wave  functions,  rotated  90  degrees  about  the  unit  normal. 
Because  they  are  real,  these  functions,  along  with  those  of  case  D,  allow  con¬ 
straints  of  symmetry  and  unitarity  to  be  built  into  the  solution,  as  discussed 
below.  The  case  B  functions  also  have  a  quasi-crthogonality  property  which  makes 
them  clearly  the  best  choice  for  spheroids  (14),  and  share  the  numerical  advantage 
discussed  for  the  analogous  scalar  fractions,  namely  that  the  numerically  dominant 
parts  of  Q-matrix  integrands  above  the  diagonal  vanish  identically  upon  integration  ( 

The  case  C  fractions  are  of  interest  in  that  they  represent  the  functions  arising 
from  a  least-squares  approach  to  the  problem.  This  may  be  verified  by  applying 
Visscher's  technique  (15)  to  the  electromagnetic  case.  Finally,  for  completeness 
we  have  indicated  the  general  characteristics  of  the  rotated  incoming  and  unrotated 
outgoing  wave  choices  E,  F  although  we  shall  not  look  further  at. there  latter  two. 

As  shown  in  Fig.  1,  the  object  we  consider  is  a  15  degree  half-angle  sphere-cone- 
sphere,  with  variations  in  both  shape  and  size,  specified  by  b/a  and  ka  =  2*3. /*, 
respectively.  The  location  of  the  origin* can  also  be  varied  over  the  points. in¬ 
dicated  in  the  figure. 

Let  us  first  look  at  truncation  behavior  for  the  first  four  cases  of  Table  1,  for 
a  fairly  simple  object,  i.e.,  relatively  small  (ka*l)  and  not  too  different  from 
spherical  (b/a*0.8),  with  origin  at  the  center  of  the  large  sphere  (point  1). 

Results  for  the  real  and  imaginary  parts  of  T^  are  shown  in  Figs.  2  and  3. 

In  full  index  notation  (14),  Tn  ■  Tie011e01»  describing  the  coupling  between 

rotationally  symmetric  magnetic  dipole  fields.  Note  that  for  all  four  cases,  the 
results  have  settled  down  to  the  same  value,  to  within  fractional  discrepancies 
of  about  10"3.  The  outgoing  fractions  (case  A)  have  the  largest  disparities, 
while  the  real  fraction  representations  (cases  B  and  D)  perhaps  show  the  best 
behavior. 

The  truncation  behavior  is  also  strongly  influenced  by  the  choice  of  coordinate 
origin.  We  can  see  this  by  repeating  the-  computations  for  the  different  origins 
shown  in  Fig.  1,  still  with  ka=l  but  this  time  with  b/a=0.6.  Figure  4  shows 
the  scattering  cross  section  os  normalized  by  ira  ,  plotted  vs.  truncation  size 
(plane  wave  axially  incident  from  the  left).  The  case  A  outgoing  fractions  are 
being  employed  here.  The  resulting  curves  all  appear  to  be  settling  down  to  a 
common  final  value,  but  those  representing  origin  choices  3, 4, 5, 6  roughly  "centered1' 


TABLE  1  Several  choices  of  expansion  functions  are  enumerated  for  the  surface  currents. 

Tangential  functions  must  be  employed,  formed  by  rotating  or  not  rotating  (i.e. 
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in  the  object  (see  Fig.  1)  are  clearly  superior.  (The  results  from  origin  9, 
incidentally,  fall  off  scale  and  hence  are  not  shown.)  Quite  analogous  results 
are  found  for  the  radar  cross  section,  as  shown  in  Fig.  5.  In  Fig.  6  we  have 
plotted  the  difference  between  scattering  and  total  cross  section,  a  quantity 
which  must  vanish  if  energy  conservation  requirements  are  met.  Again  origins 
4,5,6  show  the  best  truncation  behavior.  These  three  figures  together  offer 
strong  evidence  for  choosing  an  origin  centered  to  the  best  of  one's  ability,  and 
also  give  a  measure  of  the  sensitivity  of  the  computation  when  the  origin  is  moved. 

In  order  to  see  how  things  depend  on  the  shape  of  the  object  we  have  varied  the 
ratio  of  sphere  radii  over  the  range  QLb/ai.0.8,  generating  the  various  shapes 
shown  in  Fig.  7.  In  each  case  the  coordinate  origin  is  located  at  the  midpoint  of 
the  axis  of  symmetry  through  the  object,  so  the  calculations  should  be  near  opti¬ 
mum  from  that  point  of  view.  Again  ka*l,  and  we  will  compare  results  using  the  in¬ 
coming  and  regular  function  representations,  cases  C  and  D  respectively  in  Table  1. 

The  imaginary  part  of  T^  (same  full  indices  as  earlier),  which  is  the  numerically 
dominant  part,  is  shown  in  Fig.  8,  while  Fig.  9  gives  the  real  part.  Looking  first 
at  the  curves  for  b/a*0.8  in  Fig.  8,  we  see  a  remarkable  improvement  over  those  of 
Fig.  2,  because  of  the  new  coordinate  origin  (the  final  values  have  also  changed 
slightly  for  the  same  reason) .  There  is  no  clear  choice  between  the  incoming  and 
regular  wave  functions  for  this  case. 

As  the  object  becomes  more  elongated,  however,  with  decreasing  values  of  b/a,  the 
regular  functions  continue  to  show  good  convergence,  at  least  by  the  time  N*10, 
while  the  behavior  using  the  incoming  functions  deteriorates  fairly  rapidly.  An 
analogous  result  obtains  for  the  real  part  of  Tn,  as  can  be  seen  from  Fig.  9. 
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Fig.  2  The  imaginary  part  of  vs.  truncation  size  N. 


From  these  two  figures,  we  conclude  that  the  incoming  wave  functions  are  perhaps 
not  the  best  choice,  especially  when  elongated  shapes  are  involved. 

The  final  question  of  interest  in  our  numerical  study  involves  the  orthogonalizatic 
technique  whereby  the  scattering  matrix  S  is  constrained  by  symmetry  and  unitarity 
Salient  features  of  the  technique  are  as  follows:  with  S*1+2T,  Eq.  8  becomes 


QS  *  -Q*. 


(10) 
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Fig.  3.  The  real  part  of  vs.  truncation  size  N. 


Now  let  M  be  the  (upper  triangular)  matrix  which  Schmidt  orthogonal izes  A,  i.e.. 


A 

Q 


MQ, 


(ll) 


where  Q  is  unitary.  We  then  find  straightforwardly  that 
S  »  -Q'*(NW*-1)Q*, 


(12) 


Os/tto 
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Fig.  4.  The  normalized  scattering  cross  section  vs.  truncation  size 
for  various  choices  of  coordinate  origin. 


Survey  of  T-Matrix 


73 


Fig.  7.  Different  shapes  generated  by  varying  the  front  sphere  radius. 


the  prime  indicating  matrix  transpose.  This  equation  gives  one  possible  procedure 
(although  not  necessarily  the  most  efficient)  for  solving  Eq.  10. 

More  information  is  available,  however.  We  know  that  in  the  limit  of  infinite 
matrix  size 


S’  *  S,  (13) 

S'*S  »  Identity,  (14) 

i.e.,  S  is  both  symmetric  and  unitary  (14). 


Considering  S  as  given  in  Eq.  12,  the  lajt  two  equations  turn  out  to  be  necessary 
and  sufficient  conditions  under  which  W  =  Identity,  so  that  M  is  real  and 

S  »  -Q'*Q*  (or  T  *  -Q'*ReQ).  (15) 

Strictly  speaking,  Eq.  15  is  valid  only  in  the  limit  of  infinite  matrix  size.  It 
is  nevertheless  natural  to  consider  using  it  in  finite  truncation.  Notice  that 
it  prescribes  a  fairly  efficient  numerical  approach.  No  record  of  M  need  be  kept, 
nor  must  one  carry  along  the  right-hand  side  of  Eq.  10  during  the  processing. 


As  a  test  case  we  consider  a  large  sphere- cone- sphere,  b/a*0.8,  ka=10,  with  coor¬ 
dinate  origin  centered  on  the  axis  of  symmetry.  The  regular  wave  functions  (case  B) 


are  employed,  and  results  are  shown  vs.  truncation  for  some  of  the  T 

mn 


T 


leOmleOn 


in  Fig.  10.  Solid  curves  show  the  truncation  behavior  of  Eq.  15.  The  radius  of 
the  smallest  sphere  circumscribing  the  object  is  specified  by  kr  .  »  12.8  (shown 
by  the  vertical  line  in  Fig.  10).  It  is  interesting  to  note  that*nwith  the  excep¬ 
tion  of  the  lowest  curve  shown,  the  results  have  pretty  much  settled  down  to  remain 
constant  by  the  time  N  reaches  this  value.  These  curves  are  clearly  superior  to 
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Fig.  8.  Truncation  behavior  of  the  imaginary  part  of  T 
for. the  shapes. .given,  in  the. preceding  figure. 
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0  m  _ ^  5  10 


Fig.  9.  Truncation  behavior  for  the  real  part  of 
for  the  different  geometrical  shapes. 


results  obtained  from  Eq.  8,  using  full  Gaussian  elimination  to  convert  Q  on  the 
left-hand  side  to  the  identity  matrix.  To  confirm  the  extent  to  which  the  two  cal¬ 
culations  agree,  the  matrix  inversion  was  carried  out  at  N=28  (not  shown),  giving 
results  that  for  the  most  part  differed  only  in  the  fourth  significant  figure  from 
the  orthogonal izat ion  results  at  N-14. 

From  this  and  the  preceding  results,  we  conclude  that  the  case  B  regular  wave  func¬ 
tion  representation  of  surface  currents,  coupled  withthe  orthogonalization  procedure 
of  Eq.  15,  is  probably  the  best  approach  of  those  studied  here.  This  is  not  to  say 


Fig.  10.  Truncation  behavior  for  various  elements  of  T, 
showing  the  improvement  obtained  using  orthogonal ization. 
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that  some  other  function  choice  may  not  be  valuable,  especially  when  particular 
shapes  are  involved;  further  study  of  this  last  question  is  warranted. 
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ABSTRACT 


Waterman's  method  is  used  to  compute  the  induced  surface  current  on  perfect  conduc¬ 
tors  under  plane  wave  illumination.  The  basic  E-field  integral  equation  is  expanded 
into  vector  spherical  harmonics  and  by  using  the  extended  boundary  condition  the 
coefficients  of  expansion  of  the  surface  current  (in  terms  of  regular  type  functions 
alone)  are  related  to  the  incident  plane  wave  expansion  coefficients  via  the 
Q(0ut,  Re)  matrix.  Direct  inversion  of  this  q-matrix  yields  the  surface  current 
expansion  coefficients  which  are  subsequently  used  to  calculate  the  surface  current 
on  the  scatterer.  This  procedure  explicitly  avoids  consideration  of  fields  in  the 
region  between  the  scatterer  surface  and  the  outer  circumscribed  sphere  (the  'near' 
zone  region).  For  comparison,  the  total  H-field  in  this  region  is  expanded  using 
vector  spherical  harmonics  of  both  the  regular  and  outgoing  types  similar  to  the 
procedure  of  Hizal  and  Marincic  (1970) .  The  surface  current  is  then  expressed  as 
the  tangential  component  of  the  total  H-field  evaluated  at  the  scatterer  surface 
and  the  tangential  component  of  the  total  E-field  should  vanish  on  the  scatterer 
surface.  Again,  the  extended  boundary  condition  is  used  together  with  field  match¬ 
ing  at  the  outer  circumscribed  sphere  to  express  the  'near'  zone  field  expansion 
coefficients  in  terms  of  Q(0ut,  Re),  Q(0ut,  Out)  and  the  T-matrix  of  the  scatterer. 
These  coefficients  are  subsequently  used  to  compute  the  tangential  E  and  H  fields 
on  the  scatterer  surface.  The  magnitude  of  h  x  £  on  the  scatterer  surface  was 
found  to  be  -20dB  to  -80dB  below  the  normalized  surface  current  for  a  variety  of 
scatterer  configurations.  Calculations  of  surface  current,  n  x  H,  are  presented 
for  a  number  of  scatterer  geometries  including  hemi-spherically  capped  cylinder, 
cone  and  spheroid  configurations.  These  results  are  in  excellent  agreement  with 
previous  calculations  for  the  same  scatterer  configurations  by  Andreasan  (1965) . 


INTRODUCTION 


The  extended  boundary  condition  (or  T-matrix)  method  due  to  Waterman  (1969,  1971) 
is  being  used  by  many  workers  in  the  analysis  of  acoustic,  electromagnetic  and 
elastic  wave  scattering;  see,  for  example,  Peterson  and  Strom  (1973,  1974)  and 
Varatharajulu  and  Pao  (1976).  From  a  computational  viewpoint,  the  T-matrix 
approach  has  been  used  with  success  for  the  calculation  of  scattering  properties 
of  dielectric  scatterers  (Barber  and  Yeh,  1975;  Warner  and  Hizal,  1976),  layered 
scatterers  (Bringi  and  Seliga,  1977)  and  elastic  wave  scattering  (Varadan,  1978). 
Multiple  scattering  using  the  T-matrix  approach  has  been  analyzed  for  both  deter¬ 
ministic  scrtterer  configurations  (Peterson,  1977)  and  random  configurations 
(Varadan  et  al.,  1978,  1979).  Recently,  Bates  and  Wall  (1977)  have  proposed 
extensions  of  Waterman's  method  for  calculating  the  induced  surface  fields  on 
totally  reflecting,  arbitrarily  shaped,  two-dimensional  scatterers  under  plane 
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wave  Illumination;  an  extensive  list  of  related  references  is  also  given  in  their 
paper . 

This  paper  deals  with  the  computation  of  the  induced  surface  current  on  perfect 
conductors  under  plane  wave  excitation  using  Waterman's  method  (also  termed  the 
spherical  null  field  method  by  Bates  and  Wall,  1977).  Additionally,  it  is  shown 
that  the  coefficients  of  the  vector  wave  function  expansion  in  the  so-called  'near' 
zone  region  between  the  scatterer  surface  and  the  minimum  circumscribing  sphere 
(with  origin  inside  the  scatterer)  can  be  determined  by  an  extension  of  this  method. 
These  coefficients  are  subsequently  used  to  compute  the  surface  current,  h  x  H,  on 
the  scatterer  surface  and  also  to  verify  the  boundary  condition  n  x  E  *  0  on  the 
perfectly  conducting  surface.  Numerical  results  are  presented  for  cylinder,  cone 
and  spheroid  configurations  under  plane  wave  incidence. 


REVIEW  OF  T-MATRIX  THEORY  FOR  PERFECT  CONDUCTORS 

Consider  an  incident  wave,  ^,Hi,  exciting  a  closed,  perfectly  conducting  scatterer 
consisting  of  a  smooth  surface  S  as  in  Fig.  1.  An  origin  0  is  selected  inside  S 
and  two  spheres  p1  and  p2  are  selected  such  that  pj  is  the  maximum  inscribed  sphere 
and  p2  is  the  minimum  circumscribed  sphere.  The  region  between  S  and  p2  is  referred 
to  as  the  'near'  zone  region.  The  total  electric  field,  E,  is  expressed  as  the  sum 
of  the  incident  field,  _E  ,  and  scattered  field,  jis;  E  ■  E^  +  Es. 

E  =  E*+ Es 


2 


Fig.  1.  Geometrical  conf iguration  of  a  perfectly  conducting 
scatterer  bounded  by  a  closed  surface  S. 

For  field  points  jr  restricted  to  be  wholly  within  S,  the  E-field  integral  equation 
is  given  by 

-E1 (r)  -  juu0  f  G0(r,r').  Jg(r')  dS'  ;reS  (1) 

•'s 

where  Jg^r')  is  the  induced  surface  current  density  and  G0(r,r/ )  is  the  free-space 
Green's  dyadic.  An  exp (-jut)  time  dependence  is  assumed  and  suppressed  in  all 
equations.  Equation  (1),  which  refers  to  the  interior  scattering  problem,  is 
expanded  into  spherical  vector  wave  functions  M1’3,!!1*3  which  satisfy  the  vector 
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Helmholtz  equation  (Stratton,  1941): 


M3 

~gmn 


7  x  [r  h  (kr)  Pm(Cos0) 
^  u  n 


Cos  m  q>-. 
Sin  m  ij> 


N3  -  f  7xM3 
~fmn  k  ~omn 


where  o  stands  for  even  or  odd  term  corresponding  to  the  choice  of  the  trignometric 
function  and  M1,  N1  are  obtained  by  taking  the  real  part  of  M3,  N3,  respectively. 
The  superscripts  or  3  on  M  and  tJ  refer  to  expansions  in  terms  of  regular  or  out¬ 
going  wave  functions,  respectively.  The  incident  field  IS  and  the  scattered  field 
Es  can  be  expanded  as 

E1(r)  •  VD  [a  M1  (kr)  +  b  Nx(kr)]  (2) 

—  s— /  L-!  \)  *“  V — V  —  \) \J  —  J 

V 


ES(r)  -  ^4Dv[fvMj(kr)  +  g^Ckr)]  ;  r  >  (3) 

V 

where  v  represents  a  combined  index  notation  incorporating  |mn  of  the  vector 
spherical  harmonics,  Dv  is  a  normalization  constant,  k  represents  the  incident 
field  wave  number,  r^^  refers  to  the  radius  of  the  circumscribing  sphere  as 
shown  in  Fig.  1,  (av,  bv)  are  the  known  incident  field  expansion  coefficients  and 
(fv,  g v)  are  the  unknown  scattered  field  expansion  coefficients.  Note  that  the 
expansion  of  Eq.  (3)  in  terms  of  outgoing  wave  functions  is  strictly  valid  for  r_ 
outside  the  circumscribed  sphere  p2* 

The  induced  surface  current,  ^(r' ),  is  next  expanded  into  a  complete  set  of  tan¬ 
gential  vector  functions  nxMl  and  nxN1  where  n  is  the  unit  normal  to  S: 


Calderon  (1954)  has  proven  the  completeness  and  mean  square  convergence  properties 
of  these  tangential  vector  functions  ft  x  M1  and  ft  x  N1  for  representing  a  purely 
tangential  field  J^jr' )  on  the  surface  of  a  smooth,  non-spherical  scatterer. 

Using  the  spherical  vector  wave  function  expansion  of  the  free-space  Green's  dyadic 
C0(r,£' )  with  r <  r'  (Morse  and  Feshbach,  1953)  and* substituting  Eqs.  (2)  and  (4)  in 
(1)  results  in  the  spherical  null  field  equations.  In  compact  matrix  notation 
these  are  given  by 

(Q(Out,  Re)]  J  "  "j  b]  (5) 

where  c,  d,  a,  b  are  N-component  column  vectors  and  the  2N  x  2N  Q-matrix  as  defined 
by  Waterman  (1971)  consists  of  four  NxN  submatrices.  The  arguments  of  Q  stipulate 
the  type  (outgoing  or  regular)  of  wave  functions  used  in  arriving  at  the  elements 
of  the  submatrices. 

Bates  and  Wall  (1977)  have  proposed  two  extensions  with  respect  to  the  derivation 
of  Eq.  (5).  One  is  the  use  of  spheroidal  wave  functions  in  the  expansion  of  the 
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free— space  Green's  dyadic  (Wall,  1978),  and  the  second  is  in  the  choice  of  the  form 
of  the  expansion  for  the  induced  surface  current  which  is  made  in  terms  of  functions 
natural  to  the  surface  of  the  scatterer.  A  computational  approach  using  these  two 
extensions  of  Waterman's  method  was  performed  by  Bates  and  Wall  (1977)  on  two- 
dimensional,  totally  reflecting  scatterers,  and  they  report  increased  numerical 
stability  and  lower  resulting  matrix  orders  than  obtainable  using  a  direct  Waterman 
approach,  especially  for  elliptical  cylinders  with  large  aspect  ratios.  However, 
such  extensions  are  not  considered  here  due  to  their  complexity  in  the  full  three- 
dimensional  vector  case  and  because  the  scatterer  configurations  dealt  with  here 
are  not  grossly  nort-spherical. 

Waterman  (1971)  has  shown  that  the  T-matrix,  which  relates  the  incident  field 
expansion  coefficients  (av,  by)  to  the  scattered  field  expansion  coefficients 
<fv>  8V)  is  given  by 

1  -  -i[Q(Re,  Re)]  [Q (out,  Re)fl[j]  -  -{[T]  [j]  (6) 

where  (f,  g)  are  again  N-component  column  vectors.  Also,  Q(Re,  Re)  may  be  obtained 
from  the  real  part  of  Q(Out,  Re).  Note  that  the  expansion  coefficients  (fv,  gv) 
are  valid  only  outside  the  sphere  p,  (see  Fig.  1).  Hence,  the  'near'  zone  region 
between  S  and  p2  is  completely  avoided  in  Waterman's  formulation. 


FIELD  EXPANSION  IN  THE  'NEAR'  ZONE  REGION 

It  will  now  be  shown  that  the  coefficients  of  expansion  of  the  total  field  in  the 
region  between  the  surface,  S,  of  the  scatterer  and  the  outer  circumscribed  sphere, 
p2»  can  be  determined  by  a  simple  extension  of  Waterman's  method. 

The  total  E  field  in  this  'near'  zone  region  is  expanded  into  spherical  vector  wave 
functions  of  both  the  regular  type  and  the  outgoing  type: 


I(kr)  -  +  5^  +  6„aJ] 


r_  between 
S  and  p. 


where  yu,  ay,  6y,  By  are  unknown  expansion  coefficients.  The  induced  surface 
current,  Jg(jr'  )*  is  aow  derived  from  the  tangential  component  of  the 

V  x  E /r) 

total  magnetic  field,  H(r)  -  on  the  surface  S: 

— •  —  7  All  11  — 


i,(r')  -  6  ,  ’  -jjsf  6  -Ehjft  +  V?  »„>£] 


where  the  subscript  +  on  H(r')  refers  to  approaching  the  surface  of  the  scatterer 
from  the  outside.  Substituting  Eqs.  (8)  and  (2)  in  (1)  together  with  the  expansion 
of  the  free  space  Green's  dyadic  yields  in  compact  matrix  notation: 


[Q(Out,  Re)]  J  +  [Q(Out,  Out)]  |jj  -  -j[j]  (9) 

where  y,  6,  a,  8  are  N-component  column  vectors  and  Q(Out,  Out)  is  the  Q-matrix 
constructed  with  outgoing' wave  functions.  The  form  of  Eq.  (9)  is  similar  to  that 
derived  previously  for  layered  scatterers  by  Bringi  and  Seliga  (1977) .  Continuity 
of  the  total  field  across  the  surface  r  ■  yields  (see  Fig.  1): 
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E(krma-y) 


—  (k£nax 


)  +  ^  (krmav) 


(10) 


Substituting  che  respective  vector  wave  function  expansions  In  Eq.  (10)  and  assum¬ 
ing  their  convergence  on  the  surface  r  *  yields  a  matrix  equation  between  the 
various  expansion  coefficients: 


*4 

Vn 

+ 

*D  a  x' 
n  n 

’5  ,X 
nn 

5  , 

nn 

0 

0 

4 

Vn 

D  b  X 
n  n 

0 

0 

<5  >X 
nn 

5  , 
nn 

V 


V 

6n’ 


(ID 


where  6nn'  is  the  Kronecker  delta,  and  X  »  jq(krmax)/hq^1^  (kr^jj) ,  jq  and  hq^ 
being  the  spherical  bessel  and  hankel  functions  of  order  q,  respectively. 


By  combining  Eqs.  (11)  and  (9),  a  matrix  equation  for  determining  the  expansion 
coefficients  y,  S,  a,  S  results. 


where  the  4N  x  4N  matrix  A  is  given  by 


(Q(0ut,  Re)  Q(0ut,  Out)\ 

W  ) 


(12) 


(13) 


and  the  coefficients  (fn,  gn)  are  given  by  Eq.  (6). 

Examining  Eqs.  (5),  (6),  (12),  and  (13)  it  is  seen  that  the  expansion  coefficients 
of  the  surface  current,  far-zone  scattered  field  and  'near'  zone  total  field  can 
be  determined  from  the  three  Q-matrices,  viz.,  Q(0ut,  Re),  Q(Re,  Re)  and  Q(0ut,  Out) 
These  coefficients  can  be  used  to  compute  the  induced  surface  current,  Jq  (r ' ) , 
using  Eq.  (4)  or  (8);  both  should  give  Identical  results.  Additionally,  the  same 
'near’  zone  coefficients  can  be  used  to  test  via  Eq.  (7)  if  n  x  £  •  0  on  the 
perfectly  conducting  scatterer  surface.  Note  that  such  a  test  cannot  be  performed 
using  the  direct  Waterman  approach  which  completely  avoids  the  'near*  zone  region. 


Expansions  of  the  type  given  in  Eq.  (7)  or  (8)  have  been  used  by  Hizal  and  Marincinc 
(1970)  to  calculate  the  scattering  cross-sections  of  perfect  conductors.  However, 
we  claim  that  expansions  of  the  type  given  in  Eqs.  (7)  or  (8)  are  only  useful  in 
determining  the  field  in  the  'near'  zone  region  and  that  both  the  induced  surface 
current  and  scattered  fields  (outside  the  circumscribing  sphere)  are  completely 
determined  by  the  direct  Waterman  method.  In  other  words,  the  Rayleigh  hypothesis 
(Millar,  1973;  Bates,  1975)  is  not  invoked  in  the  present  formalism  since  the 
expansion  coefficients  (fn,  gn)  are  not  directly  used  to  determine  the  field  in  the 
'near'  zone  region  between  the  surface,  S,  of  the  scatterer  and  the  outer  circum¬ 
scribing  sphere. 
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COMPUTATIONS 

As  mentioned  previously,  knowledge  of  the  three  Q-matrices,  Q(Out,  Re),  Q(Re,  Re), 
and  Q(Out,  Out)  is  sufficient  to  determine  the  expansion  coefficients  of  the  sur¬ 
face  current,  far-zone  scattered  field  and  the  ’near'  zone  field  via  Eqs.  (5),  (6) 
and  (12),  respectively.  This  is  convenient  from  a  computational  viewpoint  since 
the  different  Q-matrices  can  be  constructed  within  the  same  sub-program.  Computa¬ 
tions  of  the  three  Q-matrices  and  matrix  solutions  of  (5),  (6)  and  (12)  were 
performed  for  plane  wave  excitation  of  perfectly  conducting  bodies.  A  sample 
calculation  of  the  induced  surface  current,  J^Or' ),  on  a  hemispherically-capped 
cylinder  as  shown  in  Fig.  2a  was  performed  using  Eqs.  (4)  and  (5) .  Note  that  the 
expansion  for  the  surface  current  is  in  terms  of  regular  wave  functions  only. 

A  plane  wave  is  incident  endfire  with  polarizations  and  which  are  parallel 
and  perpendicular  to  the  XZ-plane,  respectively.  For  e^ ,  the  surface  current. 


Fig.  2.  (a)  Hemi-spherically  capped  cylinder  under  plane 

wave  excitation  with  polarizations  or  S|_  which 
are  parallel  or  perpendicular  to  the  XZ-plane, 
respectively;  (b)  Surface  current  components 
and  J[_  as  a  function  of  normalized  distance  s  along 
the  scatterer  surface  for  endfire  incidence; 

(c)  Surface  current  components  Z//  and  Jx  as  a 
function  of  s  for  broadside  incidence. 
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jgCr/ )  »  J^t  where  t  is  a  local  unit  vector  tangential  to  the  surface  in  the  XZ- 
plane;  for  ex,  the  surface  current,  Js(r/)  ■  J|_$»  where  I  is  a  local  unit  vector 
tangential  to  the  surface  along  the  azimuthal  direction.  All  calculations  are 
performed  over  the  XZ-plane  but  can  be  extended  over  other  planes.  Figure  2b 
shows  Z/f  and  Jj_  as  a  function  of  normalized  distance,  s,  measured  along  the  surface 
of  the  scatterer.  Note  the  standing  wave  pattern  exhibited  by  and  the  low  mag¬ 
nitudes  of  Jj_  in  Che  center  portion  0.2 <  s<  0.8.  These  results  are  in  excellent 
agreement  with  point-matching  solutions  of  Andreasan  (1965)  for  the  same  body  con¬ 
figuration.  Figure  2c  shows  the  surface  current  component  3/>f  and  Jj_  for  broadside 
incidence.  Note  the  'forced'  behavior  in  the  region  0<s<0.3  and  the  'resonant' 
behavior  in  the  region  0.3<s<1.0,  which  are  consistent  with  the  experimental 
results  of  Burton  et  al.  (1976). 

We  next  consider  a  spherical  scatterer  with  lea  •  ir,  'a'  being  the  sphere  radius, 
located  with  its  center  at  the  origin  of  a  XYZ  coordinate  system  and  scattering 
geometry  as  explained  above.  The  incident  plane  wave  propagates  along  the  positive 
Z-axis  with  polarizations  e^  and  ej_.  In  Fig.  3  we  show  and  as  a  function  of 
normalized  distance  s  along  the  scatterer  surface  using  both  Eqs.  (4)  and  (8). 

Note  that  Eq.  (8)  uses  the  'near'  zone  field  coefficients  where  krmax  was  chosen 
to  be  slightly  larger  than  ka.  Identical  results  were  obtained  for  the  surface 
current  using  the  expansions  of  Eqs.  (4)  or  (8),  and  are  in  excellent  agreement 
with  Andreasan  (1965).  The  magnitude  of  n  x  E  on  the  surface  using  the  'near' 
zone  field  coefficients  (y,  a,  5,  8). in  Eq.  (7)  was  of  the  order  of  10“1S.  Note 
that  in  this  case  the  coefficients  ( ya ,  5n)  are  identical  to  (Dnan»  Dnbn)  and 
(an,  8n)  are  identical  to  (4Dnfn,  40^^) . 


Fig.  3.  Surface  current  components  X/,  and  Jj_  as  a  function 
of  normalized  distance  s  for  a  spherical  scatterer 
of  2ira/X  -  it. 
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To  consider  the  effects  of  non-sphericity  we  consider  the  scatterer  configuration 
shown  in  Fig.  4a.  Surface  currents  were  calculated  using  both  the  full  expansion 
of  Eq.  (8)  as  well  as  the  regular  wavef unction  expansion  of  Eq.  (4).  As  depicted 
in  Fig.  4b,  4c,  the  two  solutions  agree  remarkably  well  for  both  polarizations  over 
most  of  the  range  0  £  s  £  1.  The  magnitude  of  n  x  E  on  the  surface  as  compared  to 

the  magnitude  of  h  x  H  on  the  surface  was  of  the  order  of  -40dB  to  -80dB 

confirming  adequate  satisfaction  of  the  boundary  condition  5  x  E  *  0  on  the  per¬ 
fectly  conducting  surface.  Note  that  the  coefficients  of  expansion  (y,  o,  5,  8) 
of  the  near-zone  field  can,  in  principle,  be  used  to  compute  the  E  and  H  fields 
in  the  region  between  the  scatterer  surface  and  the  outer  circumscribed  sphere 
using  Eq.  (7);  this  is  the  region  precisely  avoided  by  the  direct  application  of 
Waterman's  method. 


s 


Fig.  4.  (a)  Hemi-spherically  capped  15°  cone  under  plane 

wave  illumination;  (b)  Surface  current  J //  and  Jj. 
as  a  function  of  s  using  both  the  'near'  zone  field 
approach  ( — )  and  the  direct  approach  (x,*). 
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The  last  example  we  consider  is  the  oblate  spheroid  of  kb  *  1.0  and  a/b  *  0.75 
where  a  and  b  are  the  semi-minor  and  semi-major  axes,  respectively.  The  spheroid 
is  oriented  with  its  axis  of  symmetry  along  the  Z-axis  and  its  center  coincides 
with  the  origin  of  a  XYZ  coordinate  system.  The  incident  plane  wave  propagates 
along  the  positive  Z-axis  with  polarizations  e^  and  ej_.  In  Fig.  5a,  5b  we  show 
the  surface  current  as  a  function  of  normalized  distance  s  along  the  scatterer 
surface  using  both  Eqs.  (4)  and  (8)  for  the  two  polarizations.  Both  solutions 
again  agree  remarkably  well  over  most  of  the  range  0  £  s  £  1.  The  magnitude  of 


h  x  E 


relative  to 


on  the  surface  was  of  the  order  of  -20dB  to  -40dB 


over  the  range  0  £  s  S  1. 


Fig.  5(a).  Surface  current  J ^  for  oblate  spheroid  with 

£ 

kb  *  1  and  ^  -  .75.  Comparison  using  the  'near' 
zone  field  approach  and  the  direct  approach. 
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Fig.  5(b).  Surface  current  Jj_  for  oblate  spheroid  with 

kb  ■  1  and  ^  ■  .75.  Comparison  using  the  'near' 
zone  field  approach  and  the  direct  approach. 


CONCLUSIONS 


Induced  surface  currents  and  'near'  zone  fields  were  examined  using  Waterman's 
method  for  perfectly  conducting  scatterers  under  plane  wave  illumination.  A 
spherical  vector  wave  function  expansion  consisting  of  both  outgoing  and  regular 
wave  functions  was  used  to  represent  the  total  field  in  the  'near'  zone  region 
between  the  surface,  S,  of  the  scatterer  and  the  outer  circumscribing  sphere  with 
center  inside  the  scatterer.  The  coefficients  of  such  an  expansion  were  determined 
using  an  extension  of  Waterman' s  method  together  with  field  matching  at  the  outer 
circumscribed  sphere.  These  coefficients  were  subsequently  used  to  compute  n  x  H 
and  n  x  E  on  the  scatterer  surface.  A  variety  of  scatterer  configurations  were 
considered  including  hemi-spherically  capped  cylinder,  cone  and  spheroid;  excellent 
agreement  with  past  computations  of  surface  current  using  point  matching  methods 
was  demonstrated. 
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SCATTERING  BY  AN  ELASTIC  OBSTACLE  IN  A  FLUID  AND  A  SMOOTH 
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ABSTRACT 


The  transition  matrix  method  for  scattering  is  adapted  to  treat  two  new  cases:  an 
elastic  obstacle  in  a  fluid  and  a  smooth  elastic  obstacle.  These  two  cases  are  con¬ 
veniently  treated  together  as  the  main  difference  from  previously  treated  cases  is 
the  same,  namely  that  the  boundary  conditions  must  also  be  applied  in  the  integral 
representation  for  the  obstacle.  Rather  complicated  expressions  for  the  transition 
matrices  are  obtained,  and  some  numerical  results  are  given  for  spheroids. 

I.  INTRODUCTION 


In  the  present  paper  we  will  adapt  the  transition  matrix  method  for  scattering  of 
elastic  waves  (see  Waterman  (l)  and  Pao  and  Varatharajulu  (2)  and  also  Refs.  (3)- 
(8))  to  two  other  cases  of  interest.  We  will  namely  consider  an  elastic  obstacle 
in  a  fluid  (6)  and  a  smooth  elastic  obstacle  in  an  elastic  medium  (8).  These  cases 
require  the  same  type  of  modifications  in  the  theory  and  are  thus  conveniently 
treated  together. 

The  usually  employed  boundary  conditions  (the  "welded"  contact)  in  elastodynamics 
require  the  displacements  and  surface  tractions  to  be  continuous  across  a  boundary 
between  two  elastic  bodies.  The  second  of  these  conditions  is  necessary  as  long  as 
the  bodies  keep  contact,  since  otherwise  infinite  accelerations  would  arise  at  the 
boundary.  However,  the  continuity  of  the  displacements  is  a  condition  not  always 
satisfied  in  practice.  Friction,  slip  and  cavitation  are  phenomena  which  at  least 
to  some  degree  are  present  in  most  cases.  The  problem  with  models  of  these  pheno¬ 
mena  is  that  they  lead  to  non-linearities  in  general.  There  are  two  limiting  cases, 
however,  that  give  linear  boundary  conditions.  If  the  coefficient  of  friction  is 
infinite  we  have  the  welded  contact  and  if  it  is  zero  we  have  a  perfectly  smooth 
boundary.  The  boundary  conditions  for  the  latter  are  continuity  of  the  normal  com¬ 
ponents  of  the  displacements  and  the  surface  tractions  and  that  the  tangential  sur¬ 
face  tractions  vanish: 

n  •  u  *  n  .  u  (1) 

n  •  ■  n  •  t  (2) 


r 

tun 


(3) 
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where  u  ,  j*0,1,  are  the  displacements,  t  are  the  surface  tractions  and  n  is  the 
normal  to  the  'boundary.  If  we  compare  these  houndary  conditions  with  those  for  the 
boundary  between  a  fluid  and  an  elastic  medium  we  see  that  (taking  medium  0  as  the 
fluid)  we  still  have  Eqs.  (1),  (2)  and  (4).  No  further  conditions  are  needed  an  the 
fluid  has  fewer  degrees  of  freedom. 

Taking  medium  1  to  be  the  bounded  elastic  obstacle  we  realize  that  it  is  the  va¬ 
nishing  of  the  inner  tangential  surface  traction,  Eq.  (4),  that  is  the  root  of  our 
difficulties  if  we  try  to  use  the  usual  approach  of  the  T  matrix  method.  As  in  this 
method  a.1 1  the  boundary  conditions  have  to  be  applied  in  the  integral  representa¬ 
tions,  the  natural  way  to  solve  this  difficulty  is  to  modify  the  method  and  use 
also  the  inner  integral  representation  (the  integral  representation  for  the  ob¬ 
stacle)  . 

In  the  following  we  will  give  methods  to  solve  the  two  above-mentioned  problems. 

The  algebraic  structures  of  these  solutions  are  more  complicated  than  those  of  the 
usual  T  matrix  approach,  as  is  apparent  on  comparison  with  the  solution  for  the 
welded  contact.  Finally  we  will  give  a  few  numerical  results  comparing  the  welded 
and  smooth  obstacles  and  also  an  elastic  body  in  a  fluid. 

II.  THEORY 


In  this  section  the  transition  matrices  for  a  smooth  elastic  obstacle  in  an  elastic 
media  and  an  elastic  obstacle  in  a  fluid  will  be  developed.  The  two  derivations 
will  in  fact  be  given  in  parallel  as  they  closely  resemble  each  other.  As  they  can 
also  be  found  elsewhere  (Refs.  (6)  and  (8),  see  also  Ref.  (2)  for  more  details 
concerning  some  of  the  steps)  only  the  main  steps  will  be  indicated. 

We  thus  consider  a  bounded  elastic  obstacle  with  density  and  Lame  parameters 

X1  and  u.j*  The  surrounding  medium  is  either  a  fluid  (parameters  pQ  and  XQ)  or  an 

elastic  medium  (parameters  pQ,  \Q  and  UQ).  The  surface  S  of  the  obstacle  is  assumed 

to  satisfy  the  requirements  of  the  divergence  theorem  and  to  contain  an  origin  such 
that  the  radius  to  a  point  on  S  is  a  continuous  one-valued  function  of  the  spheri¬ 
cal  angles. 


Only  scattering  of  stationary  waves  is  considered,  so  the  common  time  factor 
exp(-iort)  can  be  suppressed.  Introducing  the  longitudinal  wave  numbers 

2  2  2  2 
kt^p  .w  /(A  .+2u . ) ,  j=1,2,  and  the  transverse  wave  numbers  <  .-P  -id  /u-  i<  does  not 
JJJJ  0  J  J  ^ 

exist  for  the  fluid,  but  should  be  put  equal  to  infinity-  in  the  equation  of  motion) 
the  equations  of  motion  are 


( 1/k2)  77 
3 


ul 


(l/<2)7  x 
D 


7'  x  u^  +  u^ 


(5) 


These  equations  will  not  be  employed  directly,  but  instead  the  following  integral 
representations  will  be  the  starting  point: 


u  (r)  +  K./u./c{u"(r ')  •  (n 
o  o  s  + 


t  (r ,r ' ) ) - 
o 


t°(r ') 
+ 


G0(r,r’) )dS ' 
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u  (r)  r  outside  S 

0  r  inside  S 


(6) 


u^(r')  •  (n  •  £}_(?, r‘  ) )  -  t*  (r*  )  •  G^r,^  )  }  dS1 


-  K. 


(7) 


(-►A  ■+•  -*■ 

u  (r)  r  inside  S 

)  0  r  outside  S 


When  the  surrounding  medium  is^a  fluid  the  factor  in  front  of  the  integral  in  Eq. 
(6)  is  k  /\  instead  of  <  /u  .  n  is  the  outward  pointing  normal  to  S,  and  a  plus 

(minus)  sign  on  uJ  or  tJ  denotes  the  limiting  value  on  S  taken  from  the  outside 
(inside).  The  surface  tractions  are 

t^(u^(r))  -  X^n7  •  u^  +  2u~  u^  +  u^n  x  (7  x  u^)  (j  =  0,1)  (8) 

J  jgn  J 

where  the  last  two  terms  vanish  for  the  fluid,  u1  is  the  (known)  incoming  wave  and 
u3  =u° -u1  is  the  (sought)  scattered  wave. 

The  Green's  dyadics  satisfy 


(1A2)77  •  Gj  (r  ,r ')  -  UAj)  V  x  V  x  Gj(r,r’)  +  Gj(r,r')  *  (9) 

-  (1/k^)  T«(r  -  £')  (j  -  0,1) 

(I  being  the  unit  dyadic)  and  are  further  required  to  satisfy  radiation  conditions. 
For  the  fluid  is  changed  to  kQ^.  The  Green's  stress  triadics  are 

n  •  f^tr,?')  -  XjiiV  •  Gj(r,r')  +  2yjJn°j ')  (10) 

+  Ujn  x  (7  x  Gjfr/r'))  (j  -  0,1) 

For  a  derivation  and  further  discussion  of  the  integral  representations  see  Pao 
and  Varatharajulu  (9). 

We  introduce  the  outgoing  spherical  partial  wave  solutions  of  Eq.  (5): 

♦JamiCr)  *  U<*+1>)"1/2? 


(11) 
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"  <Y*^/2tlA  ’  7tVkjr)  W9'*’] 


for  j=0 , 1 .  h  is  the  spherical  Hankel  function  of  the  first  kind  and  the  normali¬ 
zed  real  sphlrical  harmonics  are 

*  <  /-»/■>  e  m  m  rT  -m  a 


(£-m)  lIl/Spmf^osQ)  1 

i  cos  mb 

1 

o  =  e 

(12) 

L  10  4ir 

U+m)  !J  1  :  j 

i  sin  mb 

a*  o 

where  e  =1,  c  =2,  m*1,2f...  .  For  the  fluid  only  the  last  basis  functions  are 
o  m  -5  /p 

needed  and  the  normalizing  factor  (k  /<  )  is  then  removed.  In  the  following  we 

abbreviate  the  indices:  bJ=bJ  ,  .  Also  the  regular  functions  ?.e'H,  obtained  by  ta- 

n  to  nsc  n 

king  spherical  Bessel  rather  than  Hankel  functions,  are  used  in  the  following. 

We  expand  the  Green's  dyadics 

Gj  (r  ,r ')  -  iIRe|^(r<)^(r>)  (j  =  0,1)  (13) 

From  Eqs .  (6)  we  then  obtain  expansions  for  the  scattered  and  incoming  fields 

■+s  -+o  .... 

u  -  If  1  <14> 


-►i  -*o 

u  *  Za„He^„ 


valid  outside  the  circumscribed  and  inside  the  inscribed  sphere  of  S,  respectively. 
For  the  fluid  the  summations  are  of  course  only  for  t=3.  The  expansion  coefficients 
are 

fn  -  iic0/v0^s^^+'  Reip^}dS  (16) 


X  ,-*'0  -+0  -+0  -+0 

an  “  '  iKo/uo4{u+  *  *  (*nJ  ~  z+  •  ^n}ds 


(for  the  fluid  k  /u  is  replaced  by  k  A  )•  From  the  second  of  Eqs.  (7)  (the  first 
0  0*  v  o  o 

only  determines  the  interior  field)  we  have  in  a  similar  manner 

0  »  Ik  /u  f  tu1  •  t1  (Reif1)  -  t1  •  Reif1}  dS  (18) 

1  1  S  n  ”  n 

Between  Eqs.  (l6)-(l8)  we  now  have  to  eliminate  the  surface  fields  to  obtain  fQ 
in  terms  of  a  ,  i.e.  to  obtain  the  transition  matrix  T  defined  by 


-►  -► 
f  -  Ta 
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in  vector  and  matrix  notation.  To  do  this  we  apply  the  boundary  conditions  and  ex¬ 
pand  both  the  exterior  and  interior  surface  fields 


■*o 

-*o 

u  -  I 
+  n 

Sn^n 

(20)  r 

-1 

-*•1 

u  »  E 
n 

“n^n 

(21) 

The  completeness  of  these  kinds  of  expansions  has  been  discussed  by  Millar  (10) 
for  the  scalar  case  and  by  Muller  (11)  for  the  tangential  vector  case  (and  also 
originally  by  Waterman  (12)).  We  note  that  the  convergence  is  in  a  mean  square 
sense  on  S  and  that  the  expansion  coefficients  depend  on  the  truncation  (because 
of  the  non-orthogonality  of  the  basis  functions  on  S).  The  inside  expansion,  Eq. 
(21),  can  be  differentiated  (as  may  be  shown  by  using  Eq.  (l8)  without  applying 
the  boundary  conditions),  whereas  the  outside  expansion,  Eq.  (20),  can  only  be 
differentiated  in  the  tangential  direction.  These  facts  about  differentiability 
partly  motivate  the  way  in  which  we  apply  the  boundary  conditions. 

We  now  consider  the  elastic  body  in  a  fluid  and  apply  the  boundary  conditions  Eqs. 
(l)  and  (2)  in  Eqs.  ( 1 6 )  and  (17)  and  Eqs.  (1)  and  (4)  in  Eq.  (l8).  Inserting  Eqs. 
(20)  and  (21)  we  then  get 

i"* 

f  =  iReQxa 

a  *  -  iQ^-a  (22) 

2-*-  3+ 

0  »  iQ  B  iQ  a 


where  the  matrices  are 
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•  t  (re^n)dS 

(24) 

,  -*.1 
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(25) 

qL 

nn 

-  k  u .{  • 

1  1  s  n  tan 

t  (R ei>  )  -  n  •  t  (Rei)/  ,)n  •  Reiji  }dS 
n  n  n 

and  ReQ1  is  obtained  from  Q1  by  taking  regular  functions  in  both  places.  We  note 
1  2 

that  Q  and  q  are  not  "square",  and  hence  the  first  two  of  Eqs.  (22)  are  not 
enough  to  obtain  the  transition  matrix.  Solving  Eqs.  (22)  we  get 

T  ■  -ReQQ-1  (26) 

where 
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Q  -  Q1(Q3)"1Q2 


(27) 


Turning  to  the  smooth  elastic  obstacle  we  apply  the  boundary  conditions  Eqs.  (2) 
and  (3)  in  Eqs.  ( 16)  and  ( 17)  and  Eqs.  (l)  and  (1*)  in  Eq.  ( 1 8 )  -  Inserting  Eqs.  (20) 
and  (21)  we  cet 

-*■  4-*  5-t 

f  ••  iReQ  a  +  o-ReQ  6 


-*■  4-*  5-* 

a  ■  -iQ  a  -  iQ  B 


(28) 


2->-  3-*- 

0  -  iQ  B  +  iQ  a 


where 


"  -<o/wo 4n  '  t1(ReV)n  •  V*8 


Q5  *  k  /U  /  ReiJ0,  '  ^(iPldS 
*nn*  o  o  s  n'  n 


(29) 

(30) 


and  Q2  and  Q3  are  given  by  Eqs.  (2k)  and  (25)  (but  n'  in  Q  this  time  ranges  over 
r'*1,2,3).  Solving  Eqs.  (28)  we  still  have  Eq.  (26)  but  with 


Q*  -Q4(Q3)_1Q2  +  Q5  *3V 

Comparing  the  Q  matrices  for  an  elastic  body  in  a  fluid,  Eq.  (27),  with  that  for  a 
smooth  elastic  obstacle,  Eq.  (31 ),  we  see  that  they  have  a  similar  structure.  In 
fact  we  can  obtain  Q  for  an  elastic  body  in  a  fluid  in  exactly  the  form  of  Eq. 

(31),  see  Ref.  6.  We  further  note  that  it  is  important  that  we  obtain  the  transi¬ 
tion  matrix  in  the  form  in  Eq.  (26),  as  we  can  then  employ  the  method  of  Waterman 
(1)  rather  than  invert  Q  directly  (Q  is  ill-conditioned  for  direct  inversion  as  it 
has  elements  in  the  lower  triangular  part  increasing  rapidly  with  order).  The  in¬ 
version  of  Q3  in  Eqs.  (27)  and  (31) »  on  the  other  hand,  can  be  done  directly,  be¬ 
cause  Q3  is  a  real  and  well-behaved  matrix  with  the  elements  diminishing  as  the 
indices  grow. 

For  a  welded  elastic  obstacle  the  transition  matrix  is  still  given  by  Eq.  (26),  but 
for  this  case  Q  is  given  by  (see  Refs.  1  and  2) 

-►1  -*o  -+o  -*-l  -*-l  .  -+o.  (22) 

Grin’  *  lco/wo  *  *  (*n)  "  *  <a*+n,)*  ♦n^ 

w 

Compared  with  the  two  cases  treated  above  this  is  thus  a  simpler  case  as  we  have 
both  fewer  integrations  and  fewer  matrix  manipulations  to  perform. 

III.  NUMERICAL  APPLICATIONS  AND  DISCUSSION 


In  this  section  we  will  give  a  few  applications  of  the  foregoing  formalism.  As  de¬ 
tails  of  the  numerical  treatment  can  be  found  elsewhere  (see  Refs.  (6)  and  (8)) 


Pig.  1.  The  normalized,  total  cross  section  vs.  k0a  for  an  e- 
lastic  spheroid  in  a  fluid  and  four  directions  of  incidence. 


Fig.  2.  The  normalized  differential  cross  section  for  an  e- 
lastic  spheroid  in  a  fluid  and  four  directions  of  incidence. 
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we  will  be  very  brief. 

We  only  consider  an  obstacle  which  is  a  prolate  spheroid  with  main  axis  a  along  the 
z-axis  and  axis  b  in  the  xy-plane.  The  entities  of  physical  interest  we  compute  are 
cross  sections  and  we  normalize  these  with  irb^.  The  incoming  wave  is  taken  to  be 
a  longitudinal  (P)  plane  wave  propagating  in  the  xz -plane  making  an  angle  a  with 
the  z-axis. 

An  elastic  body  in.  a  fluid  is  first  treated;  we  choose  the  material  parameters 
to  correspond  to  stainless  steel  in  water,  thus  k.j/k^O.3,  p.j/p  *7.9  and  v.j=0.3 

(v1  is  the  Poisson  ratio  of  the  obstacle).  The  normalized  total  cross  section  a 

for  a  prolate  spheroid  with  b/a=0.333  is  shown  in  Fig.  1  as  a  function  of  kQa  for 

kQa<5,  and  for  four  different  directions  of  the  incoming  wave,  o=0°,  30  ,  60°  and 

90°.  In  Fig.  2  we  show  the  normalized  differential  cross  section  ^  for  b/a=0.333 

and  k  a=1  and  four  directions  of  incidence, 
o 

For  a  smooth  obstacle  we  choose  material  parameters  as  close  as  possible  to  those 
above.  The  obstacle  is  still  made  of  stainless  steel  and  the  surrounding  medium  is 
a  fictitious  elastic  material  with  the  same  density  and  longitudinal  wave  speed 
as  water.  We  thus  choose  k.|/k  ■0.3,  p^/po*7.9»  vo=0.3  and  v^O.3,  In  Fig.  3  the 

normalized  longitudinal  differential  cross  section  is  shown  for  b/a=0.333  and  koa=l 

and  four  directions  of  incidence,  and  Fig.  4  is  an  analogous  plot  for  the  welded 
contact . 

Comparing  Figs.  2-4  we  immediately  notice  that  the  elastic  body  in  a  fluid  behaves 
in  a  markedly  different  manner  compared  to  both  the  welded  and  smooth  elastic  ob¬ 
stacles.  The  two  latter,  on  the  other  hand,  show  at  least  some  qualitatively  simi¬ 
lar  characteristics,  see  Ref.  (8)  for  more  examples  of  this.  It  seems,  however, 
difficult  to  make  some  general  remarks  concerning  the  differences  between  the 
welded  and  smooth  obstacles.  Possibly,  there  is  a  tendency  for  the  smooth  obstacle 
to  show  more  violent  behaviour  (thus  the  cross  section  in  Fig.  3  is  more  dependent 
on  the  direction  of  incidence  than  in  Fig.  4). 

Finally  we  remark  that  more  complex  situations  can  also  be  treated.  Using  the  re¬ 
sults  in  Ref.  (13)  and  (7)  we  can  thus  consider  scattering  by  two  or  several  ob¬ 
stacles,  whereas  the  scattering  from  a  layered  obstacle  (smooth  or  surrounded  by 
a  fluid)  will  require  some  modifications  of  the  work  in  Ref.  (7).  It  is  also 
straightforward  to  treat  the  case  with  an  elastic  body  in  a  fluid  halfspace  by  em¬ 
ploying  the  results  of  Kristensson  and  Strom  (14). 
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ABSTRACT 


In  this  article  we  present  a  multiple  scattering  analysis  of  the  coherent  wave 
propagation  through  an  inhomegeneous  medium  consisting  of  either  random  or 
periodic  distribution  of  scatterers  of  arbitrary  shape.  Both  specific  and 
random  orientations  of  the  scatterers  are  considered.  The  mathematical  unity 
inherently  present  in  the  T-matrix  formalism  for  the  three  wave  fields,  namely 
acoustic,  electromagnetic  and  elastic,  is  employed  in  conjunction  with  suitable 
averaging  procedures  to  formulate  a  self-consistent  multiple  scattering  theory. 
For  a  random  distribution  of  scatterers  we  use  a  configurational  averaging 
procedure,  while  for  a  periodic  distribution,  we  use  a  suitable  lattice  sum 
based  on  crystallographic  theory.  The  information  about  the  orientation  of  the 
scatterers  has  been  incorporated  into  the  T-matrix  of  the  scatterer  itself  thus 
making  formalism  a  convenient  computational  scheme  to  study  the  anisotropic 
effects  in  an  inhomegeneous  medium.  The  statistically  averaged  equations 
obtained  by  the  analysis  are  then  solved  by  using  Lax's  quasicrystalline  appro¬ 
ximation  to  obtain  the  bulk  or  effective  properties  of  the  medium.  Numerical 
results  are  presented  for  propagation  speeds,  attenuation  and  frequency  dependent 
elastic  properties  for  a  range  of  frequencies  to  demonstrate  the  broad  appli¬ 
cability  of  the  T-matrix  method. 

I.  INTRODUCTION 


The  subject  of  wave  propagation  and  scattering  in  inhomogeneous  media  has  become 
increasingly  important  in  many  fields  of  engineering  and  science,  for  e.g.,  in 
studies  of  bubbles  in  a  fluid,  distribution  of  flaws  in  solids  (NDE) ,  ionospheric 
irregularities,  geophysical  exploration,  artificial  dielectrics,  millimeter  wave 
propagation  in  ocean  fogs  and  mists,  and  through  rain,  cloud  and  hail  particles, 
underwater  signal  transmission,  porous  media,  composites,  attenuation  of  waves 
in  biological  media,  remote  sensing,  etc.  All  of  these  problems  are  characterized 
by  a  suitable  statistical  description  of  the  media.  The  similarity  in  statistical 
descriptions  and  the  mathematical  unity  present  in  the  description  of  all  three 
classical  wave  fields,  namely  acoustic,  electromagnetic  and  elastic,  may  be  taken 
into  consideration  in  formulating  a  unifying  approach  to  all  these  problems.  In 
this  article,  we  present  one  such  unifying  approach  based  on  the  T-matrix  or  the 
null  field  method  that  has  been  recently  formulated  for  all  three  fields  and 
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promises  to  be  an  efficient  computational  scheme  to  analyze  the  scattering  of 
waves  from  several  different  geometries. 

At  any  point  in  a  random  medium,  the  total  wave  fields  can  be  considered  as  a 
sum  of  two  components,  viz,  a  coherent  or  average  wave  (which  is  the  statistical 
average  over  all  possible  configurations  of  the  scatterers  with  regard  to  location 
and  state)  and  an  incoherent  component  due  to  changes  in  scatterer  positions  and 
states  from  configuration  to  configuration.  The  averages  of  the  square  of  magnitude 
of  the  coherent  and  incoherent  fields  are  called  the  coherent  and  incoherent  inten¬ 
sities,  respectively.  The  total  intensity  is  equal  to  the  sum  of  coherent  intensity 
and  incoherent  intensity.  For  a  plane  wave  incident  on  a  medium  containing  random 
particles,  the  coherent  intensity  attenuates  due  to  scattering  and  absorption. 
Incoherent,  scattering  effects  introduce  'noise'  into  the  system  and  cause  fluc¬ 
tuations  in  the  coherent  received  amplitude  and  phase.  In  radar  meteorological 
applications  it  is  important  to  assess  the  incoherent  scattered  intensity  relative 
to  the  total  intensity  in  order  to  relate  theoretical  and  experimental  results 
(e.g.,  power  law  relations  between  attenuation  and  rainfall  rate).  Propagation 
of  the  coherent  wave  is  generally  expressed  in  terms  of  a  bulk  propagation 
coefficient  characterizing  the  scatterer  filled  medium.  Incoherent  effects  are 
usually  determined  by  solving  'approximate'  integral  equations  or  by  solving 
special  forms  of  the  radiative  transfer  equations.  Such  formulations  are  generally 
valid  under  conditions  of  sparse  concentrations  and/or  weak  multiple  scattering 
for  either  Rayleigh  scatterers  or  large  scatterers  which  scatter  primarily  in  the 
forward  direction.  Incoherent  scattering  is  beyond  the  scope  of  this  present 
paper,  and  those  who  are  interested  in  such  analysis  may  refer  to  Ishimaru  (1) . 
Here,  our  attention  focuses  on  formulating  a  multiple  scattering  theory  for 
studying  coherent  wave  propagation  through  an  inhomogeneous  medium  consisting  of 
either  random  or  periodic  distribution  of  scatterers  of  arbitrary  shape. 

Several  theories  and  models  on  diffraction  and  scattering  of  waves  have  been 
pursued  ever  since  Rayleigh's  (2)  analytical  treatment  of  scattering  of  waves  by 
randomly  distributed  particle  to  study  the  color  of  the  sky.  We  cite  here  papers 
that  are  related  to  our  present  analysis  (3-21).  The  limitations,  difficulties 
and  advantages  of  various  approaches  are  discussed  in  a  recent  review  article  (3) . 
We  also  refer  to  (1)  and  the  references  cited  therein.  Since  scattering  theory 
starts  with  discrete  ensemble  of  inhomogeneities  before  statistical  averaging  is 
carried  out,  the  specific  geometry  and  orientation  of  each  scatterer  can  be 
easily  incorporated  into  the  formulation.  This  is  not  possible  with  continuum 
theories.  The  additional  advantage  of  the  scattering  theory  approach  is  that  it 
is  the  counterpart  of  actual  experiments  performed  for  coherent  wave  propagation 
in  heterogeneous  media  using  elastic,  electromagnetic  or  acoustic  waves  as 
appropriate. 

In  multiple  scattering  theories,  approximations  are  usually  made  for  the  geometry 
and  size  of  the  scatterer  relative  to  the  wavelength  of  incident  waves,  and  the 
distribution  of  scatterers  in  the  medium.  The  approximations  with  respect  to 
geometry  and  size  of  the  scatterers  are  related.  If  the  scatterers  are  small 
compared  to  the  incident  wavelength,  one  usually  obtains  the  gross  scattering 
properties  of  the  medium.  This  is  the  so-called  Rayleigh  or  low  frequency  limit, 
and  yields  corrections  to  point  scatterers.  As  far  as  the  distribution  of  the 
scatterers  is  concerned,  we  either  have  regular  arrays  of  scatterers  or  a  random 
distribution.  In  the  first  case,  we  employ  suitable  lattice  sum  while  in  the 
latter  case,  we  use  a  configuration  averaging  procedure.  If  the  scatterers  are 
sparsely  distributed,  (i.e. ,  the  concentration  is  small)  we  may  employ  a  single 
scattering  or  first  Bom  approximation. 

Most  of  the  previous  computational  results  using  scattering  theory  are,  however, 
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often  confined  to  the  Rayleigh  or  low  frequency  limit,  a  specific  angle  of 
incidence,  single  scattering  approximation  and  simple  geometries  such  as  circular 
cylinders  and  spheres.  Our  methodology  which  employs  the  T-matrix  approach  and 
suitable  statistical  averaging  procedure,  is  completely  general  and  can  be  used 
for  multiple  scattering  analyses  of  acoustic,  electromagnetic  and  elastic  waves 
emphasizing  the  inherent  unity  of  the  approach.  The  analysis  provides  a  powerful 
computational  scheme  for  determining  the  coherent  field  characteristics  of  a 
medium  containing  arbitrary  shaped  scatterers  over  a  wide  range  of  frequencies. 

We  consider  N  number  of  discrete  scatterers  of  arbitrary  shape  either  randomly 
or  periodically  distributed.  Both  parallel  and  random  orientations  of  the 
scatterers  are  considered.  When  N  is  very  large  (such  that  the  number  of  scatte¬ 
rers  per  unit  volume  is  finite),  the  T-matrix  formalism  is  combined  with  a  statis¬ 
tical  analysis  to  provide  a  self-consistent  multiple  scattering  theory.  For  a 
random  distribution  of  scatterers  we  use  a  configurational  averaging  procedure, 
while  for  a  periodic  distribution  we  use  a  suitable  lattice  sum  based  on  crysta¬ 
llographic  theory.  Inhomogeneous  media  in  which  scatterers  have  a  specific 
orientation  exhibit  anisotropy  and  polarization  effects.  These  effects  are, 
however,  nullified  for  the  case  of  randomly  oriented  scatterers.  The  information 
about  the  orientation  of  the  scatterers  has  been  incorporated  (in  terms  of  a 
rotation  matrix  consisting  of  Euler  angles)  into  the  T-matrix  of  the  scatterer 
itself  thus  making  formalism  a  convenient  computational  scheme  to  study  the 
anisotropic  effects  in  an  inhomogeneous  medium.  The  statistically  averaged 
equations  are  then  solved  using  Lax's  quasicrystalline  approximation  to  yield 
the  propagation  characteristics  of  the  coherent  waves  in  the  medium.  Analytical 
results  are  obtained  for  the  dispersion  relation  in  the  Rayleigh  or  low-frequency 
limit  for  both  2-  and  3-dimensional  scatterer  geometries.  Numerical  results  are 
presented  for  propagation  speeds,  attenuation  and  frequency  dependent  properties 
at  higher  frequencies  to  demonstrate  the  broad  applicability  of  the  T-matrix 
approach.  The  approach  presented  in  this  article  has  been  successfully  employed 
to  many  practical  scattering  problems  on  acoustic,  electromagnetic  and  elastic 
wave  fields  (22-29) . 


II.  T-MATRIX  FORMULATION  OF  MULTIPLE  SCATTERING 


We  consider  N  number  of  arbitrary  shaped  scatterers  with  a  smooth  surface  S  which 
are  referred  to  a  coordinate  system  as  shown  in  Fig.  1.  The  scatterers  may  either 
be  randomly  distributed  or  periodically  arranged.  The  orientation  of  the  scatte¬ 
rers  may  be  quite  general.  Here,  we  consider  both  specific  and  random  orientations 
of  the  scatterers.  In  Fig.  1,  0.  and  0.  refer  to  the  centers  of  the  i-th  and  j-th 
scatterers,  respectively  and  they  are  ^referred  to  the  origin  0  by  the  spherical 
polar  coordinates  (r^,  0^,^).  For  two  dimensional  problems,  we  use  cylindrical 
polar  coordinates  (r^,  0^^  )  .  r^  refers  to  the  vector  connecting  Ch  and  0y  P  is 

any  point  in  the  medium  outside  the  scatterers  (which  we  call  the  matrix  medium) . 

We  now  describe  the  medium  and  the  scatterers  for  all  three  wave  fields.  For  an 
acoustic  problem,  we  consider  fluid  scatterers  immersed  in  another  fluid,  bubbles 
in  a  fluid,  elastic  or  viscoelastic  scatterers  immersed  in  a  fluid,  etc.  For  an 
electromagnetic  scattering  problem,  we  consider  dielectric  scatterers  in  free 
space,  dielectric  scatterers  embedded  in  a  different  dielectric  medium,  etc.  For 
an  elastic  wave  scattering  problem,  we  consider  elastic  or  viscoelastic  inclusions 
embedded  in  another  elastic  or  viscoelastic  material,  stress  free  or  fluid  filled 
cavities  and  cracks  in  an  elastic  or  viscoelastic  material,  etc.  The  properties  of 
the  medium  and  the  scatterers  are  given  in  terms  of  Lame"  constants  A,u  and  density 
o  for  an  elastic  material,  compressibility  A  and  density  o  for  non-viscous  fluid; 
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acatterers . 


and  relative  dielectric  constant  er  and  permeability  y  with  respect  to  fTee  space 
describing  dielectric  medium.  V/e  use  subscript  1  to  r  denote  these  qualities 
inside  the  scatterers. 

A  time  harmonic  plane  wave  of  unit  amplitude  and  frequency  w  is  incident  on  the 
medium  such  that  the  direction  of  propagation  of  the  incident  waves  is  along  the 
z-axis.  The  incident  wave  field  may  then  be  represented  by 


-*-o 

u 


i(kpZ  -  Mt). 


+  e 


i(k.  z 


-  ut)  . 


(2.1) 


where  k^  and  ks  are  the  compressional  (longitudinal)  and  transverse  (shear)  wave 

numbers,  respectively,  and  t  is  the  time.  The  acoustic  waves  are  purely  compre¬ 
ssional  type  and  thus,  the  second  term  of  Eq.  (2.1)  is  set  equal  to  zero;  for 
electromagnetic  waves  which  are  transverse  type,  the  first  term  on  the  right  hand 
side  of  (2.1)  is  zero;  for  elastic  waves  which  contain  both  compressional  and 
transverse. types,  all  the  term  of  (2.1)  are  present.  For  acoustic  and  elastic  wave 
problems,  il°  refers  to  the  incident  displacement  field  vector,  while  for  electro¬ 
magnetic  case,  it  refers  to  the  incident  electric  field  vector.  In  Eq.  (2.1),  we 
use  the  superscript  (o)  to  indicate  an  incident  wave.  The  wave  numbers  kp  and  ks 
are  given  by 


to/ c 


<y/c 


(2.2) 


respectively,  where 


cp  =■  /  (X  +  2u)/p 


*  / 


(elastic  waves) 


(2.3) 


(acoustic  waves  in  fluids) 


(2.4) 
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cs  *  /tl/p 

(elastic  waves) 

(2  •  S) 

■  '-/rtr-c- 

(electromagnetic  waves) 

(2.6) 

In  Eqs.  (2.3)  -  (2.6),  c„  and  cg  refer  to  congressional  and  transverse  wave  velo¬ 
cities,  respectively.  In  Eq.(6),  C  refers  to  the  velocity  of  light  in  free  space. 
The  corresponding  quantities  inside  the  scatterers  are  differentiated  by  subscript 
1.  For  brevity,  we  use  the  notation  k^  for  the  wave  numbers  ;  r  =»  1  corresponds  to 
compress ional  wave  while  r  *  2,3  corresponds  to  shear  wave. 

When  the  wave  impinges  on  a  scatterer,  part  of  the  incident  wave  is  scattered  back 
into  the  matrix  (medium  outside  the  scatterer)  and  the  rest  is  refracted  into  the 
scatterers  and  transmitted  back  into  the  matrix. We  represent  the  scattered  field  by 

u^fr)  and  the  total  field  inside  the  scatterers  by  u^r).  Since  the  incident  wave 
has  time  dependence  given  by  exp(-iut),  all  these  field  quantities  have  the  same 
time  factor  which  will  be  suppressed  henceforth.  Both  these  fields  and  the. inci¬ 
dent  wave  field  satisfy  the  vector  Helmholtz  equation,  see  for  example  (30) .  Even 
though  for  acoustic  wave  propagation  in  fluids  one  could  work  with  velocity  poten¬ 
tial  and  scalar  Helmholtz  equation,  we  prefer  to  use  the  vector  displacement  vector 
field  and  the  vector  Helmholtz  equation  for  the  reasons  mentioned  in  our  previous 
papers  (20,31,32).  The  problem  at  hand  reduces  to  computing  the  total  wave  field 
at  any  point  in  the  matrix  satisfying  the  appropriate  boundary  condition  on  the 
surface  of  the  scatterers  and  radiation  conditions  at  infinity. 

The  total  field  at  any  point  in  the  matrix  (outside  the  scatterers)  is  the  sum  of 
the  incident  field  and  the  fields  scattered  by  all  the  scatterers.  This  is  written 
as 


u(r) 


-►o-*- 
u  (r) 


E  uiCr  * 

i»l  1 


(2.7) 


where  u?(r  -  r^)  is  the  field  scattered  by  the  i-th  scatterer  to  the  point  of  obser¬ 
vation  r.  The  field  that  excites  the  i-th  scatterer  is  the  incident  field  u°  plus 
the  fields  scattered  from  all  other  scatterers.  The  exciting-field  term  3®  is  used 
to  distinguish  between  the  field  actually  incident  on  a  scatterer  and^the  external 
incident  field  u°  produced  by  a  source  at  infinity.  Thus,  at  a  point  r  in  the 
vicinity  of  the  i-th  scatterer,  we  write 


^(r)  *  u°  (r)  uS(r  -  r.)  ,  a  <  |r  -  r.|  <  2a  (2.8) 

1  j*i  J  J  1 

where  'a'  is  the  radius  of  the  imaginary  sphere  circumscribing  a  scatterer.  In 
this  analysis,  we  have  assumed  that  there  is  no  interpenetration  of  the  imaginary 
spheres  of  radius  'a'  which  circumscribe  each  scatterer. 

The  T-matrix  formalism  of  scattering  we  employ  here  is  based  on  the  extended 
boundary  condition  method  which  has  been  discussed  by  many  authors  in  this  book 
(33) .  This  formalism  differs  from  the  eigen  function  expansion  technique  in  that 
the  same  basis  sets  namely,  the  vector  spherical  wave  functions  for  3-D  problems 
and  the  vector  cylindrical  wave  functions  for  2-D  problems,  may  be  used  for 
scatterers  of  any  closed  boundary  S  with  a  continuous  turning  normal.  The  vector 
fields  are  expanded  in  terms  of  a  complete  set  of  basis  functions  which  form 
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solutions  to  the  vector  Helmholtz  equation  and  are  given  by 


.amn 


*  (r) 

uran 


■  (v\j 


5  ? 

mn 


m. 


h  (k  r)  p  (cos8) 
r.  p  n 


k  n  7  x 
s  mn 


r  hn(ksr)  p^(cosP) 


(cos  m  t>  ;  a  *  1  \  ' 
sin  m  ip  ;  a  *  2  / 

(cos  ra  $  ;  a  *  1  \ 
sinm<f>;a=2/. 


(2.9) 


(2.10) 


i  (r)  *  (1/k  )  v  x  n,  (r) 

3c<-n  s  2"mn 


(2.11) 


where 


5  - 

mn 

n  » 

mn 

with 


h 


h 


c  *  1  for  n  =  0  and  e„  *  2  for  n  >  0. 
n  n 


(2n  +  1)  (n  -  m)  ! 

£  - 

n  4ir(n  ♦  m)  ! 

*  en(2n  +1)  (n  -  m) ! 

4 it  n(n  +  1)  (n  +  m)  ! 


(2.12) 


For  brevity,  we  abbreviate  these  vector  basis  functions  as 

^lomn  ;  ^2  amn  ;  V3amn  "  ^xn  ;  T  B  1'2'3-  For  acoustic  wave  problems,  we  have 
only  ^ln;  for  electromagnetic  waves,  we  have  72n  and  ’?3n  ;  for  elastic  waves,  we 
have  all  three  of  them.  In  Eqs.  (2.9  -  2.11),  we  have  used  spherical  polar  co¬ 
ordinates  r,0,$  with  the  origin  of  the  coordinate  system  inside  S,  hn(l)  are  the 
spherical  Hankel  functions  of  order  n,  p™  are  the  associated  Legendre  polynomials 
and  m  is  an  integer  that  takes  values  0,  1,  2,  ...,  n  ;  n  =  0,  1,  2,  . ...»  for  a  *  1 
and  n  =  1,2,3,...,*  fora*  2.  Field  quantities  that  are  regular  at  the  origin 
are  expanded  in  terms  of  the  regular  (Re)  basis  set  (Re  ?Tmn)  obtained  by  replacing 
in  the  above  equations  by  jn,  the  spherical  Bessel  functions  of  the  first  kind 
or  order  n.  For  two  dimensional  problems,  we  employ  cylindrical  basis  functions, 
see,  for  example  (31). 

We  now  expand  the  exciting  and  scattered  fields  in  terms  of  basis  functions  Re  tt»TT1 
and  ?  ,  respectively  : 


u.  (r) 

l 


®  n  2  i 

EE  E  E,u 

r  n=0  l-  -n  axl 


Re  £ 


xn£a 


c?  - 


■E  W  5  E  «•  * 

xn  tn 


-*i 

xn  'xn 


■+s 

Uj  (r) 


E  P  ,  >E  *3 

tn  xn£  xn  tn 


xn£ 


(2.13) 

(2.14) 


where  the  superscripts  i  or  j  on  the  basis . functions  refer  to  expansions  with 
respect  to  0,  and  0,,  respectively,  and  B^n  and  b*n  are  unknown  coefficients  to 
be  evaluated.  The  ^choice  of  basis  set  in  (2.14)  satisfies  the  radiation  condi¬ 
tion  at  infinity  for  the  scattered  field,  while  the  choice  in  (2.13)  satisfies  the 
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regularity  of  the  exciting  field  in  the  region  0<]r  -  r^|<2a. 
Substituting  (2.13)  and  (2.14)  in  (2.8),  we  obtain 


S  Re  * 


tn 


-*•1 

rn 


-*o  ■+■  -*■ 

U  (r  -  rA) 


N 


♦  Z  Z  Bj 


j^i  xn 


xn  xn 


(2. IS) 


It  can  be  seen  that  the  second  series  on  the  right-hand  side  of  (2. IS)  are  expre¬ 
ssed  with  respect  to  the  center  of  the  j-th  scatterer.  In  order  to  express  them 
with  respect  to  the  i-th  center,  we  employ  the  addition  theorems  of  vector  spheri¬ 
cal  harmonics  for  3-D  problems  and  of  Bessel  functions  for  2-D  problems.  This 
translation  has  been  discussed  in  detail  in  (34,35)  and  employed  for  acoustic, 
elctromagnetic  and  elastic  wave  problems  (22-29).  For  the  sake  of  uniformity,  we 
reproduce  the  essential  equations  which  translate  the  basis  function  from  j-th 
center  to  the  i-th  center  : 


^  vTc  "uv 
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(2.16) 


where 


n t  u  v+q-/  ,  ,  n-y  i(n-y)o.  . 

Auv  x  Z  C-l)  i  (2v+l)a(n,£|  -y,v|q)h^(k^r_)P^  (cose^Je  J 

n y  _  u  v+a-£  n-y  i(n-y)4.  . 

Buv*Zf-1^  1  a(^,v,q)a(n,£|-y,v|q)hci(ksrij.)P^  (cose^Je 

*  EC-1)U+li  ^  1  b(£,v,q)a(n,£ |-y,v|q,q-l)h  (k  r  )P  (cos9  ) 
yv  q  <1  s  q  lj 


ei(n-V>ii  (2.17) 


Expressions  for  a(£,v,q),  b(£,v,q),  a(n,£  |-y,  v  |q)  and  a(n,  f[-y,  v|q,q-l)  are  given 
by  Cruzan  (34)  and  Fig.  2  depicts  the  geometry  of  the  translation  between  the  j-th 
and  i-th  scatterers.  In  Eq.  (2.16),  for  acoustic  wa^e  scattering,  we  keep  only 

r.  «  electromagnetic  wave  scattering,  we  keep  ipj  and  ;  for  elastic  wave 
Ari  2n  3n  , 


rJWfltWMHaMMUakM; 
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scattering,  we  need  all  three  of  them.  For  two  dimensional  problems,  the  transla¬ 
tion  is  given  by 

=  ip  (r-rO  =■  (-I)"  T  C-l)m  Re  (t-t^  p  (r^rO  (2.18) 

rr.  rn  J  ^  tm  t,n-m  J 

which  contain  cylindrical  Hankel  and  Bessel  functions.  For  details,  we  refer  to 
(22,  26,  36).  For  the  sake  of  simplicity  we  use  an  abbreviation  oTn  to 

represent  the  translation  of  the  basis  functions  from  the  j-th  center  to  the  i-th 
center  and  then  we  write 


V  *  <J>  (r-rj  *  L  O  .  .  (Vri)  Re 

tn  tn  J  z'n'  tn  t  n  J  t  n 


(2.20) 


It  then  remains  to  expand  the  incident  wave  also  in  the  form  of  a  series  centered 
at  the  i-th  scatterer.  Referring  to  Fig.  1,  we  can  rewrite  Eq.(2.1)  with  exp(-iwt) 
term  suppressed 


u^  »  e 


W  zi^  iksC;i+  *0- 
v  z  +  e  x  • 


(2.20) 


Expanding  the  terms  exp(ik-Zi)  and  exp(iksZ4)  in  (2.20)  in  terms  of  spherical 
Bessel  functions  and  Legendre  polynomials,  and  using  the  integral  representation 
for  spherical  Bessel  function  of  the  first  kind  and  orthogonality  relations,  we 
can  express  (2.20)  in  the  following  form,  see  for  example  Stratton  (37)  : 
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(2.25 


where  5m_  is  the  Kronecker  6.  For  two  dimensional  problems,  the  incident  waves 

are  expanded  by  using  Fourier  series  expansion  in  complex  form,  see  for  example 

(22,26).  For  the  sake  of  simplicity,  we  write  the  incident  wave  field  in  terms 

of  expansion  co-efficients  a  as  follows 
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(2.  22) 
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In  writing  (2.22),  we  have  used  the  concept  that  for  V  =  kz,  kz*r  *  kz*(r 


kz*r^  and  For  acoustic  wave  scattering  (x  =  1),  a^  is  equal  to  the 


first  term  of  Eq.  (2.21)  multiplying  exp  (i  k  ?.)  and  Re  ;  for  electromag- 

p  i  Its 

netic  waves  (x  *  2,3),  a^p  is  equal  to  the  second  term  of  Eq.  (2.21)  multiplying 
exp  (ik?)  and  Re  %  .  Since  the  incident  wave  field  is  a  known  field,  a  are. 


s  1 


TtS 


hence,  known  expansion  field  coefficients.  Substituting  Eqs.  (2.19)  and  (2.21)  in 
(2.15)  and  using  orthogonality  of  basis  functions,  we  obtain  the  following  relation 
between  the  unknown  expansion  coefficients  bTn  of  the  exciting  field  and  the 
unknown  expansion  coefficients  BTn  of  the  scattered  field  : 
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Z  Z 

j^i  x'n 


x'n' 


x  n,  xn 


(2.23) 


It  has  been  shown  by  the  previous  papers  on  T-matrix  approach  that  if  the  total 
field  outside  a  scatterer  is  the  sum  of  the  incident  and  the  scattered  fields, 
the  unknown  scattererd  field  expansion  coefficients  can  be  related  to  the  incident 
field  expansion  coefficients  through  the  transition  or  T-matrix.  We  extend  this 
definition  to  our  present  problem.  Since  (3|  ♦  i?  )  is  the  total  field  at  any 
point  in  the  matrix,  the  expansion  coefficients  of  the  field  scattererd  by  the 
i-th  scatterer  may  be  formally  related  to  the  coefficients  of  the  field  exciting 
the  i-th  scatterer  through  the  T-matrix  : 


'xn 


Z 
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In  its  expanded  version. 


lxn,x'n'  °x*n' 

Eq.  (2.24)  can  be  written  as 


(2.24) 
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The  elements  of  the  T-matrix,  T^n  x'n->  involve  surface  integrals  which  can  be 


evaluated  in  closed  form  for  cylindrical  geometry  (2-D)  and  spherical  geometry 
(3-D),  while  for  obstacles  of  arbitrary  shape  they  can  be  evaluated  numerically. 
The  T-matrix  for  a  single  scatterer  is  of  the  form 


T  »  -Q(Re,  Re)  Q-1(Ou,  Re) 


(2.26) 


where  Q(Re,  Re)  and  Q(0u,  Re)  are  matrices  which  are  functions  of  the  surface  S 
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of  the  scatterer  and  of  the  nature  of  the  boundary  conditions.  This  form  is  quite 
common  for  acoustic,  electromagnetic  and  elastic  wave  problems,  except  when  there 
are  solid-fluid  interfaces.  A  detailed  derivation  of  the  T-matrix  for  a  solid  in 
a  fluid. and  fluid  in  a  solid  can  be  found  in  the  paper  by  Varadan  (31). 

With  the  scattered  field  coefficients  B^.n  expressed  in  terms  of  exciting  field 
coefficients  b^n  and  the  T-matrix  as  given  by  (2.24),  Eq.  (2.23)  gives  the  exci¬ 
ting  field  formulation  of  the  multiple  scattering.  If  we  multiply  both  sides  of 
Eq.  (2.23)  by  the  T-matrix,  then  we  obtain  the  scattered  field  formulation  of 
multiple  scattering,  which  may  be  written  as 
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In  its  expanded  version,  Eq.  (2.27)  can  be  written  as 
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In  Eq.  (2.29),  denotes  the  sum  over  all  scatterers  except  the  i-th.  Thus,  we 
have  eliminated  the  unknown  exciting  field  expansion  coefficients  through  the  use 
of  the  T-matrix  resulting  in  a  set  of  equations  involving  the  expansion  coeffi¬ 
cients  of  the  scattered  field  only.  If  the  scatterers  are  all  identical,  then 

T**  tO  3  x.  If  they  are  of  different  sizes,  we  introduce  a  suitable  size  distri¬ 
bution  for  the  scatterers  and  find  average  value  of  the  T-matrix. 

It  can  be  seen  from  Eq.  (2.27)  that  the  scattererd  field  coefficients  explicitly 
depend  on  the  position  and  orientation  of  the  scatterers .  Depending  on  what  infor¬ 
mation  we  choose  to  put  into  the  distribution  function,  we  can  make  our  model 
more  realistic  but  the  analysis  in  turn  gets  more  complicated.  Here,  we  consider 
both  random  and  periodic  distributions  with  specific  and  random  orientations . 

III.  RANDOM  DISTRIBUTION  OF  SCATTERERS  WITH  SPECIFIC  ORIENTATION 


We  consider  N  number  of  randomly  distributed  homogeneous  scatterers.  The  scatte¬ 
rers  are  assumed  to  have  a  specific  orientation  (with  major  axis  parallel  to  the 
y-axis)  as  shown  in  Fig.  3. 


Distribution  functions  are  given  by  the  total  probability  density  of  finding  the 
scatterers  at  positions  r^,  Tj,  ...»  r^  etc.,  which  in  turn  can  be  written 
in  terms  of  conditional  probabilities  : 


P(*t)  PC*!  *2.  •••’• 


•  ■  Vy 


(3.1) 
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In  Eq.  (3.1),  p(r. )  denote  the  probability  of  finding  a  scatterer  r.  and  p(r.|  r.) 

denotes  the  conditional  probability  of  locating  a  scatterer  at  r.  given  that  a 
scatterer  is  located  at  r  etc.  A  prime  in  the  first  of  Eq.  (24)  means  r^  is 
absent  while  two  primes  in  the  second  of  Eq.  (24)  means  both  r.  and  r.  are 
absent.  We  also  denote  the  configurational  averaging  of  a  statistical  ■’quantity 
f  as 


<f>i  =/...  I  f  p(f  ,  ?  , 

<f>ij  ■/  •/  f  P(T1'  V 


?.)  dfl 


•••'•  •••  V  V  V  Vr-'' 


dr. 


(3.2) 


Equation  (3.2a)  implies  that  we  have  averaged  over  all  scatterers  except  the  i-th, 
while  Eq.  (3.2b)  implies  that  we  average  over  all  scatterers  except  the  i-th  and 
j-th,  and  so  on. 


If  the  scatterers  are  randomly  distributed,  the  positions  of  all  scatterers  are 
equally  probable  within  volume  V,  and  hence  its  distribution  is  uniform  with 
probability  density 


V 


V 


(3.3) 


where  nQ  is  the  uniform  number  density  of  the  scatterers  and  N  is  the  total 
number  of  scatterers.  In  addition,  for  non-overlap  of  the  imaginary  spheres  cir¬ 
cumscribing  each  scatterer,  we  approximate  the  conditional  probability  as  follows 


(3.4) 


where  ’a’  is  the  radius  of  the  circumscribing  sphere.  A  suitable  correlation  in 
the  position  may  also  be  added  to  (3.4)  but  is  omitted  here  for  simplicity.  The 
form  of  pair  correlation  in  Eq.  (3.4)  describes  the  usual  radially  symmetric 
distribution  function  with  an  exclusion  surface  or  "hole"  corresponding  to  a 
sphere  of  radius  2a.  Other  types  of  exclusion  surfaces  are  discussed  in  recent 
papers  by  Twersky  (8,  9).  We  refer  the  reader  to  Twersky's  comments  on  choosing 
radially  symmetric  statistics  for  non-symmetrical  scatterers,  namely  making  the 
region  of  non-overlap  of  two  scatterers  to  be  a  circle  or  sphere  circumscribing 
the  scatterers. 

Multiplying  both  sides  of  Eq.  (2.26)  by  the  probability  density  given  by  Eq.  (3.1) 
and  using  (3.2)  -  (3.4),  we  obtain  the  configurational  average  of  the  scattered 
field  coefficients  : 
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a(m1,n1|-p,mjq)  -  (T12)*£ 


a(m1,n1|-p,m|q,  q-1) 


(4.4a) 


2n 


(4.4b) 


•>n 


(4.4c) 
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Eouation  (4.4b)  can  be  obtained  from  (4.4a)  by  replacing  T**,  T*2,T*3  by  T21,  T‘ 

T“3,  while  (4.4c)  can  be  obtained  by  replacing  T11,  T*2,  T13  by  T31,  T32,  and  T33. 

y 

For  acoustic  wave  problem,  we  get  uncoupled  equation  for  X  '  ;  for  electromagnetic 

Z  In  0 

wave  problem,  we  get  coupled  equations  in  terms  of  X_  and  X,  ;  for  elastic  wave 

o  p  3n  n  # 

problem,  we  obtain  coupled  equations  in  terms  of  X£n,  X2n  and  Xip.  Similar 
equations  can  also  be  obtained  from  the  average  exciting  field  coefficients,  if 
one  chooses  to  use  exciting  field  formalism. 


42 


Equation  (4.2)  is  a  system  of  simultaneous  linear  homogeneous  equations  for  the 
unknown  amplitudes  X  .  For  a  nontrivial  solution,  we  require  that  the  determinant 
of  the  truncated  coefficient  matrix  vanishes,  which  yields  an  equation  for  the 
effective  wave  number  K  in  terms  of  kT  and  the  T-matrix  of  the  scatterer.  This  is 
the  dispersion  relation  for  the  scatterer  filled  medium.  Equation  (32)  is  a  gene¬ 
ral  expression  valied  for  any  arbitrary  shaped  scatterer,  since  the  T-matrix  is 
the  only  factor  that  contains  information  about  the  exact  shape  and  boundary 
conditions  at  the  scatterer.  Thus  the  formalism  presented  here  is  valid  for  all 
the  three  wave  fields.  The  effective  wave  number  K  obtained  in  the  analysis  is  a 
complex  quantity,  the  real  part  of  which  relates  to  the  phase  velocity,  while 
the  imaginary  part  relates  to  attenuation  of  coherent  waves  in  the  medium. 


V.  PERIODIC  DISTRIBUTION  WITH  PARALLEL  ORIENTATION 


For  periodic  distribution  the  analysis  will  introduce  the  geometry  of  the  lattice 
leading  to  different  results  for  different  packing,  and  is  similar  to  the  one 
employed  in  crystallographic  theories,  see  for  example  (38,39).  Here  we  apply 
lattice  sum  and  include  contributions  from  nearest  neighbors.  One  couls  use  other 
refinements  following  the  theories  presented  in  (8,9,38,39).  The  averaging  over 
the  position  of  individual  scatterers  can  be  easily  accomplished  since  there  is 
no  restriction  on  the  position  of  one  scatterer. 

A  procedure  for  evaluating  a  lattice  sum  over  a  simple  lattice  is  to  obtain  by 
direct  summation  the  contributions  by  the  lattice  points  within  a  certain  radius  Rj 
given  by 


and  to  replace  the  summation  over  the  points  beyond  this  radius^by  an  integral.  In 
Eq.  (S.l),  Nq  is  the  number  of  scatterers  counting  the  point  =  0  and  V  is  the 
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volume  of  the  unit  cell,  (see  (40)  for  a  given  type  of  an  array).  The  analysis  is 
presented  in  (41,42)  and  the  resulting  scattered  field  coefficients  are  given  by 


tn 


•  St1  r. 

t"n"  Tn,t"n"  |_  T"n" 

*  I;  & 

00 

♦  -1.  /  T  Bj  a  (r.-r.)  dr.l 

V  *'r1  t'n'  T'n',T"n"  i  V  Jj 


(5.2) 


To  obtain  a  solution  to  the  above  equation,  we  assume  a  plane  wave  propagating 
with  an  effective  wave  number  K  in  the  same  direction  as  the  incident  wave  : 


tn 


i  K  •  r.- 
X  e  1 

tn 


(5.3) 


Substituting  Eq.  (5.3)  in  Eq.  (5.2)  and  following  the  procedure  we  had  outlined 
in  the  previous  section,  we  obtain  a  set  of  simultaneous  coupled  homogeneous 
equations  for  the  coefficients  XTn  given  by 
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where 
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(5.5) 


and  c  is  the  concentration  as  defined  before. 


VI.  ARBITRARY  ANGLE  OF  INCIDENCE  AND  RANDOM  ORIENTATION 


Inhomogeneous  media  in  which  scatterers  have  a  specific  orientation  will  exhibit 
anisotropy  and  polarization  effects  when  the  waves  are  incident  at  arbitrary  angles 
to  the  symmetry  axes  of  the  scatterers.  When  the  incident  wave  direction  is  along 
the  symmetry  axis  of  the  oblate  spheroidal  scatterers,  we  found  that  the  effect 
on  polarization  is  zero,  and  the  coherent  wave  propagates  with  an  effective  wave 
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number  K  as  if  it  propagates  in  an  effective  homogeneous  and  isotropic  continuum, 
see  for  example  (25) .  When  the  scatterers  are  randomly  oriented,  the  effects  of 
anisotropy  and  polarization  are  also  nullified  (29) . 

For  symmetrically  oriented  scatterers,  we  define  the  Euler's  angles  a,S,Y  of  the 
symmetry  axes  of  the  scatterers  (x,y,z)  with  respect  to  the  laboratory  co-ordinate 
system  (X,Y,Z),  see  Fig. 4.  All  quantities  that  are  referred  to  the  x,y,z  system 
are  distinguished  by  a  a.  Then,  one  could  write  the  spherical  harmonics  using  the 
relation  operator -as  follows  (for  details,  we  refer  to  (43))  : 


Y 

Ima 


I 

m'a' 


mm  oa 


(a,3,r) 


im'o' 


(6.1) 


where  D  is  the  rotation  matrix  associated  with  rotation  operator.  The  rotation 
operator  leaves  the  length  of  the  position  vector  |r|  invariant.  The  rotation 
matrix  can  be  easily  incorporated  into  the  T-matrix  to  obtain  a  new  T-matrix  which 
can  be  written  as 


T  *  (dV1  T  (DC) 


(6.2) 


where  D*  is  the  matrix  transpose  of  D.  Equation  (6.2)  gives  the  desired  relation 
between  the  T-matrices  evaluated  with  respect  to  the  two  set  of  coordinate  axes. 

T  is  independent  o^  position  and  orientation  and  is  hence  the  same  for  identical 
scatterers.  The  matrices  T,  however,  is  different  if  the  orientation  of  the 
scatterers  is  not  the  same.  Substituting  Eq.  (6.2)  in  Eq.  (4.2)  and  Eq.  (5.4),  we 
obtain  the  dispersion  relation,  phase  velocity,  coherent  wave  attenuation  and 
polarization  effects  for  an  arbitrary  angle  of  incidence  for  random  and  periodic 
distribution,  respectively.  This  is  one  of  the  basic  advantage  of  formulating  the 
multiple  scattering  in  terms  of  a  T-matrix. 


For  random  orientation,  one  has  to  average  over  all  Euler  angles  a,B,Y,  and  the 
information  can  thus  be  incorporated  into  the  T-matrix  : 


<T>  3 


0(a,B,Y) 


T  D‘1(a,B,Y) 


sin  B  dB  dY  da  • 


(6.3) 


With  Eq.  (6.3),  Eqs.  (4.2)  and  (5.4)  yield  the  dispersion  relation  for  both 
random  and  periodic  distributions, respectively,  with  random  orientation. 


VII.  RESULTS  AND  CONCLUSIONS 


Using  the  theories  outlines  in  previous  sections,  we  present  some  analytical  and 
numerical  results  for  variety  of  2-D  and  3-0  problems  in  all  three  wave  fields 
to  show  the  broad  applicability  of  our  multiple  scattering  approach.  The  sample 
examples  given  may  find  applications  in  many  fields  of  engineering  and  science 
as  outlined  in  the  introduction.  We  present  results  for  two  dimensional  parallel 
cylinders  of  elliptical  cross  section  randomly  and  periodically  (hexagonal  array) 
distributed  with  specific  and  random  orientation.  The  wave  is  incident  normal  to 
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the  cylinders.  The  polarization  of  the  wave  is  along  the  axis  of  the  cylinder 
(SH-waves) .  We  also  consider  spherical,  oblate  spheroidal  scatterers  of  various 
aspect  ratios  randomly  distributed  with  specific  and  random  orientations.  At  low 
frequencies,  analytical  expressions  are  derived  for  the  effective  wave  number  in 
the  average  medium  as  a  function  of  the  geometry,  the  material  properties  and  the 
angle  of  orientation  of  the  scatterers.  The  formulation  is  ideally  suited  for 
numerical  computation  of  phase  velocity  and  attenuation  at  higher  frequencies  as 
evidenced  by  the  results  presented  here  and  in  ( 22  -  29).  In  addition,  we  present 
numerical  results. for  dynamic  shear  moduli  for  2-D  case  as  a  function  of  frequency 
using  the  T-matrix  approach  and  the  work  of  Bedeux  and  Mazur  (44)  and  Varadan  and 
Vezzetti  (4S) . 


Vila.  Rayleigh  or  Low  Frequency  Limit 

In  the  Rayleigh  or  low  frequency  limit,  the  size  of  the  scatterers  is  considered 
to  be  small  when  compared  to  the  incident  wavelength.  It  is  then  sufficient  to 
take  only  the  lowest  order  coefficient  in  the  expansion  of  the  fields.  In  this 
limit,  the  elements  of  the  T-matrix  can  be  obtained  in  closed  form  for  various 
simple  shapes  (46).  It  can  be  shown  that  at  low  frequencies,  only  Xtq,  XTland  Xt 

of  Eq.  (4.2)  or  Eq.  (S.4)  make  a  contribution.  After  some  manipulations  of  the 
resulting  3*3  determinant,  we  obtain  the  dispersion  relations 

(i)  Parallel  Elliptic  Cylinders  (Elastic  SH-Waves) 

a)  Specific  Orientation  of  Cross  Section  (see  Fig.  5  and  paper  (23)) 


5.  Random  distribution  of  aligned  scatterers  -  oblique  incidence 
,  eldl+  e2d2  (7.1) 

b^d^*  b2d2 


where 
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and  c 


where 


(ii) 


(2ic/ir2)  a  e*l2ct 
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ira2nQ  is  the  concentration  of  the  circumscribing  circle. 


b)  Random  Orientation 


K2/k2  -  (1  ♦  Cltx)  [l  ♦  Cj(d  -  1)]  /(l  -  Cjtj) 


(7.3) 


tj  »  (1  -  m2) (a  +  b)2  /  4(b  +  ma)  (mb  +  a) 


(7.4) 


Random  Distribution  of  2-D  cracks  (Elastic  SH  -  Waves) 

a)  Parallel  Orientation  (7.5) 

-i2o_. 
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b)  Random  Orientation 


K2/ks2  =  (1  +  ira2nQ/4)  (1  -  ira2nQ/4) 


(7.6) 


where  2a  is  the  length  of  the  crack  and  nQ  is  its  nunber  density,  and  a  is  the 
angle  the  incident  wave  makes  with  the  major  axis.  Ir.  these  equations,  d  *  ratio 
of  densities  of  the  scatterer  to  that  of  the  matrix  =  pj/p  and  m  =  ratio  of  shear 
moduli  of  the  scatterer  to  that  of  the  matrix  *  y  /y  and  a  and  b  are  semi  major 
and  minor  axes  of  the  elliptic  cylinder,  respectively.  The  analysis  for  both 
compressional  and  shear  waves  incident  normal  to  cylinders  is  presented  in  (27). 


(iii)  Spheres  (elastic  waves) 
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where 
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and  c  *  4  ira3ng/3  is  the  concentration  of  spheres. 

(iv)  Spheres  in  Free  Space  (Electromagnetic  Waves) 
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(v)  Spheroids  in  Free  Space  (Electromagnetic  Waves) 
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(7.11) 


where  c  is  the  concentration  of  the  circumscribing  spheres  and  fj,  f2  and  f3 
are  functions  of  the  eccentricity  of  the  spheroids  e  =  ((a/b)2  -l]3*  and  are 
given  in  (25) . 

In  the  Rayleigh  limit,  the  value  of  K  as  determined  by  the  above  dispersion  rela¬ 
tions  is  a  real  quantity  for  lossless  material  and  a  complex  quantity  for  lossy 
material,  and  relates  to  phase  velocity  Vp  *  w/K.  In  this  limit,  we  normally  study 
the  dependence  of  phase  velocity  on  concentration,  angle  of  incidence  and  aspect 
ratio  of  the  scatterers.  In  Figs.  6  and  7,  we  have  plotted  the  normalized  phase 
velocity  Vp/cs  versus  concentration  for  various  values  of  angle  of  incidence  a 
for  2-D  (SH-Wave)  cylinders  randomly  distributed  with  parallel  and  random  orien¬ 
tations.  We  assume  the  density  ratio  d  *  2.53/2.72  and  shear  modulus  ratio 
m  *  25/3.87  (no  loss  in  the  material)  for  obtaining  results  in  Fig.  6  while  Fig.  7 
gives  the  result  for  cracks.  The  general  tendency  of  the  phase  velocity  is  to 
increase  (for  inclusions)  and  decrease  (for  cra.'ks  and  cavities)  as  concentration 
increases.  The  results  also  indicate  that  phase  velocity  decreases  as  the  angle 
of  incidence  a  increases.  For  a  =  0  and  a*ir/2,  our  results  agree  with  well  known 
results  for  cracks  (3).  It  can  easily  be  seen  from  Eq.  (7.2)  that  for  a  given 
concentration  and  a,  the  phase  velocity  decreases  with  decreasing  b/a.  In  Figs. 

6  and  7,  we  have  also  plotted  the  corresponding  results  for  random  orientation. 

Equation  (7.10)  is  recognized  as  the  dispersion  relation  of  the  Clausius  -  Mcssotti 
form.  The  dispersion  relation  for  spheroidal  scatterers  given  by  Eq.  (7.11) 
appears  to  be  new  ;  it  reduces  to  Eq.  (7.10)  in  the  limit  e  +  0.  In  Fig.  8,  we  have 
plotted  the  normalized  phase  velocity  Vp/cs  for  dielectric  spheres  and  spheroidal 
scatterers  in  free  space  randomly  distributed  and  oriented  versus  concentration. 
Both  real  and  complex  dielectric  constants  (e-)^  of  the  scatterers  are  assumed. 
The  values  are  taken  for  ice  and  water  particles  from  (47) . 


The  dispersion  relation  given  in  Eqs.  (7.1)  and  (7.3)  may  also  be  useful  in 
obtaining  the  effective  shear  modulus  at  low  frequencies.  Defining  an  average 
shear  modulus  <u>  -  u2  <p>  K2  where  <p>  =  c  p  +  (1  -  c)p  is  the  average  density, 
we  find  the  effective  shear  modulus  of  the  composite  medium  containing  cylindri¬ 
cal  inclusions  : 
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Fig.  Sa.  Normalized  phase  velocity  vs.  concentration  for  spherical  and  spheroidal 
dielectric  scatterers  in  free  space;  -  lossy,  -  lossless 
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Fig.  8b .  Attenuation  Sd  vs.  concentration  c  for  spheroidal  lossy  dielectric 
scatterers  in  free  space 


<u>/u  *  (<p>/p)  (ks/K)2  (7*12) 

for  more  detail,  we  refer  to  (28). 

Using  the  dispersion  relation  given  in  Eqs.  (7.7)  and  (7.8),  one  could  also 
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compute  the  effective  Shear  and  Bulk  moduli  of  an  elastic  material  containing  a 
random  distribution  of  stress  free  bubbles  or  cavities  : 


<U>  _  4y  -  3c  E-,(91  »  14u)  .  <B>  _  (31  ♦  2u)  [1  -  6c  ErJ  (7.13) 

U  4U  +  6c  E2(3X  +  8 u)  '  B  C3X  +  2 u)  (1  +  3c  Eg] 

where  <u>  and  <B>  are  the  effective  Shear  and  Bulk  moduli  of  the  inhomogeneous 
medium,  and  u  and  B  are  the  Shear  and  Bulk  moduli  of  the  matrix  medium.  This 
result  might  find  applications  in  geophysics  and  material  science,  see  for  example 
Chaban  (48) . 


VI lb.  Phase  Velocity  and  Attenuation  at  Higher  Frequencies 


To  study  the  response  at  resonant  and  higher  frequencies,  we  must  consider  higher 
powers  of  kTa,  and  this  implies  that  a  larger  number  of  terms  (XTn)  must  be  kept 
in  the  expansion  of  the  average  field.  This  is  best  done  numerically.  For  a  given 
value  of  ka,  the  T-matrix  for  the  scatterer  is  computed.  Next,  the  coefficient 
matrix  M  corresponding  to  XTn  (Eqs.  (4.2)  and  (5.4))  is  formed.  The  complex 
determinant  of  the  coefficient  matrix  is  computed  using  standard  Gauss  elimination 
techniques.  For  a  given  kTa,  the  root  of  the  equation  det  M  =  0  is  searched  in 
the  complex  K  plane  (Kj  +  iK2)  using  Muller's  method.  Good  initial  guesses  were 
provided  by  the  Rayleigh  limit  solutions  at  low  values  of  kTa  and  these  could  be 
used  systematically  to  obtain  convergence  of  roots  at  increasingly  higher  values 
of  kTa.  The  real  part  Kj  determines  the  phase  velocity,  while  the  imaginary  part 
&2  determines  the  coherent  wave  attenuation.  Here,  we  present  results  for  2  -  D 
SH-Wave  and  3-D  electromagnetic  problems.  We  define  the  normalized  phase  velo¬ 
city  as  Vp/cs  *  ks/Ki  and  the  attenuation  coefficient  =  4n  l^/K^  so  as  to  make 
it  dimensionless. 

For  two  dimensional  elliptical  cylinders  (SH-Waves) ,  phase  velocity  and  attenua¬ 
tion  are  plotted  versus  ksa  in  Figs.  9-13  for  various  values  of  b/a,  a  and  actual 
concentration  c^  *  irab  ng  for  both  random  distribution  with  specific  and  randcm 
orientations  and  periodic  distribution  with  specific  orientation.  We  assume 
d  »  2.53/2.72  and  m  =  25/3.87.  The  general  behavior  of  the  phase  velocity  to 
increase  at  relatively  low  frequencies  and  then  decrease  rather  sharply  for  higher 
frequencies.  For  b/a  =  1.0,  the  results  agree  qualitatively  with  those  obtained 
by  Sutherland  and  Lingle  (49).  As  a  increases  from  0°  to  90®,  it  has  been  found 
that  the  normalized  phase  velocity  is  reduced  as  evidenced  by  Fig.  9.  The  aniso¬ 
tropic  effect  is  greatly  pronounced  for  lower  values  of  b/a  indicating  that 
there  is  a  substantial  reduction  in  phase  velocity  for  nearly  flat  oriented 
inclusions  when  the  incident  wave  is  in  the  direction  perpendicular  to  the 
inclusions.  This  observation  is  of  importance  in  geophysics.  The  results  in  Fig.  9 
indicate  that  there  is  a  significant  difference  in  phase  velocity  for  various 
orientations  and  that  the  corresponding  values  for  random  orientation  lie  in 
between  0°  and  90°  orientations. 

In  Figs.  10  and  12,  we  have  plotted  the  coefficient  of  attenuation  Sj  versus  kga. 
These  results  indicate  that  anisotropic  effect  is  greatly  pronounced  ;  substantial 
reduction  of  attenuation  is  observed  when  a  *  90®.  The  general  behavior  of  the 
damping  or  attenuation  is  to  increase  rapidly  with  frequency  at  low  frequency 
range  and  decrease  sharply  or  fluctuates  slightly  when  frequency  is  increased. 

The  results  also  indicate  that  there  is  a  tendency  for  the  attenuation  to  increase 
rapidly  again  at  higher  frequencies.  The  attenuation  calculations  for  random 
orientation  lie  between  0®  and  90®  orientations,  see  Fig.  10.  In  Fig.  10,  we 
have  also  plotted  the  coefficient  of  attenuation  versus  ksa  for  2  -  D  cracks 
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randomly  distributed. 


The  frequency  at  which  Sd  begins  to  decrease  is  usually  referred  to  as  cut  off 
frequency  of  the  first  pass  band.  At  the  cut  off  frequency,  Sd  decreases  because 
energy  begins  to  pass  into  the  second  pass  band,  see  the  explanations  in  (49,50) 
For  periodic  distribution,  these  cut  off  frequencies  seem  to  move  towards  lower 
ksa  as  the  inteTcylindrical  spacing  between  the  cylinders  increase,  see  Fig.  13. 


In  Figs.  14  -  17,  we  have  plotted  phase  velocity  and  attenuation  coefficients  for 
spherical  and  spheroidal  dielectric  scatterers  in  free  space  randomly  distributed 
with  parallel  and  random  orientations.  The  calculations  weie  performed  for  both 
lossless  and  lossy  dielectric  scatterers.  For  lossless  scatterers,  we  assume 
dielectric  constant  ey  *  3.168  which  corresponds  to  ice  at  microwave  frequencies. 
The  imaginary  part  of  the  dielectric  constant  for  ice  is  relatively  small  when 
compared  to  the  real  part,  see  Ray  (47).  For  lossy  case,  we  consider  rain  parti¬ 
cles  which  have  complex  dielectric  constants  given  as  functions  of  temperature 
and  frequency.  The  complex  dielectric  constants  of  rain  particles  are  taken  from 
the  paper  by  Ray  (47).  For  our  calculations,  we  assume  the  temperature  to  be 
equal  to  5aC. 
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In  Fig.  15,  we  show  the  attenuation  coefficient  S,j  for  lossy  dielectric  scatterers 
as  a  function  of  ksa  for  concentration  c  =  10-4.  The  results  are  plotted  for 
spherical  and  oblate  spheroidal  scatterers  randomly  distributed  with  both  parallel 
and  random  orientations.  For  the  case  of  parallel  orientation,  the  spheroids 
are  assumed  to  be  oriented  with  their  axes  of  revolution  along  the  z-axis  (see 
Fig.  3),  and  the  incident  wave  is  also  assumed  to  propagate  along  the  z-axis.  In 
both  specific  and  random  orientation  cases,  it  is  well  known  that  the  bulk  medium 
is  not  anisotropic  and  is  characterized  by  a  single  wave  number  K.  However,  when 
the  wave  is  incident  obliquely  to  parallelly  oriented  scatterers,  we  obtain  the 
anisotropic  effects  (just  like  the  2  -  D  case  discussed  above)  and  the  bulk  medium 
will  then  be  characterized  by  an  effective  wave  number  with  two  different  polari¬ 
zations  . 

In  Figs.  16  and  17,  we  have  plotted  S<i  for  lossless  spheroidal  dielectric  scatte¬ 
rers  for  two  different  concentrations,  c  *  0.1  and  0.2,  and  for  two  different 
aspect  ratios,  a/b  ■  1.25,  2.  The  significant  feature  in  the  case  of  c  =  0.2  is 
the  presence  of  a  sharp  null  at  ksa  *  0.75. 

The  multiple  scattering  analysis  presented  so  far  can  also  be  extended  to  compute 
effective  dynamic  moduli  of  a  composite  medium  (28) .  Bedeaux  and  Mazur  (44)  have 
obtained  expressions  for  the  average  dielectric  tensor  in  the  medium  and 
Varatharajulu  (Varadan)  and  Vezzetti  (45)  have  shown  that  for  a  given  statistical 
model  the  zeros  of  the  propagator  in  this  model  medium  yield  the  dielectric 
tensor  defined  by  Bedeaux  and  Mazur  (44) .  In  (28) ,  we  have  extended  this  discu¬ 
ssion  to  elastic  wave  propagation  wherein  we  have  given  sample  calculations  for 
dynamic  shear  moduli  as  a  function  of  ksa. 

In  conclusion,  we  have  presented  a  multiple  scattering  formalism  for  coherent 
wave  propagation  of  acoustic,  electromagnetic  and  elastic  waves  through  an 
inhomogeneous  medium  composed  of  either  random  or  periodic  distribution  of 
2-dimensional  and  3-dimensional  scatterers.  The  scatterers  are  assumed  to  have 
either  specific  or  random  orientation.  An  important  advantage  is  realized  through 
the  use  of  the  T-matrix  to  characterize  the  scattering  properties  of  any  one 
scatterer.  The  methodology  adapted  in  this  analysis  is  general  and  can  be  used  to 
include  such  effects  as  scatterer  size  distribution,  depolarization,  etc. 
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ABSTRACT 


The  T  matrix  approach  to  acoustic  and  electromagnetic  scattering  from  buried  inho¬ 
mogeneities  is  reviewed.  The  main  structural  features  of  the  problem  are  outlined 
and  the  similarities  with  and  differences  from  the  layered  scattered  problem  are 
pointed  out.  The  general  requirements  on  "useful"  expansion  systems  are  briefly 
discussed.  The  application  of  the  T  matrix  approach  is  first  described  for  the  a- 
coustic  case  and  the  analogous  developments  for  the  electromagnetic  case  are  then 
indicated.  Some  general  features  of  the  results  are  discussed  for  a  fairly  general 
geometric  shape  of  the  ground  surface.  It  is  shown  how  an  explicit  solution  is  ob¬ 
tained  when  the  ground  surface  is  a  plane.  The  case  with  the  source  above  the  ground 
is  treated  in  some  detail  and  it  is  shown  how  a  source  below  the  ground  can  be  ac¬ 
commodated.  Some  further  developments,  such  as  the  use  of  the  flat  surface  case 
solution  in  an  approximate  treatment  of  a  ground  surface  with  a  hill  of  finite 
extension,  are  also  discussed  briefly.  A  few  examples  of  computations  of  the  anoma¬ 
lous  scattered  field  are  given  for  unsymme trie ally  located,  non-spherical  inhomoge¬ 
neities  . 


I.  INTRODUCTION 


In  the  present  contribution  we  shall  describe  how  the  T  matrix  approach  ( 1 ) — ( U )  can 
be  used,  with  appropriate  modifications,  to  determine  the  scattering  from  buried 
inhomogeneities.  In  order  to  make  the  presentation  as  simple  and  clear  as  possible 
we  shall  usually  treat  the  acoustic  case  (5)  first  and  then  indicate  what  the  gene¬ 
ralizations  to  the  electromagnetic  case  look  like  (6).  As  is  often  the  case  when 
one  uses  the  T  matrix  approach,  the  similarities  and  analogies  between  the  acoustic 
and  electromagnetic  cases  will  then  become  particularly  transparent. 

When  presenting  our  formalism  we  shall  first  give  the  general  analytical  results 
which  depend  only  on  a  minimum  of  assumptions  concerning  the  interface  and  the  in¬ 
homogeneity.  In  particular,  it  should  be  noted  that  our  configuration  is  three-di¬ 
mensional.  After  having  displayed  the  general  structure  of  the  results,  we  shall 
demonstrate  how  more  explicit  useful  results  are  obtained  in  special  cases. 

The  interface  above  the  inhomogeneity  is  an  infinite  surface  and  in  the  course  of 
the  development  of  our  formalism  we  shall  introduce  certain  regularity  assumptions 
concerning  that  surface.  Some  of  these  will  have  to  remain  implicit.  For  instance, 
we  shall  always  assume  that  the  appropriate  Green's  representation  of  the  field  in 
terms  of  integrals  over  the  interface  exists.  The  weakest  possible  assumptions 
under  which  this  is  guaranteed  do  not  seem  to  be  known  at  present.  The  general  fea¬ 
tures  of  the  situation  we  shall  consider  as  well  as  some  relevant  notations  are 
given  in  Fig.  1 

It  is  clear  that  the  number  and  nature  of  the  scattering  surfaces  which  are  present 
in  the  problem  determine  the  essential  features  of  the  equations.  It  is  therefore: 
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to  be  expected  that  some  useful  analogies  may  be  made  with  the  problem  concerning 
a  scatterer  of  the  type  depicted  in  Fig.  2.  In  particular,  by  letting  01  in  Fig.  2 

recede  to  infinity  (i.e.  a-*»  with  fixed  0 2  and  h)  one  approaches,  in  some  sense, 

the  situation  in  Fig.  1  in  the  vicinity  of  S1 .  It  turns  out  that  an  insight  into 

the  solution  of  the  layered  scatterer  problem  in  Fig.  2  (7)  is  indeed  very  useful 
in  constructing  the  solution  to  the  buried  scatterer  problem. 

In  several  instances  one  can  in  fact  follow  the  details  of  the  limiting  procedure 
indicated  above.  The  T  matrix  approach  relief  or^  repeated  use  of  particular  expan¬ 
sions  for  the  free  space  Green’s  function  G(r,  r';  k).  It  is  therefore  interesting 
uo  note  that  a  fairly  well-defined  limiting  procedure  can  be  constructed  which  de¬ 
scribes  the  transformation  of  the  spherical  wave  exoansion 

G(r,r;k)  -  ik/  /Reifr  (kr^)  t{;  (kr,,)  (1) 

n  n 

n 

in  the  limit  a-*»  (the  notation  Reij>n  and  for  the  spherical  waves  is.  explained  in 

the  appendix).  By  invoking  the  additional  rules  of  contraction  of  group  representa¬ 
tions  one  is  led  to  consider  the  limit 


j  (kr 1 )  h  (kr)  Y  (0,*)  Y  (0.'$') 
n  n  nm  run  i 


- -  _1 

(n-w»,r-*®,r  n»A) 


(~i)  (aY-^)I72  exP  [r<x2-k2> 


1/2. I 2. 


z-z 


*1} 


J  U5)  J  U5’)e 
m  m 
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where  (r,0,$)  is  a  spherical  coordinate  system  around  01  and  (5,$,z)  is  a  cylindri¬ 
cal  system  around  0 The  relations  between  the  coordinates  are:  r-a-*s,  0r*£, 

A*r-1*n  (additional  details  are  given  it.  Ref.  (5)).  Thus  in  this  limit,  the  spheri¬ 
cal  wave  expansion  (l)  is  transformed  into  a  cylinder  wave  expansion: 

G(r,r,'k)  ■  £  cosm($-$*)  • 

m 

•  f  AdA*  (X^k2)1/2  J  (A£)  J  (A5’)  exp  ( A2-k2)  V2 1  z-z'  | 

I  m  m 

Jo  L 

An  elaboration  of  other  aspects  of  this  limiting  procedure  yields  further  useful 
insights.  However,  here  we  content  ourselves  by  pointing  at  these  interesting  rela¬ 
tionships  and  we  shall  choose  to  develop  our  formalism  directly  for  the  configura¬ 
tion  in  Fig.  1 .  As  we  go  along,  we. shall  note  numerous  analogies  with  the  T  matrix 
approach  to  the  layered  scatterer  problem  of  Fig.  2. 

An  important  step  in  the  T  matrix  approach  is  the  expansion  of  the  surface  fields 
in  a  suitable  system  of  functions  which  is  complete  on  the  surface.  For  a  closed 
scattering  surface  the  standard-  choice  is  the  spherical  waves.  We  note  that  in 
proving  the  completeness  one  makes  use  of  the  uniqueness  properties  of  the  inner 
and  outer  boundary  value  problems  for  Helmholtz'  equation  (1),  (8).  Our  work  on 
buried  scatterers  has  led  us  to  take  a  renewed  interest  in  the  uniqueness  proper¬ 
ties  of  solutions  to  Helmholtz'  equation  in  the  presence  of  infinite  boundaries. 

The  results  of  D.S.  Jones  (9)  for  Dirichlet's  and  Neumann's  boundary  conditions  on 
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an  infinite  surface  which  is  a  cone  (with  arbitrary  cross  section)  outside  a  finite 
distance  can  be  modified  (10)  so  as  to  allow  also  finite  inhomogeneities  in  the 
region  considered.  The  opening  angle  of  the  cone  may  be  arbitrary  and  therefore 
these  results  apply  e.g.  to  a  situation  in  which  SQ  in  Fig.  1  is  flat  outside  a 

finite  circle.  Furthermore,  new  results  for  the  case  of  permeable  media,  separated 
by  an  interface  which  is  a  cone  outside  a  finite  distance  have  been  obtained  by 
G.  Kristensson  (10)  (both  media  may  contain  a  finite  number  of  inhomogeneities). 

The  results  which  we  have  referred  to  above  concern  media  without  losses.  If  losses 
are  introduced,  it  is  usually  substantially  simpler  to  obtain  e.g.  uniqueness  re¬ 
sults.  In  the  following  we  shall  on  occasion  introduce  a  small  imaginary  part  to 
the  wave  number  k  in  intermediate  stages.  Thus  we  expect  that  if  we  allow  this 
limiting  absorbtion  principle,  several,  of  the  abovementioned  results  will  in  fact 
hold  also  for  more  general  infinite  surfaces. 

Another  key  element  in  the  T  matrix  approach  is  the  extraction  of  equations  for 
various  expansion  coefficients.  This  is  done  by  means  of  a  study  of  these  expan¬ 
sions  on  the  orthogonality  surfaces  associated  with  the  particular  functions  which 
are  used  in  the  expansions  of  the  fields .  These  orthogonality  surfaces  must  not 
intersect  the  scattering  surface  (i.e.  in  the  standard  treatment  of  a  closed  scat¬ 
tering  surface  one  considers  the  inscribed  and  circumscribed  spheres).  In  the  pre¬ 
sent  problem  natural  choices  of  expansion  systems  lead  to  orthogonality  surfaces 
which  are  planes.  Consequently .we  shall  furthermore  assume  that  Sq  is  such  that  it 

lies  between  two  parallel  planes.  In  order  to  simplify  the  presentation  we  shall 
also  assume  that  the  region  V2  is  homogeneous  and  S1  such  that  the 

T  matrix  approach  can  be  applied  to  compute  the  scattering  from  ^2"  ^  will  be  seen 
that  this  assumption  can  be  relaxed.  The  inhomogeneity  enters  in  the  final  re¬ 
result  only  through  its  T  matrix  and  it  is  irrelevant  which  particular  method  one 
uses  in  the  computation  of  this  T  matrix. 


II.  DERIVATION  OF  THE  BASIC  EQUATIONS 


We  now  turn  to  the  derivation  of  a  set  of  basic  equations  which  will  be  used  to 
compute  the  scattered  field.  To  be  specific,  we  assume  that  the  source  P  of  a 

scalar  field  ijiinc  lies  in  V  .  In  V  ,  V,  and  V0  we  then  have  fields  <|>  ,  r=0,1,2 
o  o  o  >  &  r 

which,  except  at  P,  satisfy  (a  time  factor  exp(-imt)  is  suppressed  throughout) 
(72+Jc2) i|>r  -  0  in  Vr>  r  a  0,1,2.  ^ 

In  V  we  have  <|i  =il>inc+ti|SC  and  we  shall  concentrate  on  the  calculation  of  <(iSC 
o  .o  o  ro  sc  o 

in  terms  of  t|;lnc.  Furthermore,  we  would  like  to  separate  i|/q  in  a  directly  reflec- 

S  C  H  T_T*  , 

ted  component  (j/Q  ’  '  and  another  component  which  depends  on  the  presence  of  the 

inhomogeneity. 


The  starting  point  ^s^Green’s  theorem  applied  to  the 
Green's  function  G(r,r;  k).  Consider  first  V  .  If  we 

that  the  integral  over  exists,  we  have 


(r) 
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*inC(r)  +  /V  *  [*+(r')V'G(r,r'; 

o  j  s  0  L 


k  )  - 
o 


field  and  the  outgoing  wave 
assume  (cf.  the  introduction) 
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-  G<r,r,:ko> 


'K(r') 
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r  in  V 

o 

r  outside  V 
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(5) 


4* 

(in  general,  the  surface  fields  acre  denoted  r=0,1,2  according  to  Fig.1).  The 

next  3tep  is  to  introduce  suitable  expansions  for  G  and  The  main  consideration 

in  choosing  the  expansion  for  G  is  that  one  should  be  able  to  use  one  and  the  same 
expansion  in  the  whole  integral  over  SQ  in  the  right  hand  side  of  Eq.  (5).  It  is 

further  advantageous  to  be  able  to  use  the  same  system  of  functions  for  the  expan¬ 
sion  of  G  and  i|>+,  (V'\>Q)+  (although  this  is  by  no  means  necessary).  With  the  restric¬ 
tions  on  S  which  were  introduced  in  the  introduction,  plane  wave  or  cylinder  wa- 
o 

ve  expansions  are  natural  candidates.  As  was  indicated  previously,  cylinder  wave 
expansions  can  appear  as  limits  of  spherical  wave  expansions.  Although  much  of  our 
formalism  was  originally  developed  for  cylinder  waves  we  shall  here  use  plane  wave 
expansions  in  Eq.  (U)  since  this  is  technically  simpler  and  makes  the  structure  of 
the  equations  somewhat  more  easily  identified. 


Let  the  z  axis  be  perpendicular  to  the  planes  which  enclose  SQ.  Among  the  available 

representations  of  G  which  involve  plane  waves  we  choose  specifically  the  following 
expansion  which  contains  both  harmonic  and  evanescent  waves: 


G(r,r,'k  )  -  i  k  ( 8tt2)  1  /  d Q  f  do  sina  exp  [ik  •  (r-r')]  (6) 

°  °  Jo  Jc± 

where  kQ=kQ  (sina  cosS,  sina  sin(5  ,  cosa)  and  where  the  integration  is  over  C+  if 

z-z' >0  and  over  C_  if  z-z'<0.  The  contours  C+  are  given  in  Fig.  3.  The  expansion 

(6)  leads  to  a  description  of  the  fields  in  terms  of  waves  which  propagate  and  de¬ 
crease  in  specific  ways  in  half-spaces,  a  featur^  which  makes  it  a  natural  choice 
in  our  problem.  For  instance,  by  considering  an  r  with  z>z>  we  get  a  representation 
of  G(r,r';  kQ)  as  an  integral  over  C+  for  all  r'  on  SQ.  Then  the  scattered  field 

which  is  given  by  the  integral  over  Sq  m  the  right  hand  side  of  Eq.  (5),  will 

be  given  in  terms  of  upwards -travelling  plane  harmonic  waves  and  waves  which  de¬ 
crease  exponentially  with  inc^e^sing  z.  We  recall  that  (6)  is  obtained  from  the 
standard  representation  of  G(r,r';  kQ)  as  a  three-dimensional  fourier  integral  in 

k  ,  k  and  k  by  integrating  over  k  and  introducing  angular  variables  in  the 
ox  oy  oz  oz 

kQx>  kQy  plane  (it).  We  note  that  similarly  the  cylinder  wave  expansion  (3)  con¬ 
tains  both  oscillating  and  evanescent  contributions. 

_  ...  inc  • 

The  prescribed  incoming  field  ^  is  assumed  to  be  generated  at  the  point  P  with 

.  .  +  ®  inc  .  .  .  . 

position  vector  rp  m  Vq.  We  shall  consider  a  <pQ  which  is  a  superposition  of 

multipole  fields  emanating  from  P  i.e. 


^nc(r)  -  £  (k  (?— r_) )  (7) 

o  n  n  o  r 

n 

and  in  this  way  spherical  waves  are  introduced  into  the  problem.  Furthermore,  the 
scattering  from  the  closed  surface  S1  will  be  described  in  terms  of  spherical 

rather  than  plane  waves.  Consequently  both  spherical  and  plane  waves  will  appear 
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Fig.  3.  The  integration  contours  C+  and  C_. 


in  several  places  in  the  formalism  and  we  shall  need  the  transformation  formulas 
between  these  two  sets  of  waves.  For  the  scalar  case  they  are  (12) 


tIMkrj  =  (4iTin)“1  d Q-J"  Y^k)  e1*' 

(kr)  »  (2irin)  *  f f  Y  (iOe^  r  •  sina 
n  J  J  _  n 


r  sinada 


* ,  ik  •  r  .  .  >  _ 

(k)e  •  sinada,  z  <  0 


(8) 


(9) 


dik-r  m  £  4irinR  i \>  (kr)  Y  (k)  '  (10) 

e  n  n 

n 

Note  that  (6)  is  just  a  special  case  of  (9).  The  explicit  features  of  these  rela¬ 
tions  limit  the  way  in  which  they  can  be  used  and  therefore  they  determine  in  part 
the  structure  of  the  equations  we  shall  derive.  For  instance,  there  is  no  relation 
corresponding  to  (10)  which  contains  hQ(kr)  on  the  right  hand  side.  On  the  other 

hand,  the  two  sides  of  (8)  and  (10)  define  analytic  functions  in  the  cosa  plane 
(except  for  the  branch  points  and  cuts)  i.e.  they  hold  for  all  complex  k  in  their 
common  region  of  analyticity .  Just  as  was  the  case  with  (6),  we  shall  wish  to 
arrange  that  when  applying  (9),  we  consider  only  z<0  or  only  z>0,  so  that  a  single 
C_  or  C+  integration  will  suffice. 

It  may  be  maintained  that  in  particular  cases  the  choice  of  plane  and  spherical 
waves  is  not  an  optimal  one.  However,  we  wish  to  emphasize  that  particularly  in 
multiple  scattering  problems  like  the  one  considered  here ,  there  is  another  as¬ 
pect  which  is  of  considerable  importance  for  the  choice  of  expansion  systems, 
namely  the  rotation  and  translation  properties  of  these  systems.  Rotations  and 
translations  in  three-space  togehter  form  the  Euclidean  (Lie)  group  E ( 3 )  and  the 
natural  language  for  describing  rotations  and  translations  of  various  function 
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systems  is  that  of  the  group  representation  theory  for  E(3)  (in  particular  the  the¬ 
ory  of  the  induced  unitary  irreducible  representations  of  E(3)). 

In  order  for  a  system  of  functions  to  be  useful,  it  is  desirable  that  it  exhibits  a 
definite  hierarchy  of  symmetries.  This  will  then  be  manifested  by  the  fact  that  there 
is  a  corresponding  hierarchy  of  indices  which  characterize  the  functions  so  that 
to  a  specific  subset  of  these  indices  there  belongs  a  particular  subset  of  trans¬ 
formations  which  affect  only  that  particular  subset  of  indices.  This  leads  to  the 
problem  of  identifying  all  the  possible  ways  of  decomposing  E( 3 )  transformations 
into  (Lie)  subgroups  and  of  studying  the  corresponding  decompositions  of  the  repre¬ 
sentations  of  E(3).  Here  we  will  only  limit  ourselves  to  pointing  out  that  these 
questions  have  been  pursued  vigorously  during  the  latest  decade  and  they  are  now 
essentially  completely  solved.  Of  relevance  to  us  here  is  the  fact  (13),  see  also 
(l4),  that  among  these  subgroup  decompositions  of  E(3)  there  are  only  three  in- 
equivalent  "maximal"  ones  which  when  applied  to  the  representations,  lead  to 
maximal  "subgroup-type"  basis  functions.  These  three  subgroups  are  the  three- 
dimensional  rotation  group,  the  three-dimensional  translation  group  and  the  direct 
product  of  a  two-dimensional  Euclidean  subgroup  E(2)  and  a  one -dimensional  trans¬ 
lation  subgroup.  The  corresponding  function  systems  are  the  spherical  waves,  the 
plane  waves  and  the  cylindrical  waves  where  respectively  a  rotation,  a  translation 
andanE(2)  transformation  are  expressed  in  a  particularly  simple  fashion.  The 
transformations  between  these  systems  have  also  been  studied  systematically  within 
the  group-theoretical  context  for  the  scalar  case  (see  e.g.  (13)  and  numerous 
references  given  there);  considerable  work  remains  to  be  done  to  obtain  all  the 
relations  relevant  to  electromagnetic  and  elastic  wave  problems).  Transformations 
which  lie  outside  the  subgroup  in  question  will  be  described  by  more  complicated 
relations  but  if  the  subgroup  is  "maximal"  the  number  of  such  transformations  is 
"minimal".  However,  also  for  these  transformations,  and  especially  for  products 
of  them,  group  theory  provides  a  systematic  approach.  For  instance,  translations 
of  spherical  waves  will  not  be  a  particularly  simple  operation,  but  the  group- 
theoretical  approach  is  still  very  useful  since  it  provides  integral  representa¬ 
tions,  recursion  relations  as  well  as  addition  theorems  for  the  translation  mat¬ 
rices.  To  summarize,  we  see  that  the  requirement  that  the  function  systems  one 
uses  should  have  reasonably  simple  transformation  properties  under  E( 3 )  trans¬ 
formations  substantially  reduces  the  number  of  function  systems  which  are  really 
useful. 


By  means  of  Eqs.  (5),  (6),  (7)  and  (9)  we  now  obtain  specific  representations  for  the 
incoming  and  scattered  field  in  V  .  From  Eq.  (5),  applied  to  an  r  with  z>z>  we  get, 
after  a  change  of  the  order  of  integration,  the  following  representation  of  the 
scattered  field 
2it 

i|iSC  (r)  -  f  dB 

o  Jo  ° 

where 

F(ko)  -  ik^awV1  J  no-[«(-oU’)V-(;lico'r)-e"1K°'r'  •  V'<£(r*)JdS;  (12) 

s 

o 

k  eC+ 


f F(k  Je^*0  r  sina  da  ,  Z  >  Z> 
7,0  o  o 


(11) 


<»  r*  ' 


For  z>Zp  and  z<Zp  i(iq  can  be  expanded  in  terms  of  harmonic  and  evanescent  plane 
waves  by  means  of  Eq.  (9).  Thus  for  z<z_  we  can  also  express  ij>lnc  as 
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2ir  -*■  ■* 

*0<r)  -  /  *  sinc^do. 


(13) 


where  a(k  )  is  a  known  function  obtained  from  Eqs.  (7)  and  (9).  By  introducing 

Eqs.  (13)  and  (6)  in  the  "extinction  part"  of  Eq.  (5)  and  by  considering  an  r  with 
z<z<  we  get 


a  (k  )  *  -ik 
o  o 


s  L 


ft  eC 
o  - 


(14) 


Note  that  the^integrals  on  the  right  hand  side  of  Eq.  (12)  and  Eq.  (lU)  differ 
only  in  that  k  eC  in  Eq.  ( 1 U )  whereas  k  eC.  in  Eq.  (12). 

In  the  T  matrix  approach  the  procedure  is  to  eliminate  the  surface  fields  4 i*  and 

and  this  is  done  by  means  of  the  boundary  conditions  and  an  application  of 

Green's  theorem  to  the  remaining  parts  of  space  which  in  the  present  case  means 
one  application  to  and  another  to  From  Green's  theorem  applied  to  V1  we  get 


Ur) 

0 


-J  nQ  .  [*“(r,J7«G(rfr,;k1)  -  G(r,r,;k1>V'i|i“(r,)]dS^ 


/T  +  i  ir  in  V 

&1*  jjl)^(r')  V'Gtr.r'  jk^  -G(r,r' .-k^V^Cr' )  JdS£  for/ 


or  1/2 


(15) 


The  next  few  steps  can  be  patterned  on  the  treatment  of  a  layered  finite  scatterer 
(7).<»1  and  ifr*  in  Eq.  (15)  are  related  to  and  by  means  of  the  boundary  con¬ 
ditions.  As  in  the  case  of  a  bounded  two-layered  scatterer  we  retain  <1^  and 

as  unknowns  which  are  to  be  eliminated.  The  equations  needed  for  £his  elimination 
are  obtained  from  the  two  "extinction  parts"  of  Eq.  ( 1 5 ) »  namely  r  in  VQ  and  r  in 

Vg  (the  case  of  r  in  V1  will  not  be  needed  but  it  can  of  course  be  used  to  obtain 

various  expressions  for  ^(r)  in  V^). 

The  scattering  from  S1  will  be  treated  in  the  standard  fashion  by  means  of  its 
T  matrix  referring  to  spherical  waves.  This  description  takes  it  simplest^form 
when  the  origin  0  is  chosen  inside  S1  (cf.  Fig.  l).  The  expansions  of  ^(r)  is 
taken  to  be 

4»2(r)  -  £a^2)ReiJ>n(k2r)  (16) 

n 


We  note  that  the  existence  of  an  expansion  of  this  type  does  not  rely  on  the  Ray¬ 
leigh  hypothesis.  Since  the  spherical  waves  are  not  orthogonal  on  S. ,  the  coeffi- 

(2)  ' 

cients  an  depend  on  the  order  of  truncation  used  in  Eq.  (l6).  Furthermore,  if 
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we  assume  a  corresponding  expansion  of  n'V^  in  the  complete  system  in'VReip^}: 


V7,2 


Vr(2)A 
LSn  n 
n 


,  VRet()  (k.r) 
1  n  i 


(17) 


( 2 )  ( 2 ) 

it  follows  that  a  =6  (2)  (for  non-resonant  values).  We  also  emphasize 

n  n  ^ 

that  if  S1  is  characterized  by  a  Dirichlet  or  Neumann  boundary  condition,  we  have 

a  much  greater  freedom  in  the  choice  of  expansions  for  nV^  and  ^  respectively 

(15)  (for  instance, 'the  expansion  systems  need  not  be  solutions  of  Helmholtz' 
equation) . 

Consider  now  the  corresponding  question  of  finding  suitable  expansions  for 

and  n*Vi|;~  on  SQ.  Again  it  is  instructive  to  compare  with  the  situation  for  a 

layered  scatterer.  For  two  closed  surfaces  the  set  formed  by  the  regular  and  out¬ 
going  waves  is  complete  (5).  By  applying  the  same  reasoning  as  is  done  in  (2)  for 
one  closed  surface,  to  two  closed  surfaces  it  follows  that  for  non-resonant  k 
values,  the  same  expansion  coefficients  appear  in  the  one  of  the  field  and  its 
normal  derivative.  The  modifications  which  occur  in  the  presence  of  one  finite  and 
one  infinite  surface  are  discussed  in  (5).  A  complete  set  can  be  chosen  as  a  com¬ 
bination  of  downgoing  plane  waves  and  outgoing  spherical  waves .  On  SQ  this  set  can 

then  be  expressed  in  terms  of  downgoing  and  upgoing  plane  waves.  In  this  way  we 
are  led  to  the  ansatz 
2ir 


^(r)  *  J  a(k^)  +  J  8  0^) 


ik,  -r 
e  1 


sina^dc^ 


(20) 


We  note  that  there  are  no  nontrivial  solutions  to  the  homogeneous  Neumann  or 
Direchlet  problem  for  V1  when  Sq  fulfills  the  geometric  condition  given  in  (9) 

(for  instance,  when  Sq  is  flat  outside  a  finite  region). 

As  indicated  above  the  technique  is  now  to  use  Eq.  (15)  fo r  an  r  inside  the  in¬ 
scribed  sphere  of  S,  (with  origin  in  0)  and  for  an  ?  above  z=z  in  order  to  obtain 

two  more  relations  involving  a(3£.|)>  8(^-|)  and  .  This  is  seen  to  be  sufficient 

since  by  furthermore  introducing  the  boundary  conditions  in  Eqs.  (12)  and  (lU)  and 
then  expanding  V.  and  n- we  obtain  altogether  four  relations  among  the  five 


.(2) 


coefficients  a(k  ),  f(k  ),  a(k,),  8(k.)  and  or 
^  o  o  i  I 

terms  of  a(k  )  by  means  of  elimination  of  a(k,),  8(k.)  and  ov 
o  iln 

of  the  derivation  of  these  relations  there  appears  the  integral 


Thus  we  can  calculate  f(k  )  in 

(2) 


In  the  course 


I(k1,r) 


"rV'Gtr.r' ;k^)-(V' elkl  r ' ) G (r 


dS' 


(21) 


By  appealing  to  the  limiting  absorbtion  principle  one  finds  that  (5) 


feikl’r  for  kl£C+ 


I 

for  k^eC^  ) 


for  r  above  S 


Kk^r) 


0 


(22) 
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I  <ic  ,  r) 


j  0  ^  ^  for  klEC+  \ 

\  ik  ‘r  A  l  for  r  below  S 

(  -e  1  for  k  eC  j 


(23) 


a  result  which  is  somewhat  analogous  to  the  orthogonality  properties  for  various 
combinations  of  the -spherical  waves  and  their  normal  derivatives,  which  one  makes 
use  of  in  the  treatment- of  the  finite  layered  scatterer.  In  general,  our  aim  is 
to  extract  coefficient  relations  from  the  equations  one^gets  from  Eqs .  (5)  and  (15). 
This  is  particularly  simple  in  the  case  of  f(kQ)  and  a(k  )  since  all  the  expansions 

which  occur  are  in  terms  of  plane  waves  and  we  can  compare  these  expansions  on  a 
plane.  However,  the  equations  obtained  from  Eq.  (15)  contain  both  spherical  and 
plane  waves.  The  appropriate  transformations  between  these  systems  must  then  be 
introduced  before  we  can  obtain  coefficient  relations  by  comparing  expansions  on 
planes  or  spheres.  The  explicit  form  of  the  transformations  between  spherical  and 
plane  waves  in  this  way  determines  which  of  all  the  possible  relations  that  can 
be  obtained  from  Eq.  (15),  that  are  useful  for  our  purposes.  By  carrying  out  the 
indicated  technical  steps  one  obtains  the  following  four  basic  equations  (and  we 
refer  to  Ref.  (5)  for  additional  details  of  the  derivation) 


2ir 

f(k  )  »  -i/dS.f  J  a(k  )  +  J  3 .1  lT  .  . 

°  Jo  1L  C  1  C  (lcl)J  2(ko'kl) 


(24) 


k  eC 
o  + 


2ir 

(kQ)  -  i  /dB^  f  a(kL)  +  /  S(kL)  jQ^,^)  sina^da^ 


k  eC 

o  - 


2ir 

4irin  1  f  d 3  f  a(k  )  Y  (k  )  sina  da  »  £  Q  ,  (Out,  Re)a^ 

•  l  n  J.  i  x  .  nn  n 

o  c  " 


(2) 


(25) 


(26) 


S  (Kx) 


(27) 


If  the  boundary  conditions  on  SQ  and  S1  are  taken  to  be  respectively  *C  ^  , 
no*^o*no’^1  an<i  '^^2*  the  form  of  the  Q:s  are 


Q(ko, 


kx)  S  ko(8ir 2)~1  J  £rlk°'rV  (elkl‘r')-Col(7,e 


'o“^ko  r')e^k^ 


■*  }  * 


n  dS' 
o  o 


(28) 


Q  (Out, Re)  =  k  J  I  *  (k1r')7'Re<//  ,  (k  r')-C.-  7 >  (k.r')  Re*  ( k,r')l • 
nn  x  L  n  i  n  z  iz  n  i  n  z  j 


'"l®! 


(29) 
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(and  analogously  for  Q^lRe.Re)).  The  relations  Eqs.  (2U)-(29)  constitute  the 
starting  point  in  the  present  approach  to  the  buried  scatterer  problem. 


Before  we  describe  how  the  scattered  field  is  competed  within  this  franwork  we 
will  show  how  a  closely  analogous  set  of  relations  is  obtained  in  the  electromag¬ 
netic  case  (6).  Thus  we  consider  the  same  geometry  and  we  consider  the  equations 
for  the  electric  field  E  and  in  analogy  with  the  scalar  case  this  is  denoted  , 

^  P  f  ... 

E, ,  E-,  E  ,  E„  etc.  in  the  different  regions  and  on  the' different  surfaces.  Instead 
1  d  O  1 

of  Eqs.  (4),  (5)  and  (15)  we  now  have 


7x|vxEi  (r)j  -  k2 


E. (r)  «  0,  i  -  0,1,2 

I 


(30) 


■+  -f  •/  4>inc  -►  C  ~  -v  -4*  • 

E  (r) '  -  E1  c(r)  +7 x  /  n  xE  (r>)G(r,r’;k  )dS  + 

n  l  ft  *  O  O  Q  o 


O^l  o 
0 
j 


o  o 


+  k"2  7x^7  xj  n  x  7'xE+U,)G(r,r’ ;k  )  dS 
O  |  g  O  o  o  o 

o 


.  \  ( * in  v, 


outside  V 


(31) 


E^rJj  -  -7x  f  nQxE~  (r*  )G(r,r’  ,-k^ 
0  ) 


-k”2  7x^  7x  /  nox^7'xE~(r')j  G(r,r' 7kL  dS'(  +7x  /  i^xE*  (r'  )G  (r  ,r'  ,-k^  dS| 


+k~27x  |  7x  J  nix^7,xE^(r,)jG(r,r'  .-k^JdS^ 


for 


1 

r  in  V 

r  in  V  or  V_ 
O  2. 


(32) 


In  the  electromagnetic  case  it  is  convenient  to  introduce  Green's  dyadic  "fG  (2) 
(7  denotes  the  unit  dyadic).  The  expansion  of  JG  in  terms  of  vector  sp?’.erical 
waves  is  wellknown.  One  has 


J  G(r,r' ;k)  *  ik 


n,nt,  5 
t-1,2 


)Re*B<kr<)  +  Jirr 


(33) 


where  <|i  etc.  are  the  vector  spherical  waves  (more  details  on  the  conventions 

n  nmat  ^ 

for  these  functions  are  given  in  the  appendix).  J^rr  is  the  irrotational  part  of 
JG  and  it  contains  the  longitudinal  vector  waves  (t=3) 


For  the  present  problem  one  also  needs  the  analogy  of  Eq.  (33)  in  terms  of  plane 
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waves.  Since  J  can  be  written  as  Ea^a.  where  {£.}  is  any  righthanded  orthogonal 

j  J  J  J 

triplet  of  unit  vectors,  several  choices  acre  possible  here.  The  choice  of  a.:s 

•  .  -  \ 

should  preferrably  meet  the  following  requirements :i)  it  should  lead  to  a  separa¬ 
tion  of  the  longitudinal  part  of  JG.  ii)  it  should  be  possible  to  combine  it  in  a 
simple  way  with  the  transformations  between  spherical  and  plane  vector  waves. 
These  transformations  (12)  are  (cf.  Eqs.  (8)  and  (9)): 

2tt  . 

di  (kr)  »  i(2ir)_1*  f  d8  •  f  B  (k)  e^  r  sinada,  z>  0.  (34) 

n  J6  JC.  n 


2n  ir 


Rei|>  (kr)  =  i(4ir)  1  f  dB  f  B  (k)eik  r  sinada 
n  **  J  n 


(35) 


where 


B  (k)  =  (-i)n+2-T  A  (it),  t  -  1,2. 
n  n 


(the  A  (k):s  are  defined  in  the  appendix).  Thus  one  finds  (6)  that  a  suitable  choice 
is  to  take  iL  to  be  the  spherical  unit  vector  of  k=k/k  and  we  use  the  notation 
a^a,  a2=S,  a3=k.  Green's  dyadic  can  then  be  written 


JG(r,r';k)  =  ^  ik(8ir2)  1  J  d6  •  f  a.  •  a. -eik  ^r~r' '  si 
j=l  o  C  j  3 


sinada 


(36) 


Using  Eq.  (31)  we  now  get,  corresponding  to  Eqs.  ( 1 1 ) — ( 1 U ) 

ESC(r)  *  |  dB  J  f(k  ) eik°  r  sina  da  ,  z  >  z 
°  o  °  C  °  o  o 

where 


t(kQ)  -  f.(kj  a_. 

j"l*  2 


and 


(37) 


f .  (it  )  =  ik  (8ir2)  1  J  |(n  xE  +)  ■  (-ik  xa,)+  n  x(V'xE  +)  -a.  le~ilc°’r  dS ' 
DO  o  >'  |oo  ojo  o']/  c 


k  eC 
o  +• 


EinC  (r)  *  f  dB  f  a(k  )eiJc°  r  sina  da  ,  z  <  z 
o  J  o  o  oo  < 

o  c 


(38) 


where 


y  .  - 

a(k  )  •  4-t  ,  a  *(k  )  a 
o  J-1,2  j  o  j 
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a .  (k  )  s  -i  it 
30  o 


(8it2)  1  J  |  (n  xE  +) • (-i  it  xa . )  +  f"n  x(V'xE  +l-a 

S  1  0  o  °  1  1°  o  J  j  ) 


iko  r'dS' 
o 


k  EC 
o  - 


The  tangential  surface  field  expansions  are  now  taken  to  be 
ftQxE1“(r')  *  J  J  £(5^)  +  J  f  (k^J  elkl‘r'  sina1da1 

n.xE  (r‘)  -  Aa  n  xReJ  (k.r*) 

1  x  ““  n  1  n  2 


(the  completeness  of  the  function  systems  on  the  right  hand  sides  of  Eqs.  (UO)  and 
(Ul)  are  discussed  in  Hef.  (6)). 

The  continuity  conditions  for  the  tangential  components  on  SQ  and  5.  are 


n  xE  (r*)  -  n  xE  (r’) 
00  o  1 


n1xE1  (r1)  *  n1xE2  (r,) 


n  x(7'x£  (r’))«  C  ,  n  x(7'xE  ~(r’ ))  n,x(7'xE.  (r ' ))  *  C,  _n_ x(7 'xE,~ '1  • ) )  (42) 

O  O  01  Ol  11  12  1  * 

u0r  u1r 

where  Cq1= - ,  C  =  11 1  .  By  introducing  Eqs.  (U2)  and  (UO)  into  Eqs.  (33)  and  (39) 

w1r  w2r 

we  get 

fj(V  *  ij^‘1  2  fQ  d8l  |  fc  °j'(ki)  +  Sj*  (kl}|  2jj  •  (ko'kl)  sino1da1» 


aj(ko) 


where 


k  EC 
o  + 


)  sino,da, ,  k  eC  (44) 
1  o  — 


j  ’  <ko'^l)  5  -k0(3^2)_1  -[j(Aox5.,)(-i  Ic^)  +  Col  [nox(i  5cL*i 3 . )]  •  ijj 


ei(krk0)T'dS. 


c  A  w  o  (45) 

t  .  4  ,  m 

Analogously,  we  next  consider  Eq.  (32)  for  r  m  Vq  and  V ^  respectively  and  intro¬ 
duce  Eqsj  (UO)-(ts).  *t,Te  then  need  the  technical  result,  analogous  to  Eqs.  (22)  and 
(23)  that  T  (ic  ,r)  =  7x  j  n  a  G(r,r';k,)exp(ik  r)dS'  + 

j  1  -,s0  0  i  r  1  o 

+  k^2  7xj7xjCn0  (ik^xaj)G(r ,r '  ;k^) exp(i^*r ;)dS^| 
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simplifies  according  to  (6) 


yvHV  1  l-V6! 

0  ' 

vv?> 


for  r  above  S 


for  r  below  3 


At  this  stage  the  transformations  between  spherical  and  plane  waves  are  needed. 
Taking  these  into  ccount  we  obtain  the  following  two  relations  from  Eq.  (32) 

r  -dS^  r  atk^B^fk^  sina^da^  =  -(4r)  Q^,  (Out,  Re)an,  (4! 

•J  ■’C  n ' 


8(k  )  -  (2ir) 


-lZ 


VV  8„.  “>V  '  kltC+ 


where 


^  +  a  n+2—  T  <* 

B  (k)  :  1  A  (k) 

n  n 


Q  (Out, Re) 
nn 


=  kL  f  n1-  |  (7’xJn, (k^r1)  xRe^n,(k2r’) 


+  c12  (kj?' )  x  7'xRe^n,  (k2r')>  |  dS^ 


and  similarly  for  Q  ,  (Re,  Re).  Consequently  one  obtains  in  the  electromagnetic 

case,  a  set  of  basic  equations  (1+3) ,  (1+1+) ,  (1+9)  and  (50)  which  are  close  analogue 
of  the  corresponding  scalar  equations  (2l+)-(27). 

It  is  clear  from  the  treatment  given  above  for  the  case  of  a  source  situated  in 

V  ,  that  the  same  approach  can  be  used  when  the  source  is  situated  e.g.  in  V.. 
o  ■  1 

One  gets  the  same  number  of  equations  and  one  can  use  the  same  surface  fields  as 

unknowns  to  be  eliminated.  The  only  difference  is  that  the  source  terms  i.e.  the 

coefficients  {a^}  describing  the  incomi  .g  field  appear  in  a  different  way  in  the 

equations.  When  the  source  lies  in  one  needs  an  expansion  of  the  incoming  field 

inside  the  inscribed  sphere  of  S1  and  also  above  z=z>.  In  the  first  case  one  uses 

an  expansion  in  terms  of  regular  spherical  waves  and  in  the  second  case  an  expan¬ 
sion  in  terms  of  upgoing  plane  waves. 

If  we  return  to  the  scalar  field  case  and  specifically  assume  that  a  multipole 
source  is  situated  at  a  point  in  with  position  vector  b  from  0,  we  have 


\>[nC  <r)  -  Zan 
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which  then  inside  the  inscribed  sphere  of  S  is  written 


<J^nC(r)  -  T  a ’ Re4i  (r) 
1  n 


(53) 


n  n 


whereas  above  z*z>  we  can  write 


2it 


ij»^nC(r)  ■  /  d61  /  adc^e1*!  r  sinc^dc^ 


(54) 


Here  a'  and  a1 (k, )  are  known  quantities,  determined  by  a  ,  by  means  of  the  trans- 
n  1  n 

lation  properties  of  ^  and  the  transformation  (9)  of  spherical  waves  into  plane 

waves.  By  applying  Green's  theorem  in  the  same  way  as  before  and  by  using  the  same 
surface  field  expansion  one  obtains  now  the  following  basic  equations  (5) 


2tt  ^  -  - 

f(k  )  *  -i  f  dB.  [j*a(kL)  +  f  3(^1  ]  Q(kQ,k  )  sinc^dc^,  kQeC+ 

o  L  C_  C+ 

2ir 

0*  /  dei  [/  +  /  B(kL)  ]  Q(ko,kL)  sina  da  ,  kQeC 

o  ‘  C  ~  °  o  - 

2  IT 


4iri  J  dB1  f  a*ki*1fn(,ci*sinotidai 
o  JC 


■  -a'  +  l  ^  Q  ,  Out, Re  a  , 
,  nn  n 

n  n 


(2) 


(55) 


C56) 


(57) 


6  (k  )  *  a1  (k. )  +  T.  (2ir)'Li"n'L  Y  (k  )  Q  ,  (Re,Re)a  ,(2) 
x  x  ,  n  l  nn  n 

nn' 


(58) 


The  complicated  part  of  the  solution  of  the  buried  scatterer  problem,  namely  the 
multiple  scatterings  between  SQ  and  S^,  is  essentially  independent  of  whether  the 

source  lies  above  or  below  SQ.  The  difference  is  confined  to  a  factor  multiplying 

an  infinite  series  of  terms  corresponding  to  successive  scatterings  between  SQ 

and  Sj.  This  will  be  clear  from  the  calculation  of  the  scattered  field,  a  subject 
to  which  we  now  address  ourselves. 

III.  CALCULATION  OF  THE  SCATTERED  FIELD 

We  now  have  four  relations  among  five  quantities  so  that  any  of  the  coefficients 
f\is _),  <»(£,),  8(lc  )  and  a(2)  can  be  expressed  in  terms  of  a(£  )  (we  consider  the 

O  1  I  Q  O 

scalar  case  first).  We  shall  concentrate  on  expressing  f(Tc  )  in  terms  of  aOk  ). 

sc  cLiir  sc  ^ 

When  doing  this  we  would  like  to  separate  that  part,  i|>q  *  ,  of  <|»o  which  cor- 
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.  .  sc 

responds  to  a  direct  reflection  at  i.e.  we  want  to  decompose  ^  as 

ifiSC=i(iSC,^1'r+iJ>SC’ail0in  where  ^sc»anom  different  from  zero  only  in  the  presence 
o  o  o  o 

of  an  inhomogeneity. 

The  scattering  from  S.  is  naturally  described  in  terms  of  its  T  matrix  which  is 

(1)  1 


T  n . (1)  -  -  £  Q  (Re, Re) [Q-1 (Out, Re)] 
nn  „  nn  n  n 

n 


(59) 


.(2) 


This  quantity  appears  when  we  eliminate  a  between  Eqs.  (26)  and  (27).  We  then 
get 

2rr 


S(k  )  -  2Z  T^.d)  /  d6[  /  a(kx)  Yn(kp  sina'  da' 

n  1  O  C* 


(60) 


kieC+ 


This  relation  has  the  expected  structure.  It  expresses  how  downgoing  plane  waves 
(o(Icj))  are  scattered  into  plane  upgoing  plane  waves  (8(2^)).  Since  the  scatter¬ 
ing  is  described  by  a  T  matrix  referring  to^spherical  waves,  the  plane  waves  are 

first  transformed  into  spherical  waves  (Y  (£’))»  scattered  (T  , ( 1 ) )  and  then 

n  i  nn 

transformed  back  to  plane  waves  (Y  (k. ) ) . 

n  i 

The  three  remaining  relations  i.e.  Eqs.  (24),  (25)  and  (60)  relate  plane  wave 
coefficients  and  these  functional  relations  should  in  principle  be  solved  for  all 
relevant  2-values.  In  practice  some  form  of  discretization  has  to  be  introduced 
and  this  can  conceivably  be  done  in  several  ways.  We  introduce  a  partial  descre- 
tization  by  defining  the  set  (C^}  according  to 

217 

C  =  f  dfl, 

n  l  1 


/ 


ot  (k1) 


w 


sina^da^ 


(61) 


The  Cq:s  may  be  called  the  spherical  wave  projections  of  aO^  )  (note  that  appears 
on  the  righthand  side  of  Eq.  (60)).  We  note  that  a^eC_,  S^e  0,2ir  does  not  constitu¬ 
te  an  orthogonality  region  for  Yn(k1)  and  therefore  there  is  no  simple  direct 
way  of  inverting  Eq.  (6l).  However,  if  we  insert  Eq.  (6l)  into  Eq.  (25)  we  get 


a(k  ) 


Zir 


I 


dB, 


n  -n 


£* 


Yn(kl)Tnn'(1)Cn' 
n  l  nn  n 


nn 


Q(k  ,K, )  sina.  da.,  k  eC 
o  l  l  1  o  - 


(62) 


Eq.  (62)  may  be  said  to  be  in  a  hybrid  form  since  it  contains  the  unknown  a(k1) 
both  in  plane  wave  form  and  in  terms  of  spherical  wave  projections. 

In  analogy  with  the  matrices  for  finite  scatterers,  Qlk^k^  can  be  interpre¬ 

ted  to  correspond  to  a  passage  of  a  plane  wave  through  S  from  below.  Its  formal 
•  1  >  . 

inverse  Q  (k  ,k.)  then  corresponds  to  a  passage  through  S  from  above.  We  empha- 
0  1  o 
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size,  however,  that  Q(k  is  in  general  not  a  function  and  relations  involving 

Q(k  ,k.)  must  be  understood  in  a  distribution  sense.  For  instance  if  S  is  a  plane 
Q(k  .k^  is  proportional  to  6  ^  (n  x  (k1 — kQ ) ) .  It  is  still  suggestive  to  consider 
some  strictly  formal  manipulations  involving  also  the  inverse  of  Q(k  ,k^).  If  we 
allow  that  operation,  Eq.  (62)  can  be  written  as  follows 

adc.)  *  -i  J  dSQ  J  Q  (a(kQ) 

1  o  C_ 

-2i  E  in’“n  T  ,(D  C  f  dB’  /  Q(kL,it')  Yn(k1)  sina-  dajj  sinaedao 

nn'  “  o  C+ 

ic^eC_  (63) 

which  is  still  in  hybrid  form.  However,  if  Eq.  (63)  is  multiplied  by  Y  (i^)  and 
integrated,  a(k.j)  will  appear  only  in  terms  of  its  spherical  wave  projections.  3y 
means  of  these  operations  we  get  the  matrix  equation  (Ref.  (5)) 


C  =  d  - 
n  n 


where 


y.  A  i  d  , 
,  nn'  n' 
n' 


(64) 


2  it  _2ir  .  _ 

d  =  -i  [  dB,  /  Y  (k,)  I  f  dB  f  Q~l (k  ,k  )  a(k  )  sina  da  j  sina, da  (65) 

n  o  1  C  n  1  Lo  °  yc  °  1  1  J  1 


2ir 


nn 


£  I"'"  Va'111  J  “l  jf  *  A1  • 


2ir 


J  dB^  f  Rfk^,^')  Yn„ (kp sina^  da^  sina^^  daj. 


(66) 


2  IT 

ROt^kp  =  -  f  dB Q  /  Q  (k^k^  Q <lco,ic^)  sinao  daQ 
o 


k^  eC+ 


(67) 


■“1  •  •  t  \  • 

In  view  of  the  interpretation  of  Q  and  Q  it  is  seen  that  R(k1,k1)  has  the  meaning 
of  a  reflection  coefficient  for  the  interface  Sq  for  plane  waves  coming  from  below 

(note  that  there  is  a  misprint  in  the  corresponding  Eq.  (52)  of  Ref.  (5)  as  well 
as  in  the  lowest  of  the  figures  5  there:  the  factors  Q  and  Q”1  there  should  be 
commuted).  We  cam  also  form 
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2ir 


R(kQ ' ]  2  ’  /  d6l  /  2(So'’"l)  Sin“l  **1 

o  C_ 

k  e  C  .  k'eC 
o  +  o- 


(ec) 


which  is  then  the  reflection  coefficient  of  SQ  for  plane  waves  coming  from  above. 

Similarly,  the  interpretation  of  d  is  clear:  it  is  the  spherical  wave  projections 

(Y  (k.))  of  the  incoming  field  (a(£j)  after  it  has  passed  through  S  from  above 
n  i  o  o 

(Q-  (Tc  ,2  ) ) .  Furthermore  we  note  that  A  ,  is  independent  of  the  fields  and  is 
o  l  nn  ^ 

determined  solely  by  the  scattering  properties  of  S1  (T^n , ( 1 ) )  and  Sq  (R(kQ,k1)). 

Consequently,  d^  and  A  ,  are  known  quantities  and  thus  Eq.  (63)  can  be  used  to 

calculate  C  .  In  a  vector  and  matrix  notation  the  solution  is 
n 


-1-t- 

(1+A)  d 


(69) 


Solving  Eq.  (69)  actually  means  solving  the  multiple  scattering  problem.  A  contains 

a  product  of  T  ,  and  R({,,2l)  and  therefore  describes  a  reflection  from  below  at 
nn  i  I 

S  and  a  consecutive  scattering  from  S.  and  thus  higher  powers  of  A  corresponds  to 

0  1  -i 

repeated  scatterings  between  SQ  and  S1 .  By  making  an  expansion  of  (l+A)  in  terms 

powers  of  A  we  thus  obtain  the  solution  in  a  form,  which  has  a  natural  multiple 
scattering  interpretation. 

When  the  C  :s  have  been  determined  (we  refer  to  (5)  for  a  more  detailed  discussion 
n 

of  the  solution  of  Eq.  (69)),  the  result  can  be  introduced  into  Eqs.  (63)  and  (60) 
to  give  o(k.)  and  g(k1)  and  thus  also  f(kQ)  (from  Eq.  (2k)).  In  this  way  one  ob¬ 
tains  t|i^c(?)=i|/®c,^r(?)+<J>(!C’anom(r)  where 


^  2ir  r  (  iTr 

•/.  { 1/ ; 


dS ' . 


R(k  ,k' )a(k' )sina' da' 


o  o 


o  o 


(70) 


l  k  .r  .  . 

•e  o  sina  da 
o  o 


,sc,anom,+. 
*o  (r) 


tT  •••  l 


2  in' -n-i  (ijc, 

nn' 


l  2ir  f  2tt  ^  ^  ^ 

j  j  dflx  J  V*i>  W<^r^l>  +  y*  d J  R(k^,kx)  Q(kQ,kp  sina^  da^] 


sina^  da^ 


i  k  *r  ,  . 

e  o  sina  da 
o  o 


(71) 


! 
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Thus,  although  most  of  the  above  rearranging  of  the  equations  has  been  of  a  formal 
nature,  it  provides  useful  insights  into  the  physical  meaning  of  the  various  quan¬ 
tities  which  appear,  as  well  as  into  the  structure  of  the  resulting  equations  ar_d 
field  representations.  In  the  above  formal  development  we  have  not  introduced  any 
additional  assumptions  on  the  interface  SQ  or  the  inhomogeneity  Below  we  shall 

do  this  and  consider  the  case  of  a  plane  surface  S  .  Naturally,  a  much  more  explicit 

solution  can  be  obtained  in  this  case.  However,  we  shall  first  give  the  results 
corresponding  to  Eqs.  ( 59 ) — ( 7 1 )  for  the  electromagnetic  case. 


There  are  in  fact  close  analogies  in  the  electromagnetic  case  to  all  the  steps 
leading  to  the  final  expressions  (71)  and  (72)  for  the  scattered  field  (Ref.  (6)). 
As  is  well  known,  there  is  a  corresponding  T  matrix  T££, ( 1 )  for  S1  and  if  aQ,  is 

eliminated  between  Eqs.  (U<?)  and  (50),  we  get 


6  (fy  *  2  X  T^.(l)  r2ir  d@1  r  «(ie1)^(fc1)siiia1da1 

nn'  Jo  Jq 

Thus  it  is  now  useful  to  introduce  the  spherical  vector  wave  projections 
2* 

EM  EM  r  r  * 

C  =C  =  /  dB.  /  a(k  )  •  B  (k,)  sina,  da. 

n  n  Jo  1  Jc  1  n  1  11 


(72) 


(73) 


and  as  a  result  Eq.  (44)  can  be  written  (cf.  Eq.  (62)) 

V*.'  '  1  2  d6i  \fc  +  2  2,  /v°V  Cm  c“ 


•  2jj>(^0,^l)  sinal  dV  \>eC-  (74) 

where  B  .(k)=S  (k)*a.  (and  similarly  we  shall  use  3^: (k)=§t (k) -a^ ) .  The  remarks 
nj  n  j  °  ° 

mad*  previously  on  the  structure  of  the  corresponding  relation  Eq.  (62)  and  the 

meaning  of  Qd^.J^)  (now  Q^.d^J^))  still  apply.  We  proceed  formally  as  before 

and  rearrange  Eq.  (73)  (cf.  Eq.  (63)) 


«)<*!>  '  ?  ['  d6o  /  “cA1  ‘‘jlA  * 

*1  J°  C_  1 

*2  2  ,  *£.«>  c“  /’ as;  f  B  $•)  a  .AA  3ina;  ■*!’ 

nn' j '  J  o  C,  1 


sina  da  (75) 
o  o 


We  perform  those  operations  on  Eq.  (74)  which  are  required  in  order  to  get  c 

f  »  n 

on  the  left  hand  side  i.e.  we  multiply  by  BJij(k1),  sum  over  j  and  integrate 
over  (Q,2ir)  and  C_.  In  this  way  one  obtains  again 


where 


(76) 
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■“  !  **  £  i  d8i  X  ^fo  as°  Sr  V<E°’  “ir'W 


B  .  (k, )  sina  da 
n]  1  o  o 


(77) 


nn 


.  s"2  Z  fl  d8  /  sina  da  /  d6;  f  six.*'  da^B  ,  (k')  • 


n"33 


T^n’(1)  V^l'fy  <j(k!) 


(78) 


Here  R.  .,(£..  )  is  the  reflection  coefficient  at  S  for  plane  vector  waves  coming 

J  J  o 


from  below: 
R 


)  sina  da 
o  o 


(79) 


k^eC.jk^eC^ 


Comparing  Eqs.  (76) -(79)  with  the  corresponding  relations  Eqs..  (6U)-(67),  it  is 
seen  that  on  can  proceed  as  in  the  scalar  case  and  get  Jsc=fsc’(ilr+Jsc»anom  Wbere 


o  o 


Fc'dir& 

o 


sc.anom,  . 
E  (r) 


/»  2ir  _  ^  ■+■ 

dS  /  sina  da  J  C  d3'  /  sina’da'  £  R. . , (k  ,k  )  • 
o  °  Jc+  °  °  V0  %  °  °  J'  J3  °  o 

a, ,(k')  *  a.  *  exp (i  k  *r) I 
j  o  J  o’ 

2  c1  *  27  /• 

-2i  /  d8  /  sina  da  (T  dB,  /  sina,  da,  • 

/  o  J  o  o  </  11 


VV  C‘u  c“  •  ‘Vf<A’  * 

v  r2Tr  r  -  +.  ♦  ^  .  -  -  , 

2-  /  d6i  y  sina{dai  (k-^k^  a.  exp (i  kQ-r) ] } 

j  •/  o  C 


(80) 


(81) 


In  analogy  with  Eq.  (68),  ?(.•.,  is  here  the  reflection  coefficient  at  S  for  plane 

J  J  o 

vector  waves  coming  from  above: 


V‘v*;> !  -  «Je 


«ina1dal 
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k  eC  ,  k'eC 
o  +  o  " 


Thus,  as  is  amply  illustrated  by  Eqs.  (72)— (82) a  the  solution  for  the  electromagne¬ 
tic  case  exhibits  the  same  structure  as  was  found  in  the  scalar  case. 

In  view  of  the  formal  nature  of  some  of  the  steps  in  the  above  developments ,  we 
shall  next  demonstrate  in  greater  detail  how  this  scheme  can  be  used  to  obtain 
much  more  explicit  solutions  in  particular  cases.  One  simplified  case,  which  it 
is  natural  to  treat  first,  is  that  of  an  inhomogeneity  below  a  plane  interface  S  . 
In  the  scalar  case,"  the  quantities  which  then  simplify  drastically  are  Q(it  ,1^),° 

R(S1,k')  and  1((ko,k/).  Q(k  can  then  be  calculated  explicitly  from  Eq.  (28) 

and  it  is  seen  to  be  proportional  to  S^(nQ  x  (it  -It  1 ) ) ,  a  fact  which  just  ex¬ 
presses  the  refraction  law  for  plane  waves  at  SQ.  Consequently,  Eqs.  (24)  and  (25) 

simplify  into  algebraic  relations.  One  finds  (S  is  given  by  z*z  ): 

o  o 


2  2  1/2 


f(kQ)  =■  ko(2k1)'1  (k2-X2)"1/2  e’1  2o<VX  ’  'M^~)e~iZo(krx  } 


rcoi(1Vx2)1/2  ’  <>V*2>1/2]  -  0(k*+)  e1  2o^-a2)V2  (col(ko2-;,2)1/2 

(k2-X2)1/2]f 

a(kQ)  -  ko(2k1)-1  (k2-X2)1/2  •  eiz°(ko"x2)1/?{o(k*-)  e"1  zo(JVx2) 


2,2  1/2 


•  rc^fk2-!2)17  +  (k2-X2)172]  +  8(ko*+)  eiz°(krX  [Col(ko*X  ] 

(k2-X2)1/2]}  (84) 

Here  X=kQ  sina  “kj  3ino1  (according  to  Snell's  law)  and  ' e(o,«»),  keC+.  The  square 

roots  are  always  chosen  to  have  Im( . . . )  ^^O.  Since  Im  cosa  >0  on  C .  and  <0  on  C 

o  ♦  “ 

we  write  (k  ,k  .  ±(k  -  )  c)  for  k  on  C+.  The  vectors  £  and  k  are  the 

ox  oy  o  _  o  j  +  o  o 

Snell-trans forms  of  It  eC  where  £  eC  and  k  eC  .  Thus  we  have 

o  —  o  —  o  + 


K~  “  <kosinoocos0o'kosl-naosin6o,+.(k2-X2)1/2  > 


Proceeding  as  before, one  uses  Eq.  (84)  to  express  a  in  terms  of  a  and  8,  where  8 

is  expressed  by  means  of  T  , ( 1 )  and  the  spherical  nrojections  C  of  a(cf.  Eq.  (63) 

nn  *  n 

for  the  general  case).  This  time  Snell's  law  of  refraction  at  S  is  expressed  by 

—  1  /-*■  +  ® 

Q  (kQ.k.|)  and  in  this  connection  we  regard  the  argument  of  a(£  )  as  Snell-trans¬ 
formed  from  k1  in  a(k1).  This  transformed  vector  is  then  written 
kp  =  (k1sino1cos81,k1sina13in81,-(k2-X2)1/2  cC_ 


MMMMMW 
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Similar  considerations  apply  in  analogous  situations  in  several  other  instances. 
The  resulting  formulas  for  the  flat  interface  case  can  be  written 


R(kL,kp 


-R(A)  exp  [2  i 


..2  ,2,1/2. 

VkrA  >  ] 


(sina^) 


<S  (8, 


6  {a 


kj^e^  ,  k^e  C+ 


(85) 


a,  2  2  1/2  -1  ’ 

R(k  ,k ’)  «  R(A)  exp [-2  i  z  (k  )w  ]  (sinct  )  <5(3  -8  )6  (a  +a’+7r) 

oo  oo  ooooo 


k  eC 
o  + 


k’  ec 
o  - 


(86) 


Here 

RU) 


coi(ko2-x2)1/2  -  (k 2-x2)1/2 

/.(k2-!2)1/2  +  (k2-!2)1/2 

ol  o  1 


(87) 


is  the  vellknovn  reflection  coefficient  of  the  plane  (additional  phase  factors 
appear  as  a  result  of  our  choice  of  origin).  1+R(A)  and  1  — R ( X }  are  both  trans¬ 
mission  coefficients  through  SQ.  1— R(l)  refers  to  transmission  from  VQ  to  V-|  and 

1+R(A)  to  transmission  from  V  to  Vq.  One  finds  the  following  simplified  expres- 

SC 

3ions  for  dn>  and  4^ 


d  -  k,  (k  r1  j  dfi.  /  *  (k.)  [l-R(A)  ]  * 

n  lo  J  1  J  n  l 
o  c_ 

•  exp  i  z  [(k2-X2)1/2  -  (k2-X2)1/2  a(k*-)  sina  da 

O  1  o  1  11 

Ann*  ‘  2  £  Vn “l  j[  W  V‘%>  ' 


2  2  1/2 

exp [2izQ (k^-X  )  '  ]  *  sincx^dc^ 


o 


r-.L 


,  „  .  „  2  ,2,1/2,  ,■*  ,  i  ko*r 

c  R(X)  exp [-2  izq (kQ-X  )  ]  a(kQ-)  e 


sina  da 
o  o 


(88) 


(89) 


(90) 
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•  2  y.-‘  S  i”'-n  T  ,(1)C  ,f2'  dB  f  *  (£,)  • 

o  ol  _ ,  nn’  n  ’/  o/nl 

nn  y  o  JC 


•  exp  i  z  [k2-X2)1/2-  (k2-X2)172].  (l+RUOe1  k°‘r  sina  da 
o  1  o  J  o  o 

where 

k  5  k  (sina  cosS  ,sina  sinB  ,-cosa  ) 
o  o  o  o  o  o  o 


k^  =  (sina^cosB^,sina^sin0^,-cosa^) 


-1 


2  ,-2  _,_2 


h  x  k  *  •  k*+  =  k  •k*  •  (sina  cos8„,sina  sing  ,  (k‘  k  *-sin*a  ) 172) 
OlOOl  ooooll  o 


Again,  closely  corresponding  expressions  are  obtained  in  the  electromagnet 
the  soherical  harmonics  Y  are  replaced  by  B  .:s  and  B  .  :s,  C  by  C^M  etc. 
has  *  n  nJ  nj  n  n 

/2Vr 

dB  /  a. (k  )  B+.(k*)  exp  i  z  (k  -X 

.  °  Jr  1  °  *3  °  ol 


-X2)1/2-(k2-X2)1/2]  • 

O 


•  -M  2  ,2.1/2  ~1 . , ,  •  , 

2(k  -X  )  *  D  ,  (X)  sina  da 

o  j  o  o 


A^,  -  2 

nn' 


5/o  «i  /  "v  V3(i:>  *?„•(!)  • 


R.(X)  * 


.  .,2,2, 1/2, 

•  exp [2  i  ZQ(k1~X  )  ]  •  sina^da^ 


rc&  -  isc'dir(?)  + 

o  o  o 


-  y  r* 


?  /  dB  f  a.  (ic~)  R.  (X)  exp [-2  i  z  (k2-X't) 172  +  i  ic-r]a.  sina  da 
jyooy-joj  ^  oo  j  oc 


+  4  C  ,k  k 


ol p 


i  2ir  r 

;  £  r  dB  I 

1  .....  J  °  Jr 


nn' j  o 


B  .  (k  )  T^.d)  *  c!f?  expfi  z  C  Oc^-A 2) 1/2 

n  j  o  nn  n  o  1 


(k2-X2)172) : 
o 


exp(i  k  *r)  *  a.(k2-X2)^72  D.^(X)  •  sina  da 

o  jo  j  9  o 


(91) 


ic  case; 
One 


(92) 


(93) 


(94) 
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D1(A)  ’  C  k  (l-tA-k"1)2)172  +  k  (I- ( A ‘k”1) 2 ) 1/2 
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o  1  o 

EM  .  .  ... 

Note  that  the  integration  in  is  chosen  different  from  that  in  dQ.  This  is  a 

matter  of  convenience,  depending  on  the  type  of  contrasts  one  usually  considers 
in  the  acoustic  and  electromagnetic  cases  respectively. 


IV.  FURTHER  DEVELOPMENTS 


In  the  previous  sections  we  have  presented  a  general  scheme  for  treating  the  bu¬ 
ried  scatterer  problem  and  we  have  seen  how  it  simplifies  in  the  case  of  a  flat 
interface.  We  shall  briefly  comment  on  some  further  developments  of  this  approach 
which  are  studied  presently.  The  T  matrix  approach  emphasizes  the  essential  simi¬ 
larities  that  exist  between  the  linear  theories  of  stationary  scattering  of  acous¬ 
tic,  electromagnetic  and  elastic  waves.  The  present  approach  can  thus  be  expected 
to  provide  a  possible  way  of  attacking  the  corresponding  elastic  wave  scattering 
problem.  Inevitably  this  case  will  involve  more  complicated  reflection  and  trans¬ 
mission  coefficients,  as  well  as  T  matrices,  describing  the  mode  conversion  phe¬ 
nomena.  A  case  of  great  practical  importance  is  when  Vo  is  a  vacuum,  since  this 

case  is  a  model  for  propagation  and  scattering  of  elastic  waves  in  the  ground. 

A  case  of  particular  interest  is  when  the  incoming  field  is  a  surface  wave  (i.e. 
a  Rayleigh  wave).  The  basic  formalism  for  this  case  has  been  developed  and  some 
numerical  results  for  scattering  of  a  Rayleigh  wave  from  a  buried  spherical  inhomo¬ 
geneity  have  been  obtained  (l6).  A  related  problem  which  can  be  treated  in  an  ana¬ 
logous  way  is  that  of  scattering  from  a  buried  inhomogeneity  of  a  surface  wave  at., 
an  fluid-elastic  interface  (a  Stoneley  wave).  As  can  be  seen  from  the  derivation 
of  our  formalism,  the  buried  3catterer  can  equally  well  be  a  more  complicated  ob¬ 
ject  than  the  homogeneous  one  considered  so  far  (cf.  Ref.  (17)).  Then  its  T  mat¬ 
rix  is  not  given  by  the  simple  expression  Eq.  (59)  but  must  be  calculated  sepa¬ 
rately  for  the  inhomogeneity  under  consideration  (e.g.  by  T  matrix  methods  for 
piecewise  homogeneous  objects,  or  by  Fredholm  integral  equation  methods  for  ob¬ 
jects  with  arbitrarily  varying  material  parameters). 

We  also  remark  that  the  recently  developed  T  matrix  formulation  of  scattering  of 
acoustic  waves  from  an  elastic  obstacle  in  a  fluid  (18)  can  be  inserted  directly 
into  the  scalar  wave  formalism  given  here,  thereby  extending  the  range  of  appli¬ 
cations  considerably. 

Furthermore,  it  is  of  interest  to  extend  this  approach  to  the  case  of  several  in¬ 
terfaces.  If  both  the  source  and  the  inhomogeneity  are  situated  between  the  layers, 
one  may  introduce  boundary  conditions  which  confine  the  wave  propagation  to  the 
region  between  the  layers  i.e.  one  then  has  a  two-dimensional  waveguide  with  a 
two-  or  three-dimensional  obstacle  (the  details  of  the  two-dimensional  version 
of  the  formalism  corresponding  to  Fig.  1  have  also  been  worked  out).  Here  we  note 
that  the  use  of  the  T  matrix  approach  has  recently  been  used  to  treat  the  scatter¬ 
ing  from  an  obstacle  in  a  cylindrical  waveguide  (19).  Also  in  this  case  the  mul- 


f 


i 


Scattering  from  buried  inhomogeneities 

tiple  scatterings  are  described  by  ar.  equation  which  is  analogous  to  Eq.  (6U). 

In  section  III  we  have  seen  that  a  solution  can  be  obtained  for  the  flat  inter¬ 
face  case  in  a  fairly  explicit  manner,  by  means  of  matrix  operations.  However,  in 
order  to  solve  a  general  case  one  has  to  invert  a  two-dimensional  integral  trans- 
from  and  this  usually  constitutes  a  formidable  analytic  and  numerical  problem. 

It  is  therefore  of  great  interest  to  find  special  approximate  methods  which  apply 
to  specific  classes  of  non-planar  surfaces.  One  generalization  of  the  planar  case 
which  immediately  suggests  itself,  is  when  the  deviation  from  a  plane  is  confined 
to  a  finite  region  (20).  It  is  then  natural  to  try  to  use  the  planar  case  as  a 
starting  point  in  seme  approximate  approach  and  we  shall  make  a  few  remarks  on 
that  possibility.  One  might  try  to  treat  the  case  of  a  finite  deviation  from  a 
plane  by  taking  the  configuration  in  Fig.  1  and  let  Vq  and  Vg  have  the  same  pro¬ 
pagation  characteristics  and  by  taking  the  source  in  and  furthermore  letting 
S1  approach  Sq  so  as  to  constitute  the  deviation  from  the  plane.  However,  for 

several  reasons  such  an  approach  is  expected  to  be  of  limited  value.  The  main 
reason  for  this  is  that  one  would  then  violate  the  geometrical  constraints  which 
are  basic  to  the  T  matrix  approach.  Suitable  modifications  of  the  geometry  could 
be  considered  but  this  would  then  jeopardize  the  simplicity  and  usefulness  of 
the  results.  Furthermore,  for  a  low-hill  one  would,  in  a  direct  application  of  the 
T  matrix  method  above,  want  to  compute  the  T  matrix  of  a  very  oblate  object  which 
would  increase  the  demand  on  the  matrix  size.  Thus  we  conclude  that  it  is  desirable 
to  develop  approximate  approaches  of  a  different  character. 

One  obvious  way  of  making  use  of  the  plane  interface  solution  is  to  write  the 
integrals  over  SQ  in  the  expression  Eq.  (28)  for  Q(kQ,k1)  as  one  integral  over  the 

plane,  cutting  through  the  hill,  plus  the  difference  between  the  integrals  over  the 
hill  and  over  the  bottom  of  the  hill.  Let  S^  denote  the  flat  part  of  the  inter¬ 
face  S  (cf.  Fig.  6)  and  let  AS  be  the  hill  so  that  S*Sp+AS.  Let  furthermore  SQ 

denote  the  whole  plane  and  AS  that  part  of  S  which  lies  underneath  AS,  so  that 

o  o 

S  *S  +AS  .  As  is  easily  seen,  the  treatment  below  applies  to  a  depression  as  well 
o  p  o 

as  to  a  hill  (or  any  arbitrary  combination  of  these).  However,  for  brevity  we 
shall  always  refer  to  the  finite  deviation  from  the  plane  as  the  "hill".  According 
to  the  division 

f  [ _ ]  ‘dS  -  /  ( - ]  *dS  +  f  ( - ]  dS 

S  S  AS-AS 

o  o 

•  •••  ^  . 

of  an  integral  over  S,  we  have  a  corresponding  division  of  Q(kQk1): 


Q(k  ,k  )  -  Q  (k  ,k_)  +  AQ(k  ,k  ) 

O  1  O  O  1  O  1 


i  2 )  - 

where  Q  is  the  Q-function  for  the  plane  surface  case  (i.e.  Q  'v  6  (n  x  (k  ,k,)) 
O  0  0  0  1 

Consider  first  the  case  when  the  two  half spaces  are  homogeneous  (no  scatterer 
S.,  S(f  )=0).  Then 
1  1  2ir 

*‘*i>  • 1  /  “i  /  <*(1^)  Q (ko*k^)  sina1da1  - 


*  ^  ^  ^ 

-  DU)  a (k  ")  +  i  f  dBL  /  a(k1)AQ(kQ,k1)  sinc^d^ 

o  ~ 


(95) 
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where  D(X)  is  determined  by  Eq.  (3U).  So  far  no  approximation  has  been  made  and 
Eq.  (95)  can  be  regarded  as  an  integral  equation  of  the  second  kind  for  a,  with 
the  driving  term  D_1(i)  a(£Q),  corresponding  to  the  solution  to  the  planar  case. 

One  area  of  practical  applications  of  the  present  buried  scatterer  formalism  is 
in  VLF  prospecting  and  for  long  wavelengths  ^irkT1 ,  i=Q ,  1  greater  than  the  main 

dimensions  of  AS)  an  iteration  approach  should  be  useful.  The  once-iterated  solu¬ 
tion  is  then  obtained  by  introducing  the  plane  surface  solution  on  the  right  hand 
side  of  Eq.  (95) • 


Since  the  solution  for  a  plane  surface  plus  inhomogeneity  is  also  known  we  con¬ 
sider  the  possibility  of  using  this  solution  as  a  starting  point  in  a  similar 
iteration  process,  which  would  then  include  both  the  influences  of  the  inhomogenei¬ 
ty  and  of  the  hill,  as  well  as  interactions  between  these  two  structures.  With 
Q*Qo+AQ,  we  get  from  Eq.  (62) 

2ir 

a(ko)  -  f  d*i  f  •<*!>  VVV  Sinald  1  + 


2*  r  + 

J  it  f  .0^) 

n  -SC 


AQ(k  .k, )  sina  da 

O  1  11  + 


+  J  dBl  /  E  2  iH  W  Tnn'(1,Cn'  VVV  + 


C+  nn 


+  /  d6l  /  E  2in'-nYn(k1)  dQ(ko,^)  sina1d«1  (96) 

o  C+  nn' 

The  first  term  on  the  right  hand  side  reduces  to  an  algebraic  expression  so  that 
this  can  be  extracted.  If  we  then  introduce  the  flat  surface  plus  inhomogeneity 
solution  in  the  second  term,  we  obtain  an  equation  which  can  be  solved  by  the 
procedure  used  in  section  III.  One  finds 


C  -  [(1+A)"1  3] 


n 

where 


A  ,  «  A  ,  +  (<5A)  , 

nn'  nn'  nn' 


3  -  d  +  6 

n  n  n 


A ,  and  4  are  the  flat  surface  plus  inhomogeneity  expressions  Eqs,  (88)  and  (89) 

nil  n 

whereas  (6a)  .  and  5  involve  integrals  over  C.  of  AQ.  Thus  (5A)  ,  expresses  the 

nn  n  -  nn 

interaction  between  the  inhomogeneity  and  the  hill  and  this  interaction  is  taken 

into  account  in  each  multiple  scattering.  Note  that  if  we  had  introduced  the  flat 

surface  plus  inhomogeneity  solution  in  both  terms  on  the  right  hand  side  of  Eq. 

(96)  which  contain  AQ,  the  multiple  scattering  equation  would  be  modified  only  in 

a  trivial  way.  We  would  then  get  Cq=  (l+A)d  ^  where  A  is  given  by  Eq.  (88)  and 

where  d  =*d  +6 1  is  a  different  modification  of  d_  in  Eq.  (88).  Naturally,  the  above 
n  n  n  n 
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approximate  schemes  can  be  applied  also  to  the  electromagnetic  case.  Various  as¬ 
pects  of  the  problems  raised  by  these  developments  are  being  studied  at  present. 

In  view  of  the  prospecting  applications  it  is  of  great  interest  to  extend  all  of 
the  results  in  section  II  to  lossy  media.  Because  of  the  multitude  of  expansions 
and  transformations  which  enter,  the  extension  to  complex  k  values  involves  con¬ 
siderable  detailed  work.  This  case  has  been  treated  and  the  results  will  appear 
in  the  near  future  (21). 

V.  SOME  NUMERICAL  RESULTS 


In  this  section  we  give  a  few  examples  of  calculations  which  have  been  done  by 
means  of  the  formalism  presented  in  section  III  (we  refer  to  (16)  for  some  nume¬ 
rical  results  concerning  the  elastic  case) .  The  numerical  results  all  refer  to 
the  flat  interface  case.  Calculations  have  been  performed  in  the  acoustic  and 
electromagnetic  cases  for  several  types  of  non-spherical  buried  inhomogeneities  in 
three  dimensions.  In  the  acoustic  case  the  source  is  a  monopcle,  in  the  electro¬ 
magnetic  case  it  is  a  vertical  electric  dipole,  situated  on  SQ  in  both  cases.  The 
scattered  field  is  also  computed  on  Sq. 

We  recall  that  the  matrix  A^ ,  depends  only  on  the  geometry  and  scattering  charac¬ 
teristics  of  the  media.  Since  it  is  independent  of  the  fields  one  and  the  same 
matrix  can  be  used  in  calculations  where  e.g.  only  the  source  position  or  source 
characteristics  are  varied.  If  one  wants  to  study  the  influence  of  a  given  inhomo¬ 
geneity  as  a  function  of  its  depth,  it  is  advantageous  to  translate  the  T  matrix 
of  the  inhomogeneity  and  let  the  origin  be  fixed,  rather  than  to  keep  the  origin 
inside  the  translated  Sj.  A  change  of  origin  means  a  change  of  z  .  Thus  if  the 

origin  is  changed,  the  integrals  in  the  expressions  Eqs .  (88)  and  (99)  for  dQ 

and  A  ,  have  to  be  recomputed  for  each  depth.  If  the  origin  is  kept  fixed  and  the 
nn 

T  matrix  translated,  d^  will  be  the  same  for  all  depths  and  the  same  applies  to 

the  integral  in  the  expression  for  A  , .  Of  course,  the  full  expression  for  A^, 

depends  on  the  depth,  since  it  is  obtained  by  summation  over  the  elements  of  a 
translated  T  matrix,  which  varies  with  the  depta.  These  remarks  illustrate  the 
importance  of  working  with  function  *y  *  which  have  reasonably  simple  trans¬ 
lation  properties  as  was  emphasized  in  *  introduction. 

The  results  will  be  given  in  terms  of  -**c  ‘C3C  ui  »*c,EnOB.  Ratios  like 
l^sc.anem/^sc.dirj  jjsc.an:*  J*-*-*-  M  well  as  the  corresponding  phases  are 

of  course  also  of  great  interest  and  the>  can  be  obtained  in  a  straightforward 
way  within  the  present  framevork.  The  V0“'v’,  and  -V,  contrasts  have  been  chosen 

rather  moderate.  For  more  drastic  contrasts  further  simplifications  can  conceivab¬ 
ly  be  introduced  into  our  general  formulas .  Further  vcrk  is  presently  being  done 
in  this  direction.  However,  in  the  computations  presented  here,  we  use  the  full 
expression  for  d  ,  A  ,,  C  etc.  The  numerical  procedure  can  be  divided  into  the 
following  steps. 

1)  For  the  chosen  source,  compute  the  d^ -vector . 

2)  Compute  the  T^,  matrix  of  the  inhomogeneity. 

3)  Compute  the  integrals  in  A  .  and  generate  the  matrix  {A  ,}. 

nn  nn 

4)  Solve  for  C  by  iteration  of  Eq.  (64)  or  Eq.  (75). 

n 

5)  Evaluate  ij)3C  ,aaom(r)  for  a  suitable  set  of  measuring  points  r. 
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Fig.  6.  The  amplitude  of  the  anomalous  scattered  field 

fsc.anom  on  c^e  surface  s0  (k^20»2)  for  a  single 
buried  perfectly  conducting  spheroid.  The  semi 
axis  in  the  direction  of  rotational  symmetry  is 
k^a*0.2  and  the  other  semi  axis  is  kjb»0.6.  The 
orientation  of  symmetry  axis  is  9*ir/6,  X“0>  che 
vertical  dipole  is  located  at  k0pt-3  on  the  x-axis, 
ki/k0-2.5,  C01“1  and  the  scale  factor  is  10  -.  Upper 
part:  the  x-component.  Lower  part:  the  2-component 
(Cf.  Ref.  (6).) 
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APPENDIX:  THE  SCALAR  AND  VECTOR  SPHERICAL  WAVES 

The  conventions  for  the  scalar  spherical  waves  are  as  follows. 

n  »  (  cos  m4>  j 

(})  (kri  H  4  (kr)  *  h‘A,(kr)  Pm(cos0)  J  ) 

n  nine  run  n  n  I  ,  ( 

r  sin  mb  ; 

!cr  -  e  (even)j 

|  n  *  1,2  ....  ,  m  *  0,1  ...  n. 
a  *  o  (odd)  ) 


is  the  outgoing  spherical  wave.  The  corresponding  regular  wave  Reb  is  obtained 
by  replacing  n  ^(kr)  by  jn(kr).  P^(cos0)  is  an  associated  Legendre  polynomial 
as  defined  in  Ref.  (21)  and 


nm 


(-1) 


“[-ft 


(2n+l) (n-m) 
(n+m) 


*)j/2 

rj '  £m 


5 

m,o 


The  outgoing  spherical  vector  waves  are  defined  by 


i It  (kr)  3  y  (kr)  *  y  [n(n+l)]  1,/2(k  ^Vx)  T  [kr  h  ^  (kr)Pm(cos0)  i  *?!) 
n  nmoT  run  n  n  |sin  mb) 


where  t=1,2.  For  t*3  one  has 


nma3  nm 


-1  (1)  m,  icos  mb)  , 

[b  1  (kr)  Pn(cos0)  <j3in  J 


RebQ(kr)  is  defined  analogously.  If  the  angular  part  is  expressed  in  terns  of  vec¬ 
tor^  spherical  harmonics  1  (r)=X  (?)  one  has 

n  nm<jT 

t  (kr)  =  A  Cr)  h(1) (kr) 
nmo^  runa^  n 


La2(k?>  '  ».»,2  l'Hkr)  ^  JTteT 


(kr  h^  (kr))  +  [n(n+l)]^2 
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A  (kr) 
nma3 


r  1 


where 


u(l)  ..  . 
h  (kr) 
n 


f  _  ,  ,  . , ,  ,-1/2  r,  .-*■  _m.  (  cos  mb)  . 

A  =  [n(n+l)  ]  vx(rT  p  (cos0) 

nmcrl  nm  n  (  sin  mb ) 


A  _  =  r  x  A  ,>A  , 
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ABSTRACT 


Vekua's  theorems  concerning  the  completeness  of  the  ingoing  metaharraonic  spherical 
functions  on  a  closed  smooth  surface  S  and  the  convergence  properties  of  the  expan¬ 
sions  using  these  functions  in  and  on  S  are  generalized  to  exterior  regions  and  to 
annular  regions  between  non-intersecting  concentric  closed  smooth  surfaces  for  in¬ 
going  and/or  outgoing  metaharraonic  spherical  functions.  The  relevance  of  the 
Rayleigh  hypothesis  to  Vekua's  theorems  for  an  exterior  region  is  discussed. 

T-raatrix  formulations  of  electromagnetic  scattering  for  single  homogeneous  or  lay¬ 
ered  dielectrics  and  perfect  conductors  are  studied  on  the  basis  of  the  generaliza¬ 
tion  of  Vekua's  theorems.  Also,  it  is  observed  that  there  are  two  fundamental 
forms  of  the  T-matrix  which  are  numerically  equivalent  but  may  lead  to  two  differ¬ 
ent  multiple  scattering  interpretations. 

The  following  numerical  examples  are  considered:  Perfectly  conducting  prolate 
spheroid  and  a  dumbbell  shaped  body  of  revolution  consisting  of  generatrix  formed 
oy  three  equi-radius  circles  with  centers  located  on  the  vertices  of  a  right 
isosceles  triangle  and  two-layered  dielectric  bodies  consisting  of  spherical  and 
oblate  spheroidal  surfaces. 


INTRODUCTION 


Electromagnetic  scattering  from  non-spherical  perfectly  conducting  and  homogeneous 
dielectric  bodies  using  the  spherical  vector  wave  functions  have  been  formulated  in 
the  form  of  T-matrices  by  Waterman  ( 1965, 1969i 1971)  and  by  other  researchers.  It 
can  be  shown  that  all  these  methods  can  be  interpreted  in  terras  of  the  method  of 
moments  introduced  by  Harrington  (1968),  In  the  method  of  moments  applied  to  the 
present  problem,  the  unknown  surface  fields  can  be  expanded  in  terras  of  a  large 
class  of  basis  functions  which  may  lead  to  different  numerical  properties  of  the 
solution.  The  use  of  spherical  vector  wave  functions  as  the  basis  functions  has 
certain  advantages  because  of  their  unique  analytical  properties.  Some  of  these 
are  exploited  by  Waterman  (l9o5»197l)  arid  by  Hizal  and  Marinpip  (1970).  Moreover, 
spherical  wave  functions  are  generally  complete  not  only  on  spherical  surfaces, 
but  also  on  non-spherical  surfaces.  The  completeness  of  the  spherical  wave  func¬ 
tions  is  discussed  by  Vekua  (1953),  Calderon  (1954)  and  by  Waterman  ( 1969a). 

Vekua  (1953)  discussed  the  convergence  properties  of  the  expansions  using  the  spher¬ 
ical  wave  functions  for  an  interior  region  by  formulating  a  number  of  theorems.  It 
would  be  of  both  theoretical  and  practical  interest  to  know  the  convergence  proper- 
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ties  of  the  expansions  used  in  various  T-matrix  formulations  in  which  ingoing  and/ 
or  outgoing  spherical  wave  functions  are  used.  For  this  purpose  Vekua 's  theorems 
are  interpreted  and  generalized  to  the  exterior  region  of  a  closed  smooth  surface 
and  to  annular  regions  between  non-intersecting  concentric  closed  smooth  surfaces. 

To  facilitate  the  assessment  of  various  T-matrix  formulations  on  the  basis  of  the 
interpretation  and  the  generalization  of  Velcua's  theorems  and  to  establish  the  rel¬ 
ationships  of  various  possible  T-matrices,  a  compact  T-matrix  notation  is  used. 

Then  it  is  shown  that  the  existing  forms  of  the  T-matrices  and  some  possible  new 
ones  can  be  cast  into  two  fundamental  forms  whose  convergence  properties  are  known. 
Also,  the  two  forms  of  the  T-matrix,  which  are  numerically  equivalent,  may  be  given 
two  different  multiple  scattering  interpretations. 

Certain  numerical  examples  are  given.  For  perfectly  conducting  bodies,  prolate 
spheroid  and  a  dumbbell  shaped  body  of  revolution  consisting  of  generatrix  formed  by 
three  equi-radius  circles  with  centers  located  on  the  vertices  of  a  right  isosceles 
triangle  are  considered.  For  dielectrics,  two-layered  bodies  consisting  of  spherical 
and  oblate  spheroidal  surfaces  are  considered.  The  above  examples  illustrate  cer¬ 
tain  numerical  aspects  of  the  T-matrix  formulations  used  in  the  computations. 


EXTENSIONS  AND  INTERPRETATIONS  OF  VEKUA' S  THEOREMS 


Velcua's  Theorems  for  an  Interior  Region 

Vekua  gave  the  following  theorems  which  concern  the  spherical  wave  solutions  of  the 

2 

metaharmonic  equation  &U+k  u-0  ;  k-constant,  in  a  closed  region  D^S)  bounded  by  a 
closed  surface  S  which  is  smooth  in  Lyapunov's  sense  (Vladimir,  1971).  Moreover, 
the  origin  is  assumed  to  be  in  D^(S).  The  functions 

■  4(kr)  **.«>**>  <’> 

are  called  regular  (ingoing)  metaharmonic  spherical  functions.  Here,  n-0, 1, 2, . . . , oo 
m— n, . . .,0, . . . ,n,  Jn(kr)  is  the  spherical  Bessel  function  of  order  n  and 

*  [  (2n+l)(n-m) I  /  (n+m)  1  /  (4^)  P  m(cos  ©)  eim^  (2) 

run  •  n 

where  Pnm(cos  ©)  is  the  associated  Legendre  polynomial. 

Let  S(D. )  be  the  spectrum  of  eigenvalues  of  the  homogeneous  Dirichlet  problem  for 
1  2 

the  equation  AU+kU»0  in  D^-D^(S). 

Theorem  1  The  system  of  metaharmonic  spherical  functions  (l)  is  complete  with  re¬ 
spect  to  surface  S  if  and  only  if  k^  S(D. ).  If  ke  S(D.)  then  the  finite  number  of 
functions  bu/./  bn  i-1,2,...,  where  1  i-1,2,...  are  the  corresponding 

eigenfunctions  and3  ng  is  normal  to  S,  must  be  added  to  the  system  (l)  to  preserve 
the  completeness. 

Vekua  outlines  the  steps  of  the  proof  of  this  theorem.  Also  Waterman  (1969a)  has 
shown  the  completeness  of  (l)  when  k  ^  3(3^.  Let  the  system  (l)  be  orthonormal- 

ized  with  respect  to  the  surface  S  to  yield  the  set  (  V  ^  (kr)}  ;  n-1 ,2, . . .  ,oo  . 

Theorem  5  If  k^^  S(B.)  then  a  metaharmonic  function  U(kr)  in  3^  taking  the  contin¬ 
uous  value  U(kr  )  on  S  can  be  expanded  in  the  form  1 

s 

U(kr)  -  V  cn(l)  Vn^(kr)  r  <=  Dj+S 


(3) 
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and  the  series  converges  absolutely  and  uniformly  in  D^.  The  Fourier  coefficient 
c  (1)  is  expressed  by 

c  (1)  -  S  U(kr  )  V  (l)(kr  )  ds 
n  2  s  n  s 

An  outline  of  the  proof  of  this  theorem  is  given  by  Vekua.  The  expansion  correspon¬ 
ding  to  (3)  without  orthogonalization  can  be  obtained  by  using 

V  (l)(k?)  -  J  bv(n)  Ov(l)(k£)  (4) 

v^l 

where  the  double  index  nm  in  (l)  is  grouped  in  v  ■1,2,...  The  constants  b  '  '  are 
known  and  arise  due  to  the  orthogonalization.  When  (4)  is  substituted  in  (3)» 

U(kr)  -  lim  n-qo  Y_  anO*11)  ^^(kr)  (5) 

n-1 

a  O.N)  -  z  ev(D  bn(v)  (6) 

v-n 

are  obtained.  The  series  (5)  also  converges  uniformly  in  D^.  The  important  point 
to  notice  here  is  that  the  coefficients  in  (5)  depend  on  N  while  in  (3),  c  (l)’s 
are  independent  of  the  number  of  terms  taken  in  the  series  expansion. 

Lemma  1  Let  G  be  a  harmonic  function  in  the  exterior  of  S,  which  converges  to 
zero  on  S  and  °to  unity  at  infinity.  Let  S  be  the  outer  surface  of  G  -p,  0^  p<  K 
It  is  clear  that  S  ,  is  completely  inside  p  S  „  if  p'<  p"  where  S  -  S.  Let  U(kr) 
be  a  metaharmonic  p  function  in  D.,  continuous-  in  D^+S.  Then  for  every  £>0  there 
exists  an  0  such  that  to  any  outer  surface  S  ior  p < ^  (e  ) ,  a  metaharmonic 

function  Up(kr)  in  Sp  can  be  related,  which  satisfies  the  inequality 

IU(kr)  ~  &p(kr)l  <  £  for  r=  D^S  ,  pc  ^  (O  (7) 

Vekua  does  not  give  the  proof  of  this  lemma.  A  proof  of  the  lemma  is  given  by 
Hizal  and  Aydm  (1979). 

Remark  In  the  lemma,  U(kr)  is  a  metaharmonic  function  in  which  has  the  continuous 
value  U(krg)  on  S.  The  lemma  is  not  concerned  with  the  uniqueness  of  the  solution 
of  the  interior  Dirichlet  problem  in  which  U(kr)  is  to  be  determined  from  a 
given  boundary  value  U(kr  ).  Thus,  the  lemma  is  valid  whether  keS(D.)  or  not. 

Theorem  4  Every  function  U(kr)  which  is  metaharmonic  in  D^  and  continuous  in  D^+S, 
can  be  uniformly  approximated  in  a  closed  region  D.+S  by  She  regular  metaharmonic 
spherical  polynomials. 


7ekua  proves  this  theorem  using  lemma  1  and  theorem  3  s  In  the  inequality  (7),  p 
can  be  so  chosen  that  k^S(D  ),  where  D  is  the  region  bounded  by  S  such  that 
0<P4  >)(£).  Then  by  theorem  p  3  the  pmetaharmonic  function  U  (kr)  P  can  be  rep¬ 
resented  by  a  uniformly  converging  expansion  in  D  D  D^+S  in  p  terms  of  the  reg¬ 
ular  metaharmonic  spherical  functions.  By  use  of  p  the1 inequality  (7)>  the  theorem 
is  proved. 


Theorem  5  Any  function  f(rg)  continuous  on  S  can  be  uniformly  approximated  by 
the  regular  metaharmonic  spherical  polynomials  if  and  only  if  k^=S(D.). 

Vekua  does  not  give  a  proof  of  this  theorem.  The  following  proof  is  based  on  theorms 
4  and  1.  If  k^cS(0.)  then  one^can  relate  to  S  a  metaharmonic  function  U(kr)  in  D. 
taking  the  continuous  value  D(kr  )-f(r  )  on  S.  This  follows  from  the  uniqueness  1 
of  the  solution  of  the  interior  3  Dirichlet  problem.  Then  by  theorem  4,  U(kr)  ; 
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reD.+S  can  be  uniformly  approximated  by  the  regular  metaharmonic  spherical  poly¬ 
nomials.  Thus,  f(r  )  is  also  approximated  uniformly  by  the  same  polynomials.  This 
is  the  sufficiency  condition.  To  show  the  necessity  condition  one  must  use  theorem 
1:  If  f(r  ),  which  is  an  arbitrary  continuous  function  on  S,  can  be  uniformly  ap¬ 

proximated,  then  the  mean-square  approximation  also  holds.  This  implies  that  the 
regular  metaharmonic  spherical  functions  used  in  the  approximating  polynomial  are 
complete  on  S.  Thus,  by  theorem  1  k^S(D^). 

Remark  This  theorem  does  not  contradict  with  theorem  4  in  which  if  k  =  S(D^),  one 
can  still  uniformly  approximate  a  U(kr)  ;  r=D^+S,  which  is  metaharmonic  in  D^. 

The  approximation  is  such  that  U(kr)  is  represented  uniformly  by  a  U  (kr)  which 

is  metaharmonic  in  D  +S^3D.+S. 

P  P  i 


Extension  of  Vekua's  Theorems  to  an  Annular  Region 


’rekua's  theorems  are  extended  to  an  annular  region  E.  bounded  by  two  closed  Lyapunov 
surfaces  S1  and  S?,  where  encloses  S1 .  The  proof  of  the  following  theorems  are 
given  by  Hizal  and  Aydm  (1979). 


Theorem 

TTsT 


1 '  The  system  of  metaharmonic  functions 


(U  (l)(kr), 
1  nm 


U  ^(kr)  \  ,  where 
nm  '  '  J 


(kr)  is  obtained  from  (l)  by  the  replacement  of  j  (kr)  by  the  spherical  Hankel 

function  of  the  first  kind  hn^  '(kr),  is  complete  on  S^S,  if  and  only  if  k7=S(E.) 
where  S(E, )  is  the  spectrum  of  eigenvalues  of  the  homogeneous  Dirichlet  problem 
for  the  metaharmonic  equation  in  the  region  E..  If  ksS(E.),  the  normal  derivatives 
of  the  corresponding  eigenfunctions  must  be  1  added  to  the1  above  set  to  preserve 
the  completeness. 


Let  the  set  in  theorem  1'  be  orthonormalized  on  S  +S?  to  yield  the  set.  (kr)}  , 

n-1,2, ...,cc . 

Theorem  3 1  If  k^£  3(E^),  then  a  metaharmonic  function  U(kr)  in  E^,  taking  the  con¬ 
tinuous  value  U(krg)  on  S^Sj,  can  be  expanded  in  E^+S^Sg  as 

oo  N 

U(k?)  -  Y,  cnVk?)  "  lim  N-oo  Z  t  an^1,N^  un^(k?)  +  an(2»N'  U^^kr)  ]  (8) 

n- 1  n- 1 

where  the  series  converges  absolutely  and  uniformly  in  E^.  The  coefficients  cn  , 
a^IjN)  and  an(2,N)  are  defined  in  a  manner  analogous  to1  those  in  (3)  and  (6). 

Lemma  1 '  Vekua's  lemma  1  is  extended  to  an  annular  region  by  considering  an  inner 
surface  S,.in  in  D.(S  )  which  is  defined  by  a  harmonic  function  G  in*f  »  1 

which  converges  to  zero  on  S1  and  to  unity  on  a  closed  surface  S1  in  and 

an  outer  surface  S  out  in  D  (S„)  which  is  defined  by  a  harmonic  function  G  ou^-p  ; 

P  0  c  0 

0£p<  1,  which  converges  to  zero  on  S£  and  to  unity  at  infinity,  where 

3  in-S.  and  S  0ut-S,. 
o  1  o  2 

Theorem  4*  Every  function  U(kr)  which  is  metaharmonic  in  E^  and  continuous  in  E^+ 
can  be  uniformly  approximated  by  polynomials  in  terms  of  both  the  ingoing'and 
the  outgoing  (those  which  contain  the  Hankels)  metaharmonic  spherical  functions. 

Theorem  5'  Any  function  f(rg)  continuous  on  can  be  uniformly  approximated  by 

polynomials  in  terms  of  both  the  ingoing  and  the  outgoing  metaharmonic  spherical 

functions  if  and  only  if  k1#  S(5. ). 
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Extension  of  Vekua's  Theorems  to  an  Exterior  Region 


Let  D  «D  (S)  be  the  region  outside  a  closed  Lyapunov  surface  S.  Then  the  following 
theorlmsnold. 

Theorem  1"  The  system  of  the  outgoing  metaharmonic  functions  (U  '  '(kr) j  is 
complete  with  respect  to  any  Lyapunov  surface  S  for  any  parameter  value  k. 


This  theorem  is  given  as  theorem  6  in  Vekua's  paper  without  proof.  Following  the 
lines  of  Vekua  as  in  theorem  1,  Millar  ( 1975)  gave  a  proof  of  this  theorem  for  two 
dimensions.  Calderon  (1954)  also  proved  the  corresponding  theorem  for  the  vector 

case.  Let  the  set  in  theorem  1"  be  orthonormalized  on  S  to  yield  the  set  '(kr)J  . 

Theorem  3"  Every  metaharmonic  function  U(kr)  in  D  >  which  satisfies  the  radiation 
condition  at  infinity  and  takes  the  continuous  boundary  value  U(kr  )  on  S  can  be  ex¬ 
panded  in  the  form  of  3 

U(k?)  -  f  c  (2)  V  (2>(k?)  -  lim  ^  V  a  (2,N)  U  (2)(kr)  (9) 

n»  1  n- 1 


which  converges  in  the  mean-square  sense  on  S  and  uniformly  in  D  .  The  coefficients 
c  (2)  and  a  (2,N)  are  defined  similarly  to  those  in  (3)  and  (6).  This  theorem  can 
be  proved  by  a  procedure  similar  to  that  given  by  Millar  (l973)« 


Lemma  1 "  Let  G  be  a  harmonic  function  in  D  -D (S),  which  converges  to. zero  on  S 
and  to  unity  onan  inner  closed  surface  S  " 

a  ' 


iA  Dt.  Let  S  be  the  inner  surface  of 


GQ-p  in  ;  04p4  1.  It  is  clear  that  S'  encloses  S  p  completely  if  p' <  p"  , 
and  Sq«S.  Let  U(kr)  be  a  metaharmonic  P  function  in  p  Dg  continuous  in  Dfi+S 
and  0  satisfy  the  radiation^condition  at  infinity.  If  the®  singularities  of  the 
analytic  continuation  of  U(kr)  in  are  located  inside  the  inner  surface  S  ,  then 
for  every£>0  there  exists  an  tj ( £ ) >  0  such  that  to  any  inner  surface  S  ;  p^^(e) 
a  metaharmonic  function  U  (kr)  outside  S  can  be  related,  which  satisfies*5 

P  P 


0(kr) 


Up(to)  i  <  8 


r  <=  D  +S 
6 


p  <’]  (8) 


(10) 


The  proof  of  this  lemma  is  similar  to  that  of  lemma  1'  for  an  annular 

region  where  the  surface  Sg  recedes  to  infinity.  But  in  this  case  U(kr)  satisfying 

the  radiation  condition  at  infinity  can  be  analytically  continued  into  S  up  to 


Theorem  4"  Every  function  U(kr),  which  is  metaharmonic  in  Dg,  satisfying  the  radi¬ 
ation  condition  at  infinity  and  continuous  in  D  +S,  can  be  represented  by  a  uniform¬ 
ly  converging  expansion  in  Da+S  using  the  outgoing  metaharmonic  spherical  functions. 


Proof  :  The  singularities  of  the  analytic  continuation  of  U(kr)  accross  S  are  lo¬ 
cated  in  D..  Thus,  an  inner  closed  surface  completely  lying  in  D.  can  be  found 
which  encloses  all  these  singularities.  Then  in  lemma  1",  for  a  p<1  U  (kr)  on  S 
can  be  chosen  to  be  equal  to  the  analytic  continuation  of  U(kr)  in  D^.  Then, 
from  the  uniqueness  of  the  exterior  Dirichlet  problem  with  respect  to1  3  it  follows 
that  U  (kr)-U(kr)  in  D  (S  )+S  .  By  theorem  3"  U  (kr)  and  hence  U(kr)  can  be  re- 
P  ®  P  P  P 

presented  by  a  uniformly  convergent  expansion  of  the  form  (9)  with  respect  to  S  in 

D  (S  )+S  ZD  D  +S.  Thus  the  theorem  follows.  P 

*  P  P  e 


Rayleigh  hypothesis  :  If  the  inner  surface  S1  lies  inside  S.  (S),_the  inscribing 
sphere  of  S,  then  S1  can  be  chosen  as  Sing(S).  Also,  nSfor  if  U  (kr) 

is  chosen  to  be  equal  to  U(kr)  which  is 'the1  analytic  continuation  of  'the  ex¬ 
terior  field  in  into  S,  then  from  the  uniqueness  of  the  exterior  Dirichlet  problem 
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with  respect  to  it  follows  that  U1(kr)«U(kr')  for  r<=  D^S^+S^.  Then  by  theorem 

3"  U.,(kr)  and  hence  N(kr)  can  be  represented  by  (9)  in  D  (S,)+S  with  respect  to 

the  surface  S..  As  S.  is  spherical  V  '  ';(kr)  coincides  with  a  normalized  form  of 
'  '  n 

TJ  '  (kr).  and  an(2,N), being  proportional  to  c  (2),  is  independent  of  N.  This  is  the 

sufficiency  condition  for  the  Rayleigh  hypothesis,  i.e.  if  all  the  singularities 
of  the  analytic  continuation  of  Tj(kr)  in  D.(S)  lie  in  S.  (S),  (9)  converges  uniformly 
in  D  (S1)+S1  with  coefficients  a  (2)  independent  of  M.  ins  The  necessary  condition 
is  evident.  If  (9)  with  an(2,N)-an(2)  converges  uniformly  in  D  (S.j)+S.j,  then  Tj(kr) 

must  be  analytic  in  Dg(S1)+S1  implying  that  the  singularities  of  its  analytic  contin¬ 
uation  must  lie  in  D^CS^. 

Extension  of  Vekua's  Theorems  to  Concentric  Annular  Regions 


In  the  proof  of  theorems  1,1'  and  1”  for  the  completeness,  the  wave  number  k  appears 

as  a  parameter  and  one  associates  k  with  a  region  where  the  chosen  metaharmonic 

spherical  functions  are  analytic.  This  point  may  be  exploited  to  generalize  Vekua's 

theorems  to  an  arbitrary  number  of  non-intersecting  concentric  closed  smooth  surfaces 

S.,...,S  , • • • , S..,  where  S  encloses  S  . .  Then  the  following  theorems  hold. 

1  q  I»1  q  q- 1 

Theorem  la  The  system  [  ^(kr)}  is  complete  on  if  and  only  if  kp£  S[D^(S^)], 

where  D. (S  )  is  the  interior  region  bounded  bv  the  surface  S  .  if  ksSfD.(S  )1  then 
ix  q  q  L  iv 

the  normal  derivatives  of  the  corresponding  eigenfunctions  must  be  added  to  the 

above  set  to  preserve  the  completeness. 

Theorem  3a  If  k^3[J)^(S^)]  then  a  metaharmonic  function  U(kr)  in  Ih(S^)  taking  the 

continuous  value  U(krg)  on  S  can  be  expanded  as  in  (3)  or  (5)  with  respect  to  the 

surface  S  using  the  ^  regular  metaharmonic  spherical  functions,  which 

converges  ^  uniformly  in  D.(S  ). 

i  Q 

Let  k  belong  to  the  closed  homogeneous  region  between  3  and^  S  .  Then  this  theorem 

shows  that  U(kr)  as  given  by  (3)  or  (5)  converges  to  ^  U(kr)  ^  uniformly  in  the 

annular  region  between  S  .  and  S  ,  including  the  surface  S  and  to  the  analytic 

q-1  q  q-1 

continuation  of  U(kr)  in  D^(S  ^).  Note  that  the  series  converges  in  the  mean- 
square  sense  on  S^.  ^ 

Rema rk  If  k  ^  3 then^^  1  \kr)}  is  not  complete  on  S^_1  and  one  may  doubt 

the  validity  of  the  uniform  convergence  of  the  series  (3)  or  (5)  on  ^  according 

to  theorem  5.  There  is  no  ambiguity  here  as  the  expansions  are  written  with  respect 
to  the  surface  S  .  They  converge  uniformly  to  the  analytic  continuation  of  U(kr)  in 
D^(S^  ^)+Sq  1*  ^  which  is  metaharmonic  everywhere  in  D^(S^)  including  the  surface  1 

See  also  the  remark  following  theorem  5. 

Theorem  4a  Every  function  U(kr),  which  is  metaharmonic  in  D^(S  )  and  continuous  in 
Di(S^)+Sq  can  be  uniformly  approximated  in  D^(S^)+S^  by  the  regular  metaharmonic 

spherical  polynomials. 

The  proof  of  this  theorem  is  based  on  theorems  3a  and  a  corresponding  lemma  for  S 
which  is  analogous  to  lemma  1.  ^ 

Theorem  5a  Any  function  f(rg);  r^S^  continuous  on  can  be  uniformly  approxi¬ 
mated  by  the  regular  metaharmonic  spherical  polynomials  if  and  only  if  k^=S[D^(S  )]. 
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Theorem  1"a  The  set  of  the  outgoing  metaharmonic  spherical  functions  f U  '  '(.kr)  \ 
is  complete  on  S^  for  any  parameter  value  k. 

Theorem  5 "a  Every  metaharmonic  function  U(kr)  in  the  annular  region  between  3  and 
S^+1  which  takes  the  continuous  boundary  value  tJ(krg)  on  3^  can  be  expanded  in'* 

form  of  (9)  with  respect  to  the  surface  S  which  converges  in  the  mean-square  sense 

rsDe(S^+1)  the  expansion  converges  to 

^)t  which  satisfies  the  radiation  con- 
expansion  converges  uniformly  on  S 


the 


on  S  and  uniformly  in  D  (S  ).  For 
q  e  q 

the  analytic  continuation  of  U(kr)  in  D  (S 


dition  at  infinity. 


Note 


that  the 


<1+ 


q+i* 


Theorem  4"a  Every  metaharmonic  function  U(kr)  in  the  annular  region  E  + ,  between 

S  and  S  „  continuous  in  E  .  +S  +S  .  can  be  represented  by  a  uniformly 

q  q+1  q,q+1  <1  q+i 

converging  expansion  in  the  closure  of  the  above  annular  region  in  terms  of  the 

outgoing  metaharmonic  spherical  functions. 


The  proof  of  this  theorem  is  similar  to  that  of  theorem  4".  The  expansion  converges 
to  the  analytic  continuation  of  U(kr)  in  Dg(S  ),  It  should  be  remarked  here  that 
the  expansion,  when  evaluated  in  Dg(S  +  1)  0  satisfies  the  radiation  condition 

at  infinity.  Consequently  the  q  expansion,  when  evaluated  in  D  (S  )  must 

diverge  inside  an  inner  closed  surface  S1  in  D.(S  ).  If  S1  lies  in  1  q 
3^ng(S  )  then  the  corresponding  Rayleigh  1  q  hypothesis  becomes  valid. 


T-MATRIX  FORMULATIONS  AND  VEKTJA'S  THEOREMS 


Matrix  formulation  of  electromagnetic  scattering  from  single  scatterers  was  presented 
previously  by  Waterman  (1965, 1971)  and  Hizal  and  Marinqiq  (197C)  for  conductors 
and  by  Waterman  (1969b)  for  homogeneous  dielectric  bodies.  The  formulations  of 
Barber  and  Yeh  (1975)  and  Warner  and  Hizal  (1976)  for  dielectric  bodies  are  identi¬ 
cal  to  that  of  Waterman  (1969b).  The  corresponding  formulations  for  multilayered 
scatterers  are  presented  by  Peterson  and  Strom  (1974),  Aydin  ( 1976)  and  Bringi  and 
Seliga  (1977).  In  these  formulations,  Spherical  Vector  Wave  Functions  (SVWF)  of  the 
ingoing  and/or  the  outgoing  types  on  the  boundary  surfaces  or  in  the  regions  between 
them  are  used  as  the  basis  functions  for  the  expansion  of  the  unknown  fields.  The 
convergence  properties  of  these  expansions  on  the  surfaces  and  in  the  regions  be¬ 
tween  them  are  not  discussed  sufficiently,  except  in  the  cases  concerning  the  valid¬ 
ity  of  the  Rayleigh  hypothesis  (Millar,  1973  and  Bates,  1975) • 

It  would  be  of  both  theoretical  and  practical  interest  to  know  the  convergence  prop¬ 
erties  of  various  T-matrix  formulations.  For  this  purpose  the  corresponding  theo¬ 
rems  of  the  preceding  section  for  the  SVWF  are  needed.  These  theorems  can  be  ex¬ 
tended  in  an  analogous  manner  for  the  ingoing  and/or  the  outgoing  SVWF.  Extensions 
of  some  of  the  theorems  to  SVWF  with  complex  arguments  are  given  by  Aydin  and  Hizal 
(1979)  and  Aydin  ( 197B) .  In  this  section  various  T-matrix  formulations  and  some 
possible  new  ones  will  be  analyzed  using  the  corresponding  theorems  for  the  SWF. 
Moreover,  a  compact  notation  will  be  used,  which  makes  the  analysis  easier.  Also, 
it  will  be  shown  that  the  T-ma trices  can  be  expressed  in  either  of  the  two  forms 
which  have  different  multiple  scattering  interpretations. 


Definition  of  the  SVWF 

An  outgoing  SVWF  at  a  point  r  :  (r,©,0)  is  defined  below  in  the  form  given  by 
Jackson  (1962). 
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?nm/2\kr)  -  hn^(kr)  [n(n+l)."^  ( r xv)  (ll) 

^  ^2\kr)  -  ^  ^xF  ,__^2\kr)  (l2) 

nmT  <c  run  i )  t 

where  n-1 , 2, . . . , oo ,  m— n,...,n,  r»1  or  2  and  Y  (&>?)  is  the  spherical  harmonic  de¬ 
fined  by  (2).  The  spherical  Hankel  function  of  the  first  kind  in  (ll),  which 
was  also  introduced  in  theorem  1',  is  appropriate  for  an  outgoing  wave  having  a 
time  dependence  of  exp(-i<ot).  An  ingoing  (regular)  S WF  will  be  denoted  by 

?  ^(kr)  which  contains  a  spherical  Bessel  function  1  (kr)  instead  of  h  ^(kr). 

nmT  n  n 

Definition  of  the  Radiation  Matrix  (k,k'  ,p,p') 

Consider  «  sufficiently  smooth  closed  surface  S  having  an  outward  unit  normal  n  . 

Let  J  (k’r  )  and  M  (k'r  )  be,  resoectivelv  the  ^  electric  and  magnetic  surface  ^ 
q  s  q  s 

current  densities  on  S  i  r  £  S  ,  The  wave  number  k'  is  associated  with  either 

D. (S  )  or  D  (S  ).  ^  3  q  The  surface  current  densities  will  be  defined  by 

i'  q  e'  q' 


7  (k'r  )  -  n  *  H(k'r  ) 
q'  s  q  '  s 


M  (k'r  )  -  -n  X  I?(k'r  )  «  n  Xf  v  x  H(k'r  )]  /  (  i  J  o ' ) 
nv  s  n  N  9 '  a  *  v  s  J  x 


where  s’  is  the  electrical  permittivity  in  k1  and  H(k'r  )  and  S(k'r  )  are,  respec¬ 
tively  the  total  magnetic  and  electric  fields  on  S  as  one  approaches  S  from  the 
region  where  the  wave  number  is  k'.  The  STffF  q  expansion  of  the  a*  radiation 
from  the  given  surface  source  densities  will  be  considered  in  an  unbounded  homoge¬ 
neous  region  which  has  the  wave  number  k.  For  this  purpose  the  vector  potential 
formulation  and  the  SVYF  expansion  of  the  free-space  dyadic  Green's  function  will 
be  used.  If  Y  is  the  unity  dyadic,  it  can  be  shown  that 

Y  exp(ik|?-?  |)/(4^i?-?  I)  -  ikT"  F  ^5_p)(k?)  ?  (p)*(kr)  (15) 

3  s  *  ■'  *  n  n  3 

n 

where  n  stands  for  the  triple  index  nmr  and  p-1  or  p-2.  The  asterix  *  implies  com¬ 
plex  conjugation  in  the  sense  that  it  does  not  act  on  the  spherical  Bessel  and 
Hankel  functions  and  the  wave  number  k.  For  p-1  and  p-2,  (*15)  converges  uniformly  for 

rsD-TS  .  (S  )]  and  reD,  (S.  (S  )]  ,  respectively.  Here  S  .  (S  )  is  the  circum- 
eL  cir  q  i  ins'  q  cir'  q' 

scribing  sphere  of  S  and  S.  (S  )  is  the  inscribing  sphere  of  S  . 

ins  q  q 

Using  the  vector  potential  formulation  and  ( 1 1 ) ,  (l2)  and  (15)  one  obtains 


irV)  .£  ,  ”i(5-p) 


where 


Irad(3"p)  -  ik  J^[7q(k'rg)*  ^Fn^P^*(kra)-t-iW£Mq(k'rg)*Fn^p^*(kr3)  1  ds^ 


If  the  total  magnetic  field  on  is  represented  by 
H(k'r  )  -  }_,  an.(p')  Fn/P  \k'ra)  j  p'-1  or  2  , 

n  1 
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which  will  he  assumed  to  be  convergent  in  the  mean-square  sense,  and  substituted  in 
(17)  the  following  matrix  equation  results. 

anrad(3-p)  -  an,(p')  (19) 

where  summation  ovex  n'  is  implied,  and 
Qqnn,(k»k,>P,p’)  "  ~ik  J'{[^*Fn^*(krg)>Fn/P  \k'rg) 

s 

q  +  f,  Pn(p)*U?g)x[  ^xfn,(p,)(k-;3)]}.nq(;s)  dsq  (20) 

The  matrix  ^^.(k.k ' ,  P>  P ' )  will  be  referred  to  as  the  radiation  matrix  or  the 
radiation  operator  for  it  yields  the  coefficients  of  the  radiated  field  when  oper¬ 
ated  on  the  coefficients  of  the  source  field.  It  should  be  noted  that 

a  ra<Vl)  and  a  raC*(2)  are  the  coefficients  of  the  radiated  field  in  D.  r3.  (S  )1 
n  v  n  v  i‘  ms'  q  - 

and  in  D  ’S  ,  (S  )]  ,  respectively.  In  the  above  formulation  the  unbounded  medium 
6-  cir  <1 

having  the  wave  number  k  will  be  referred  to  as  the  host  medium. 


Prooerties  of  the  Radiation  Matrix  Qqnn,(k,k',p,p' ) 


From  (20)  it  readily  folows  that 

(V1*n,n(k.k’,p,p')  -  £r|,  Q^.CkSk.p'tp) 


(21) 


where  *  has  the  same  meaning  as  that  in  ( 1 5 ) .  This  property  is  analogous  to  the 
symmetry  property  of  the  free-space  Green's  function.  As  an  example  consider  a  sur¬ 
face  Sq  whose  interior  and  exterior  regions  have  the  wave  numbers  k'  and  k,  respec¬ 
tively.  In  the  equation  anrad(2)  -  ,  (k,k' ,  1 , 2)  an,(2),  the  radiation  operator 

causes  a  passage  of  an  outgoing  wave  out  through  the  surface  S  ,  while  in  the  equa- 
tion  an  (l)  ■  ,(k',k»  2,  l)  ant(0  the  radiation  operator  causes  a  passage  of 

an  ingoing  wave  in  through  the  surface  S  .  It  is  seen  that,  according  to  ( 2 1 ) ,  the 
two  radiation  operators  are,  apart  from  q  a  factor,  the  conjugate  transpose  of  each 
other. 


If  the  host  medium  k  and  the  medium  k'  where  the  fields  are  expanded  are  the  same, 
the  radiation  matrix  becomes  diagonal.  Applying  the  Green's  second  vector  identity 
to  an  annular  region  between  S  and  a  sphere  and  using  the  Wronskian  relationships 
of  the  spherical  Bessel  and  q  Hankel  functions  one  can  show  that 


3qnn.(k,k,P,P')  -  (1-fcpp.)  0 


-2V 


nn' 


(22) 


where  the  Kronecker  deltas  are  used.  This  relationship  is  given  also  by  Peterson 
and  Strom  (1974).  The  radiation  matrix  is  also  diagonal  on  a  spherical  surface  : 


^.(k.k’.p.p') 


ik^V  ?'BA.  *  <!•  C  V  ihVWSnn' 


(23) 


d  r 
dr  r 


3(kr)] 


P' 


(k'r) 


(24) 


where  2  \kr)  -  j  (kr)  and  z  2(kr)  -  h  ^(kr). 


(25) 


178 


A.  Hizal 


Radiation  Matrix  for  a  Perfectly  Conducting  Surface  :  Gqnn , (k, p, p ' ) 

Cn  a  perfectly  conducting  surface  M  (kr  )»0.  Thus,  the  radiation  matrix  becomes 

q.  s 

Gq  ,  (k,p,o ' )  -  -ik  S i  [  V*F  ^*(kr  )>F  /p'\kr  )}  .n  (r  )  ds  (26) 

nn'v  h;  -  n  '  s  n'  '  3  J  q  s  q  v 


which  has  the  following  property 

Gq*  ,  (k,p,p')  -  -Gq  , (k,p ' ,p)+( 1-6  ,)  8  ,  (-l)P+^ 

n'nv  /  nn,v  *  ^  v  pp"  nn'  '  ’ 

Cn  a  spherical  surface  (26)  reduces  to 

r9 


nn 


,(k,p,p')  -  ikr  (An8r1-3n6r2)  6 


nn' 


(27) 

(23) 


where  An  and  B^  are  given  by  (24)  and  (25)  for  k-k'. 


T-Matrix  Formulations  for  Dielectric  Bodies 


Electromagnetic  Scattering  from  single  homogeneous  or  multilayered  scatteres  can  be 
formulated  in  the  form  of  T-matrices  by  using  the  generalized  Extended  Boundary  Con¬ 
dition  (EBC)  integral  equations  of  Al-Badwaihy  and  Yen  (1975)»  which  are  originally 
used  by  7/aterman  (1965,1969).  Al-Badwaihy  and  Yen  also  proved  the  uniqueness  of  the 
coupled  integral  equations  for  the  unknown  electric  and  magnetic  surface  currents 
which  are  considered  as  independent  unknowns.  However,  it  is  proved  by  Aydm  ( 1973) 
that  using  only  the  electric  or  magnetic  field  integral  equation,  uniqueness  is  pre¬ 
served  if  the  surface  currents  are  expressed  in  terms  of  the  fields  which  satisfy 
Maxwell's  equations  in  appropriate  regions. 

In  terms  of  the  SWF  expansions,  the  EBC  integral  equations  are  reduced  to  equations 
for  the  coefficients  such  that  for  an  interior  null  field  condition  the  coeff- 

ficient  a  ra^(l),  with  p-2  vanishes  while  for  an  exterior  null  field  condition 
^  1*3  d 

the  coefficient  a  (2),  with  p-1  vanishes.  Note  that  if  the  sources  of  the 
incident  radiation  are  located  in  the  host  medium,  then  the  coefficients  of  the 
total  radiated  field  should  be  equated  to  the  negative  of  the  incident  field's  coeffi¬ 
cients.  Moreover,  in  writing  out  the  matrix  equations  for  a  surface  S  corresponding 
to  a  null  field  condition  or  to  a  radiation  from  S  a  negative  sign  G-  should  pre¬ 
cede  the  radiation  matrix  if  the  sources  3  and  M  q  defined  by  (13)  and  (14)  with  n 
directed  outward  with  respect  to  S  ,  are  qplacedq  on  the  inner  side  of  S  .  Note  q 

that  3  and  M  are  to  be  placed  onqthat  side  of  S  which  faces  the  host  q  medium  k. 
q  q  q 

After  the  above  preliminary  work,  one  can  now  discuss  various  T-matrix  formulations 
in  the  light  of  the  theorems  given  previously. 

Jingle  surface  scattering  (Waterman,  1969b)  :  Form  I  Let  a  closed  surface  S  sepa- 
-it«  the  inner  and  the  outer  regions  having  the  parameters  k,£  and  k  , £q,  re- 

•  -actively  (Fig.  l).  The  total  field  in  D.-D.(S)  can  be  expanded  in  terms 

•  -  ingoing  SWF  with  coefficient  an(l).  1The  EBC  to  be  used  is  that  J+,  M*, 

»■  »re  obtained  from  the  total  field  in  D.  yield  -a  ^nc(l)  in  D.  in  the  host 

•  ■la  »  1."  accordance  with  (17).  The  folded  sections  on  the  victors  of  3  ,  M 

.  -  »wi*  they  are  obtained  from  the  total  field  in  D.  in  accordance  with  (13) 

:  ”  .•«  ir.  the  radiation  matrix  notation  the  EBC  stated  above  is  expressed 
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by  ,(ko,k,  2,  l)  ani(1)  “  -ani'nC(1)  for  u-2.  Applying  (19)  for  p-1  one  obtains 

Qftn,(ko>k,  i,  l)  an,(l)  *  ariSC(2)  .  From  these  two  equations  the  T-matrix  defined 
by  an3C(2)  -  T  ,  an,inc(l)  is  obtained  in  Form  I  as 

V-  -  Sw'^o'^’ 1f  ^  <29> 


Fig.  1.  Scattering  from  a  homogeneous  dielectric  body 


In  compact  matrix  notation  one  may  write  (29)  as  Tx-Q^Qg”  where  is  associ¬ 
ated  with  a  passage  of  a  wave  in  through  3  while  is  associated 

with  a  passage  of  a  wave  out  through  S.  Thus,  T  is  obviously  associated  with  a 
reflection  at  the  outer  side  of  S.  According  to  theorem  5  the  expansion  of  the 
total  field  in  D.  converges  uniformly  in  if  k-^  S(D^)  while  on  S  the  convergence 
is  in  the  mean-square  sense  by  theorem  1.  See  also  the  section  on  T-matrix  formu¬ 
lations  and  theorem  4. 


Single  siirface  scattering  (proposed)  :  Form  II  The  SBC  that  J  ,  M  ,  which  are  ob¬ 
tained  from  the  sum  of  the  ingoing  incident  and  the  outgoing  scattered  fields  in 

Dg(S)i  yield  null  field  in  Dg(S)  in  the  host  medium  k  leads  to 

An’^’V1’0  an*in^^  ■Sm.Ck.V1*50  “  0 

where  the  negative  signs  precede  the  radiation  matrices  because  J~,  M-  are  placed  on 
the  inner  side  of  S.  Thus  Form  II  of  the  T-matrix  is  given  by 


nn' 


(30) 


In  this  formulation  the  outgoing  scattered  field  is  used  on  S.  This  is  allowed  by 
theorems  1",  3"  and  4",  where  the  Rayleigh  hypothesis  may  not  necessarily  be  valid. 
See  also  the  section  on  T-matrix  formulations  and  theorem  4. 


The  two  T-matrix  forms  given  in  (29)  and  (30)  are  equivalent.  If  the  above  formu¬ 
lations  were  carried  out  with  the  SVWF  's  which  are  orthogonalized  on  S,  then  using 
the  corresponding  equation  (2l)  in  (29)  and  (3C),  it  would  be  possible  to  show  that 
(29)  and  (50)  are  identical.  Nevertheless,  for  a  spherical  surface,  the  analytic 
equivalence  can  be  shown.  For  a  non-spherical  surface,  without  the  orthogonaliza- 
tion  of  the  SWF  's  on  S,  the  radiation  matrices  are  not  diagonal,  so  that  only  the 
numerical  equivalence  can  be  demonstrated.  .This  is  done  for  a  two-layered  dielectric 
scatterer,  whose  T-matrix  in  Form  I  and  Form  II  will  be  given. 

Single  surface  scattering  in  a  cavity  (proposed)  Let  a  inc(2)  be  the  coefficient 
of  an  outgoing  incident  field  in  which  scatters  (reflects)  from  the  inner  side  (Fig. 1 

of  S  co  yield  the  ingoing  scattered  field  having  the  coefficient  an3C(0«  The  SBC  that 
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J+,  ST,  which  are  obtained  from  the  sum  of  the  outgoing  incident  and  the  ingoing 
scattered  fields  in  D^,  yield  null  field  in  in  the  host  medium  kQ  leads  to 

*n"(0  <%,'<Vk'2'2>  a„'in°<2>  -  0  • 

Thus  the  reflection  matrix  (internal  T-matrix)  defined  by  an3C( 1 '  an,inC^ 
is  expressed  by 

Son.  ‘  -Utm'<ko-lc’2-,)1'1  V'CV*-2'2)  (51> 

The  use  of  the  ingoing  SVWF  expansion  for  the  scattered  field  in  D.  can  be  justified 
by  theorems  1,  3  and  4. 


-Scattering  from  two-lavered  dielectric  body  (Avdm,  1978)  :  Form  I  In  the  two- 
layered  dielectric  body  shown  in  Fig.  2,  the  total  field  in  E.,  the  region  between 
the  surfaces  S  and  S2,  is  expanded  in  terms  of  both  the  ingoing  and  the  outgoing 
SVWF  *s  with  coefficients  a  (l)  and  an(2),  respectively ._  Thus,  theorems  1',  3'  and 
4'  are  relevant  in  this  case.  The  EBC  that  ,  M1  yield  null  field  in  D0(S1) 
in  the  host  medium  leads  to  the  equation 


“3  nni(k1>k2»  1»  0  qn , ( 1 )  ~  ^  nn'^1,^2*  an i ( ^)  “  ®  • 

Also  the  EBC  that  J 2+,  S^+  yield  -aninc(l)  in  D^(S2)  in  the  host  medium  kQ  leads  to 


,2  /,  „  .  „2 

nn'^o 

The  coefficients  of  the  scattered  field  are  given  by 


r„„,(*„.<y2.o  »„,<’>  *  ^.(V1!-2'2'  v<2>  *  -»  (1)  • 


^nn'^W  ’*  h  +  1  ’ 2' 


a„,0'2>  ' 


Solving  these  matrix  equations  for  the  scatterer's  T-matrix  defined  by 
a  SC(2)-T  .(1,2)  a  ,inC(l)  one  obtains,  in  compact  matrix  notation  Form  I,  namely 

T( i , 2)  =  -C^^+Q2^  T(l)][q22l+q222  T(  1 ) ]  _1  (32) 

7*ere  the  arguments  of  the  radiation  matricies  for  S_  are  evident.  T(i)  is  the 

T-matrix  of  the  inner  surface  and  T(l)«-[Q  gi  Q  ^  which  is  in  Form  II.  T(l,2) 

can  be  expanded  as  an  infinite  series  and  a  multiple  scattering  interpretation  may 
be  given  by  following  the  lines  of  Peterson  and  Strom  (1974).  This  is  shown  in 

Fig.-  3,  where  7(2)m-q~ 1  [Q '213  for  S2  which  is  in  Form  I  and  R(2)--U'2i1  Q.  22 

which  is  the  reflection  matrix  for  a  cavity  scattering  problem  for  the  surface  S 2< 


Fig.  2.  Scattering  from  a  two-layered  dielectric  body 
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Scattering  from  two-layered  dielectric  body  (Aydm,  197%)  •  Form  II  An  alternative 
formulation  of  the  scattering  problem  cited  in  Fig.  2  would  be  to  expand  the  total 
field  in  0^(3^)  in  regular  SV7TF  's  having  the  coefficients  bn(0.  tfith  as 

the  host  medium,  the  EBC  that  1 and  which  are  respectively  obtained 

from  the  total  field  in  D.^)  and  the  sum  of  the  ingoing  incident  and  the 
outgoing  scattered  fields1  in  D  (Sj)  yield  null  field  in  D^( )  and  D^S.^  lead  to 

-Ow1’1'  v1"0'0  ♦‘Ow-2’  v’0(2)  v(i)  • 0 

-*2nn'0yko'2'-0  .n,inc(i)  ♦‘»2im.0'2-V2’2)  aniSC(2)  *q'm, (k2,kt, 2,1)  bn,(l)  .0 


respectively.  Upon  solving  these  equations  one  obtains,  in  compact  matrix  notation, 
Form  II  of  T( 1,2),  namely 


T(  1,2)  -  -U212+  T(l)  £i222r1[  Q2n+  T(1)  Q221; 


(33) 


where  the  arguments  of  the  radiation  matrices  are  evident  from  the  EBC  equations 
above  and  ^or  ^e  ^nner  surface  S1  which  is  in  Form  I.  In  this 

formulation  theorems  1,  3  and  4  for  D^(S  )+S^  and  theorems  1",  3"  and  4"  for  D  (Sg)+ 

S_  apply.  A  multiple  scattering  interpretation  of  Form  II  for  T(l,2)  may  be  devel- 

^  2  —1  2 
oped  by  expanding  (33)  as  an  infinite  series  as  in  Fig.  4,  where  T(2)--[Q 

for  the  surface  S2  which  is  in  Form  II, 

The  two  formulations  given  above  are  equivalent.  This  can  be  verified  analytically 
for  a  spherical  surface.  For  a  non-spherical  surface  numerical  equivalence  can  be 
demonstrated.  This  is  done  by  Aydin  (1973)  for  a  number  of  two-layered  oblate  and 
prolate  spheroidal  shapes. 


Extensions  of  Form  I  and  Form  II  to  multivared  scatterers  Peterson  and  Strom  ( 1 974) 
have  formulated  the  scattering  from  multilavered  scatterers  in  the  T-matrix  form  by 
obtaining  an  iterative  formula  which  is  a  generalization  of  the  T-matrix  for  a  two¬ 
layered  scatterer.  The  latter  problem  is  formulated  by  a  procedure  similar  to  that 
of  Form  I.  If  one  applies  the  present  notation  to  the  surface  sources  and  the  EBC 
used  by  Peterson  and  Strom  ( 1974)  for  a  two-layered  scaterer,  it  can  be  readily 
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Fig .  4.  Multiple  scattering  interpretation  of  Form  II 


verified  that  their  formulation  is  exactly  in  Form  I  given  by  (32),  except  that 
T(l)  is  in  Form  I  instead  of  being  in  Form  II. 


Formulations  I  and  II  can  be  generalized  to  a  multilayered  scatterer  in  a  straight¬ 
forward  manner.  Let  a  scatterer  be  composed  of  M  layers  bounded  by  surfaces  S^, 

. where  S„  and  S„  are  the  innermost  and  the  outermost  surfaces, 

M  1  H 

respectively.  In  the  regions  facing  the  inner  side  of  these  surfaces  let  the  wave 
numbers  be  and  that  in  Dg(S,j)  the  wave  number  is  kQ.  It  can  be  shown 

that  T-matrix  of  the  multilayered  scatterer  described  above  may  be  expressed  either 
in  Form  I  as 


T(  1,2 . H)  -  -[Q,VqMi2  T^'2 . M-OH  QM21+QH22  T(l,2,...,K-l)r1 

or  in  Form  II  as 


(34) 


T(1,2,...,M)  -  -UM12+T(1,2,...,M-1)  C^22r1[QM11+T(l,2,...,M-l) 


where  the  arguments  of  the  radiation  matrices  can  be  readily  deduced  from  (32)  and 

(33). 


In  the  above  formulations  the  property  of  the  radiation  matrix  in  (22)  for  k-k'  is 
used.  This  property  has  a  precise  meaning  in  terms  of  Vekua's  theorems.  Consider 
a  closed  smooth  surface  S  and  let  the  wave  number  in  Dg(S)  be  k-k'.  Also  let 

J+  and  M*  be  the  sources  on  the  outer  side  of  S  expressed  as  in  (13)  and  (14).  If 
these  sources  are  expanded  in  terms  of  the  ingoing  and  the  outgoing  SVWF  's  with 
coefficients  an(l)  and  an(2),  respectively,  then  the  radiation  operator  yields 

anr’d(l)-0  and  anratl(2)»an( 2)  in  ^e"-Sc^r(S)].  This  result  is  in  agreement  with  the¬ 
orems  1"  and  3"  for  the  exterior  region.  A  similar  application  of  the  radiation 
operator  in  D^(S)  reveals  that  1  )”an( 1 )  ant^  anra<^(2)-0  in  D^[S^njj(S).  ,  which 

is  in  agreement  with  theorems  1  and  3  for  the  interior  region.  This  property  has 
been  checked  numerically  for  an  exterior  region  using  Form  II  applied  to  a  two- 
layered  dielectric  body  having  rotational  symmetry. 


T-Matrix  Formulations  for  Conducting  and  Coated  Conducting  Bodies 

3’ATF  formulation  of  electromagnetic  scattering  from  a  conducting  body  is  described 
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by  Waterman  (I965»l97l)  and  Hizal  and  Marinqiq  (i97C).  Waterman's  (1965)  formu¬ 
lation  can  be  expressed  as 


where  the  radiation  matrix  for  a  conducting  surface  defined  by  (26)  is  used.  In 
this  formulation  the  total  magnetic  field  on  the  surface  is  expanded  in  terms  of 
the  outgoing  SVWF  's.  Then,  by  theorem  1"  the  series  converges  in  the  mean-square 
sense  whether  the  Rayleigh  hypothesis  is  valid  or  not.  Equation  (36)  is  the  corre¬ 
sponding  Form  I  for  conducting  bodies.  Waterman's  ( d 97 d )  formulation  reduces  to 


r  -G  ,(k  , 1, l)[G  , (k  ,2, 1)1 
nn'  nn'v  0  nn,v  o 


which  is  in  Form  I.  In  this  formulation  the  ingoing  SVWF  expansion  of  the  total 
field  on  S  converges  in  the  mean-square  sense  if  and  only  if  kQ^£  S  D^(S)  by  theo¬ 
rem  1.  See  also  the  section  on  T-matrix  formulations  and  theorem  4.  Waterman's 
(1971)  observation  of  comparatively  faster  convergence  of  this  formulation  may  be 
also  explained  by  the  results  of  the  section  cited  above. 


If  the  scattered  field  on  a  perfectly  conducting  surface  S  is  represented  by  the 
outgoing  STOP  's  by  theorems  1",  3"  and  4"  one  obtains 


G 

nn 


,(ko>2, l) 


o>  *  <w‘'v2-2>  v  <2) 


which  leads  to 


-[ G  ,(k  ,2,2)] 
-  nn'v  o’  /J 


[G  ,(k  ,2,1)  +6  ,] 

1  nn,v  o  '  nn,J 


It  can  be  shown  that  the  formulation  of  Kizal  and  Marinqip  ( 1970 )  can  be  reduced  to 
the  one  expressed  in  (38). 


T-matrix  description  of  scattering  from  a  conducting  body  (k^oo  )  coated  with  a  di¬ 
electric  material  is  given  by  Bringi  and  Seliga  (1977)  and  Aydin  (1976,1979). 


In  Bringi  and  Seliga 's  formulation  the  total  field  on  S^  (Fig.  2)  is  expanded  using 
the  ingoing  S7WF  while  on  the  inner  side  of  Sg  both  the  ingoing  and  the  outgoing^ 
SVWF  ’s  are  used  to  express  the  total  field.  Using  the  EBC  that  J  and[J-  ,  jL  } 
yield  zero  field  in  D^( S ^ )  and  in  Dg(Sg)  in  the  host  medium  kg 

together  with  the  property  (22)  and  that  J  * ,  Slg+  yield  -anlnc(l)  in  ^(^g),  one  ob¬ 
tains  Form  I  of  the  T-matrix  given  by  (32)  where  T(i)  is  that  of  Waterman  ( 197 1 )  in 
(37)  with  the  replacement  of  kQ  by  kg.  In  this  formulation  the  total  field  on  S1 
converges  in  the  mean-square  sense  if  and  only  if  kg  ^S[D^(S1)].  The  con¬ 
vergence  properties  of  the  SVWF  expansion  of  the  total^  field1  in  the  region  be¬ 
tween  the  surfaces  S1  and  Sg  are  in  accordance  with  theorems  1',  3'  and  4'. 


Aydin's  (1973)  Form  I  for  the  present  problem  is  given  by  (32)  where  T(l)  is  either 
that  given  by  (37)  with  the  replacement  of  kQ  by  kg  or  by 


T 

nn 


.Cl) 


( kg , 1 , 2 ) 


r,1  .(k.,1,1) 


This  new  Form  II  of  T(l)  arises  from  the  EBC  in  D  ( S^, ) .  For  a  single  conducting 
body  this  Form  II  can  be  obtained  by  considering  an  annular  region  between  the  sur¬ 
face  of  the  body  and  another  closed  surface  enclosing ‘the  body  and  applying  the 
radiation  matrix  notation  in  this  region  after  expressing  the  total  field  as  the 
sum  of  the  ingoing  incident  and  the  outgoing  scattered  fields. 


In  Aydin's  (1979)  Form  II,  applied  to  the  present  problem,  the  total  field  on  S1 
is  expanded  using  the  outgoing  SVWF  's  while  ?g  ,  Mg  are  obtained  from  the  sum  of  the 
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ingoing  incident  and  the  outgoing  scattered  fields  in  D@(S2).  The  E3C  that  and 
< J2~,  fi2~] yield  zero  field  in  D.(S  )  and  Do(S2)  in  the  host  medium  k,  leads  to  Form  II 
as  in  (33)>  where  T(l)  is  that  in  e  (36)  with  the  replacement  of  kQ  by  k2# 
The  convergence  properties  of  this  formulation  are  in  accordance  with  theorems 
1"a,  3"a  and  4"a  for  and  theorems  1",  3"  and  4"  for  S,,. 

In  Aydm's  Form  II,  if  one  expands  the  total  field  on  S1  using  the  ingoing  SVW?  's 
instead  of  the  outgoing  one'  and  follows  the  same  lines  as  in  the  rest  of  the  formu¬ 
lation  one  obtains  (33)»  where  T(l)  is  now  given  by  (37)  with  the  replacement  of  kQ 
by  k^.  Here  the  convergence  property  on  31  is  governed  by  theorems  la,  3a  and  4a 
with  respect  to  the  surface  S2* 


T-Matrix  Formulations  and  Theorem  4 


The  role  of  theorem  4  in  T-matrix  formulations  are  kept  out  of  the  attention  so  far, 
to  avoid  any  ambiguous  interpretation.  However,  this  theorem  plays  a  significant 
role  in  T-matrix  formulations.  The  following  conclusions  are  derived  by  Hizal  and 
Aydin  (1979). 

From  theorem  3>  lemma  1  and  theorem  4  for  an  interior  region,  it  follows  that  if 
k ^  S(D.),  the  computed  SVWF  expansion  of  the  interior  field  in  terms  of  the  ingoing 
SVWF  's  can  converge  uniformly  in  D^+S.  On  zhe  other  hand  if  keS(D.),  the  computed 
expansion  can  only  be  a  uniform  approximation.  This  conclusion  can  oe  extended  to 
an  annular  region  also. 

In  a  T-matrix  formulation  in  which  the  outgoing  SVWF  expansion  of  the  scattered 
field  is  incorporated,  the  computed  expansion  can  converge  uniformly  in  D0+S  if  the 
scattered  field  has  no  singularities  on  S. 


NUMERICAL  EXAMPLES 


Perfectly  Conducting  Rotationally  Symmetrical  Bodies 

A  computer  program  based  on  the  method  of  Hizal  and  Marinqiq  ( 1 970 ) ,  which  is  equi¬ 
valent  to  the  formulation  in  (38)  is  used  to  solve  the  two  examples  of  the  scat¬ 
tering  problem  shown  in  Fig.  5  and  Fig.  6.  The  above  formulation  and  the  computer 
urogram  used  were  checked  previously  with  other  numerical  and  experimental  resul ts 
(Hizal  and  Yasa,  1973). 

The  back-scattering  cross-section  of  a  prolate  spheroid  at  oblique  incidence  is 
investigated  as  a  function  of  its  elongation  (Fig.  5).  The  accuracy  by  which  the 
numerical  integrations  are  performed  is  observed  by  the  use  of  the  properties  in 
(27).  It  is  observed  that  as  the  body  is  elongated,  more  Gauss -Legendre  points  G 
are  needed  to  maintain  a  fixed  accuracy  by  which  these  properties  are  satisfied.  In 
Fig.  5>  20  to  32  points  are  used.  The  number  of  elevation  modes  N,  which  is  the 
maximum  order  of  the  spherical  Hankel  functions  in  the  SVWF  expansion  of  the  scat¬ 
tered  field,  is  increased  up  to  10.  The  results  became  stable  at  about  N-8.  In¬ 
creasing  N  beyond  10  caused  numerical  difficulties.  It  is  observed  that  the  con¬ 
vergence  depends  not  only  on  the  optic  size  ka,  but  also  on  the  elongation,  the 
steepness  of  the  curve  and  the  polarization  of  the  incident  field. 

The  second  example  for  the  perfectly  conducting  bodies  is  shown  in  Fig.  6.  The 
generatrix  of  the  body  consists  of  three  equi-radius  circles  tangent  to  each  other 
such  that  at  the  point  of  contact  the  derivative  of  the  surface  equation  in  spheri¬ 
cal  co-ordinates  becomes  infinite.  Thus  this  shape  is  difficult  to  handle  numeri¬ 
cally  with  resnect  to  an  origin  at  its  center.  Waterman  (1971)  faced  a  similar 
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Pig.  5*  The  back-scattering  cross-section  of  a  conducting  prolate  spheroid 


difficulty  for  spherically  capped  cylinders  and  cones.  Here  a  simple  method  is 
used  to  avoid  the  singularity  of  the  surface  equation  at  the  points  of  contact.  The 
method  basically  is  to  divide  the  range  of  integration  into  three  parts,  namely  AS, 
3C  and  CD.  Then  the  expressions  of  the  integrals  with  respect  to  0  are  transformed 
to  the  expressions  containing  surface  equations  with  respect  to  the  points  0  ,  0^ 
and  0,  using  the  Jacobian  relationships  of  the  transformations  of  the  coordinates. 

It  is?  observed  that  this  method  gives  accurate  results  for  the  integrations,  which 
are  checked  by  the  matrix  properties  (27).  In  Fig.  6  the  choice  of  G«32  for  the 
sections  AB  and  CD  and  G«64  for  the  section  BC  are  found  to  be  sufficient.  The 
variation  of  the  back-scattering  cross-section  with  the  angle  of  incidence  is  seen 
to  be  sensitive  to  the  optic  size  of  the  body.  The  convergence  is  checked  by  chang¬ 
ing  the  number  of  elevation  modes  K.  It  is  observed  that  the  sensitivity  of  the 
results  with  respect  to  N  is  greater  in  the  steep  portion  of  the  curves  in  compari¬ 
son  to  the  extremum  points.  Too  much  increase  in  N  for  a  fixed  optic  size  kr  re¬ 
sults  in  deteriorations  instead  of  better  results  because  of  the  numerical  m 
difficulties  encountered.  Thus,  there  is  an  optimum  range  of  values  for  N  which 
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Fig.  6  The  back-scattering  cross-section  of  a  dumbbell  shaped  conducting  body- 


enables  one  to  obtain  satisfactory  results  for  a  given  optic  size,  shape,  polariza¬ 
tion  and  angle  of  incidence. 


Two-Layered  Rotationally  Symmetrical  Dielectric  Bodies 

Two  computer  programs,  which  are  developed  by  Aydin  (1973)  and  based  on  Formulations 
I  and  II  are  used  to  solve  the  problems  given  below.  The  dependability  of  these 
programs  were  determined  by  comparisons  of  the  results  with  those  in  the  literature 
and  with  the  exact  Mie  solutions  for  concentric  spheres. 


The  first  example  consists  of  a  teflon  sphere  having  a  dielectric  constant 
£  *2.1+iO.OOC3l5  and  radius  r»5.5  mm  which  is  symmetrically  coated  by  a  melamine 

layer  of  oblate  spheroidal  shape  with  dielectric  constant  £^“4.93+10.50779  and 
major  to  minor  axis  ratio  a/b.  A  plane  wave  whose  magnetic  '  field  has  unity  am¬ 
plitude  is  incident  along  the  major  axis  which  corresponds  to  an  angle  of  incidence 
of  90°  as  measured  from  the  axis  of  rotation.  The  optic  size  of  the  body  is  k  a-i 
where  k  is  that  of  free-space.  At  the  frequency  of  3  GHz  the  normalized  back-scat¬ 
tering  cross-sections  d^  and  the  normalized  extinction  cross-sections  d_,v, 

for  vertical  (v)  and  horizontal  (H)  polarizations  are  computed.  For  V  (a)  po¬ 


larization,  the  incident  electric  field  is  in  (perpendicular  to)  the  plane  formed 
by  the  axis  of  rotation  and  the  direction  of  incidence.  The  results  rre  displayed  in 
Table  1.  The  number  of  (la  us  s- points  for  the  integration  over  the  inner  surface  is 
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chosen  as  OIC  while  for  the  outer  surface  G-32.  The  number  of  the  azimuthal  modes 
in  the  computations,  max.(m)  is  5.  The  number  of  the  elevation  modes  is  indicated 
by  N  in  the  Table.  The  cross-sections  presented  are  normalized  with  the  area  of  a 
circle  whose  diameter  is  equal  to  the  equi-volume  spherical  diameter  of  the  object. 
For  a/b-1  the  results  obtained  from  the  exact  Mie  solutions  are  : 

.45940709  and  dg^-0^-1 . 3^790 8C 

TABLE  1  Results  for  the  Cross-Sections  of  an  Oblate  Spheroid 
With  a  Spherical  Core 


N 

V 

dBH 

dEV 

dEH 

“4^ 

0.4594068 

0.4594064 

1.3879079 

1.3379079 

1 

5 

0.45940704 

0.45940716 

nKa 

1.3879080! 

6 

0.2001 

0.5214 

1.0387 

1.5 

7 

0.20000 

0.521254 

1.0385836! 

8 

0.20001 

0.521256 

1.0333837! 

AM 

h 

0.339 

0.830 

ail 

Bl 

Wm&wm 

m'Witm  ■ 

Q 

0.09 

0.41 

0.24 

0.95 

^  •  j 

Bfl 

0.04 

0.14 

0.06 

0.37 

2  s* 

ED| 

0.035 

0.084 

0.052 

0.111 

El 

0.C88 

0.051 

0.116 

*  £  and  8^  are  interchanged 


It  is  seen  that  the  convergence  occurs  for  a/b  up  to  2.5,  at  which  the  convergence 
fails.  However,  it  is  observed  that  when  the  dielectric  constants  of  the  two  layers 
are  interchanged,  i.e.  when  a  melamine  sphere  is  coated  with  a  teflon  oblate  spher¬ 
oid,  the  convergence  is  achieved.  This  can  be  due  to  the  decrease  of  the  optic 

size  ^2*’  The  results  of  Table  1  are  obtained  by  Form  II  and  some  of  them  are 

also  checked  with  those  obtained  by  Form  I,  which  yield  almost  exactly  the  same 
results. 

The  second  example  consists  of  a  melamine  oblate  spheroid  symmetrically  coated  with 
a  teflon  sphere.  At  3  GHz  the  optic  radius  of  the  sphere  is  k  r-1,  while  the  major 
axis  of  the  oblate  spheroid  is  a-8  mm.  The  number  of  Gauss-points  over  the  inner 
and  outer  surfaces  are  G*»32  and  G-10,  respectively  and  the  number  of  azimuthal  modes 
used  is  5.  The  number  of  elevation  modes  N  are  indicated  in  Table  2.  'The  angle  of 
incidence  is  90°.  The  normalized  back-scattering  and  extinction  cross-sections, 
with  N  as  a  parameter,  are  computed  by  Form  II  to  observe  the  convergence.  It  is 

seen  that  satisfactory  convergence  is  achieved  with  a/b  up  to  3.  ?or  a/b-1  the 

results  obtained  from  the  exact  Mie  solutions  are  C'_v*d_w-0 .26796331  and 

aEV-°EH-°-32163494- 

It  may  be  also  of  interest  to  calculate  the  total  field  within  the  inner  surface. 

In  such  applications  Form  II  is  suitable.  The  non-zero  field  components  at  the 
spherical  coordinates  r»3  nm,  &-9C°  and  0-C°  ( 3  mm  from  the  center  along  the  di¬ 
rection  of  incidence)  are  computed  and  displayed  in  Table  3.  It  is  seen  that,  as 
expected  by  theorem  3»  the  convergence  occurs  even  for  a  considerably  deformed  inner 
surface.  For  a/b»1  the  exact  Mie  solutions  are  K_i-0. 12498926-iO .010862079  and 
HH^-0.l249A926-i0. 010862079  .  ^ 

The  number  of  the  elevation  modes  required  for  a  given  optic  size,  dielectric 

constant,  shape  and  polarization  cannot  be  determined  or  known  apriori.  This  point, 

which  is  discussed  by  Bates  (1975)  is  a  major  drawback  of  such  formulations.  The 

numerical  experience  for  two-layered  dielectric  bodies  shows  that  N> I k I r 

aid.  a  ma  x 
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TABLE  2  Results  for  the  Cross-Sections  of  a  Sphere  with  an 
Oblate  Spheroidal  Core 


a 

b 

N 

ffBV 

rfEV 

°EH 

5 

0*2679632 

0.26796334 

0.32163491 

0.32163492 

1.0 

7 

0.2679632 

0.26796334 

0.32163491 

0.32163492 

3 

0.2679632 

0.26796334 

0.32163491 

0.32163492 

1.5 

6 

0.21808343 

0.23137254 

0.25627275 

0.27748866 

7 

0.21808343 

0.23137256 

0.25627275 

0.27748866 

9 

0.19724157 

0.21277474 

0.22916697 

0.25431524 

c.  .U 

10 

0.19724148 

0.21277474 

0.22916700 

0.25431523 

13 

0.1861 

0.2014 

0.214928 

0.2399 

1? 

0.1862 

0.2015 

0.214933 

0.240C 

x  n 

13 

0.179 

0.194 

0.2064 

0.229 

J 

0.181 

0*197 

0.2062 

0,2?? 

TABLE  3  Results  for  the  Total  Magnetic  Field  in  the  Oblate 
Spheroidal  core  in  a  sphere 


a 

b 

N 

V 

1.0 

5 

7 

0 . 1 2498926- i0 .0 1086207 1 

0 . 12498926- iO .010862073 

0 . 12498926- iO .0 10862073 

0 . 12498926- i0 .0 10862075 

0 . 12498926-i0 .0 10862083 
0.12498926-i0 .010862085 

1.5 

7 

0.12003323-10.010680693 

0.12003323-10.010680693 

0.12132825-iO. 0093603548 
0.12l32825-i0. 0093603549 

2.0 

9 

10 

0.117l6896-i0. 010455263 
0.11716899-10.010455255 

0 . 1 188198l-i0 .0080 50 622 
0.11881982-iO. 0080 50628 

2.5 

15 

15 

0.11535  -iO. 010252 
0.11532  -10. 010257 

0.116989  -iO. 006957 
0.116990  -iO .006959 

3.0 

l]L 

0.114  -iO.0101 

0.113  -i0.0102 

0.11558  -iO .0060 
0.11563  -i0.006l 

CONCLUSIONS 

On  the  basis  of  the  generalizations  of  Vekua's  theorems  it  is  shown  that  the  T-matrix 
formulations  are  well  founded.  Thus,  the  convergence  properties  of  various  T-matrix 
formulations  are  known  and  this  is  important  in  numerical  applications.  The  exten¬ 
sions  of  the  theorems  to  an  exterior  region  elucidates  the  controversial  aspects  of 
the  Rayleigh  hypothesis. 

The  unified  radiation  matrix  and  T-matrix  notations  presented  make  the  formulations 
and  physical  interpretations  of  various  scattering  problems  easier.  Moreover,  two 
fundamental  T-matrix  forms,  which  essentially  arise  from  the  use  of  the  interior 
and  exterior  null  field  conditions,  are  observed.  Without  the  orthogonalization 
of  the  SVWF  ' s  on  the  surface  of  a  scatterer  only  the  numerical  equivalence  of  the 
two  forms  of  the  T-matrix  can  be  demonstrated,  except  in  the  case  of  a  spherical 
surface  on  which  the  SVWF's  are  already  orthogonal  and  the  analytic  equivalence 
can  be  readily  established.  Depending  unon  the  problem,  the  first  type  of  formu¬ 
lation  may  be  more  convenient  compared  to  the  other.  For  instance  in  a  biomedical 
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application  if  the  field  between  two  surfaces  of  a  composite  body  is  required, 
formulation  I  is  suitable,  whereas  if  the  field  within  the  inner  surface  is  req¬ 
uired  formulation  II  is  more  auitable.  Also,  different  multiple  scattering  inter¬ 
pretations  of  the  two  formulations  might  be  useful  in  analysing  the  scattering 
properties  of  a  composite  scatterer  such  as  a  hydrometeor. 

The  numerical  examples  considered  reveal  certain  computational  aspects  of  the  for¬ 
mulations  used  in  the  computations  regarding  the  convergence.  It  is  observed  that 
the  convergence  depends  on  various  factors  such  as  optic  size,  shape  and  polarization 
of  the  incident  field.  For  a  two-layered  dielectric  body  uniform  convergence  of 
the  total  interior  field  is  demonstrated. 

Although  T-matrix  formulations  are  capable  of  solving  a  large  class  of  problems  they 
are  limited  by  the  numerical  difficulties  encountered  when  the  parameters  of  the 
given  scattering  problem  are  not  favorable  for  precise  computations.  These  may  be 
(i)  large  optic  sizes  requiring  large  matrices  which  may  be  ill-conditioned,  (ii) 
shapes  severely  deformed  from  a  sphere,  (iii)  increased  number  of  layers,  (iv) 
steep  variation  of  the  scattering  parameters  for  a  given  polarization  of  the  inci¬ 
dent  field  and  (v)  given  wave  numbers  close  to  the  interior  resonance  wave  numbers. 
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ABSTRACT 

The  extended  boundary  condition  method  is  used  to  make  scattering  and  absorption 
calculations  for  a  variety  of  nonspherical  dielectric  objects.  Both  the  general 
electromagnetic  interaction  and  specific  problems  are  investigated. 

INTRODUCTION 

There  is  currently  a  great  interest  in  the  scattering  and  absorption  characteristics 
of  dielectric  objects.  This  interest  is  the  result  of  a  variety  of  new  and  diverse 
studies  involving  the  interaction  of  electromagnetic  (EM)  waves  with  closed  dielec¬ 
tric  bodies.  These  studies  include  a  determination  of  the  power-absorption  charac¬ 
teristics  of  man  due  to  exposure  to  EM  waves  (1) ,  the  absorption  and  scattering  of 
microwaves  by  raindrops  (2),  and  continuing  investigations  to  apply  laser  light¬ 
scattering  techniques  to  problems  in  microbiolog.'  (3).  In  all  of  these  studies,  a 
theoretical  solution  which  describes  the  EM  interaction  is  crucial.  For  spherical 
objects,  the  Lorenz-Mie  theory  is  used  (4),  while  for  other  geometries  it  is  neces¬ 
sary  to  employ  alternate  techniques,  and  these  generally  involve  approximations 
with  limited  range  of  applicability,  e.g.,  low  fez,  small  deviation  from  spherical 
shape,  etc.  The  need  for  new  methods  of  analysis  which  will  provide  quantitative 
results  and  also  increase  our  understanding  of  the  interaction  mechanisms,  especi¬ 
ally  techniques  suitable  for  nonspherical  objects  on  the  order  of  a  wavelength  in 
size  (resonance-sized  objects),  is  clearly  indicated. 

In  the  last  few  years,  a  number  of  numerical  techniques  have  been  developed  for 
solving  EM  problems  involving  nonspherical  (and  in  some  cases  inhomogeneous)  dielec¬ 
tric  objects.  These  methods  include  the  extended  boundary  condition  or  T-matrix 
method  (5-8) ,  the  spheroidal  separation  of  variables  method  (9) ,  the  finite-element 
method  (10),  and  the  method  of  moments(ll,  12).  All  of  these  techniques  have  been 
implemented  on  the  digital  computer,  although  only  for  axisymmetric  bodies. 

The  extended  boundary  condition  method  (EBCM)  is  particularly  versatile  and  is 
ideally  suited  for  performing  the  types  of  calculations  indicated  in  the  first  para¬ 
graph.  In  this  chapter,  some  of  the  problems  to  which  the  EBCM  has  been  applied  are 
reviewed.  The  goal  is  to  give  the  reader  a  clear  understanding  of  the  capabilities 
of  the  EBCM  in  solving  3-D  scattering  and  absorption  problems. 

As  far  as  the  numerical  implementation  of  the  EBCM  is  concerned,  a  family  of  computer 
programs  has  been  written  --  each  program  an  optimized  version  to  solve  specific 
problems,  e.g.,  absorption  by  homogeneous  objects  and  scattering  by  lossless  layered 
objects.  One  of  the  most  important  activities  has  been  validity  testing.  Results 
generated  by  the  EBCM  have  been  checked  against  almost  every  known  method  with  total 
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success.  These  other  methods  include  all  the  other  numerical  techniques  listed 
above  as  well  as  the  Lorenz -Mie  theory  (spheres) ,  and  the  Stevenson  and  Rayleigh- 
Gans-Debye  approximations.  Furthermore,  conformance  with  the  laws  of  reciprocity 
and  conservation  of  energy  has  been  verified.  One  of  the  most  useful  tests  involves 
making  calculations  for  a  sphere  with  offset  origin.  The  EBCM  treats  the  sphere  as 
a  nonspherical  object,  but  the  results  for  absorption  and  scattering  must  be  iden¬ 
tical  to  the  usual  sphere  results  obtained  by  the  Lorenz -Mie  theory.  The  EBCM  com¬ 
puter  programs  have  been  successfully  run  on  a  number  of  computers,  including  the 
IBM  360/91  and  370/165,  the  UNIVAC  1108,  the  CDC  6600  and  7600,  and  the  CRAY  1. 

In  what  follows,  the  theory  is  briefly  reviewed  and  those  quantities  which  will  be 
used  later  are  defined.  Then  a  variety  of  absorption  and  scattering  problems  that 
have  been  investigated  with  the  aid  of  the  EBCM  will  be  reviewed. 

THEORY 


The  EBCM  utilizes  spherical  harmonic  expansions  of  the  incident  and  scattered  fields 
in  conjunction  with  the  boundary  conditions  at  the  surface  to  obtain  a  system  of 
linear  equations  relating  the  unknown  expansion  coefficients  of  the  scattered  field 
to  the  known  coefficients  of  the  incident  field.  The  nonsphericity  of  the  object 
is  handled  by  an  analytic  continuation  process.  Details  of  the  development  can  be 
found  elsewhere  (8)  and  we  will  only  summarize  those  specific  equations  which  are 
used  here. 

The  incident  field  expansion  is  given  by 


Cl) 


where  M  and  N  are  the  vector  spherical  wave  functions  (13),  k  =  2  ir/X,  v  is  a  com¬ 
bined  index  incorporating  the  spherical  harmonic  indices,  Dv  is  a  normalization 
constant,  and  the  expansion  coefficients  a  and  b  are  assumed  known  for  a  specified 
incident  field.  The  superscript  1  on  M  and  N  indicates  that  these  functions  are  of 
the  type  which  are  finite  at  the  origin  (Bessel  function  radial  dependence) .  The 
scattered  field  has  a  similar  form 


(2) 


where  the  f  and  g  coefficients  are  unknown  and  the  superscript  3  on  M  and  N  indicates 
that  these  functions  are  of  the  type  suitable  for  radiation  fields  (Hankel  function 
radial  dependence) .  Applying  the  EBCM  and  truncating  the  expansions  results  in  a 
linear  system  of  equations  relating  the  unknown  scattered  field  coefficients  to  the 
known  incident  field  coefficients.  For  homogeneous  dielectric  objects,  we  obtain, 


where 


■  •  w 

gv  4 

M  ■  W  M 


(3) 


(4) 
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and  the  [Q]  matrices,  which  are  defined  below,  contain  all  the  information  about 
the  dielectric  body,  such  as  its  size,  shape,  and  permittivity.  The  matrix  QTj_  J 
transforms  the  incident  field  coefficients  to  the  scattered  field  coefficients  and 
hence  is  called  the  transition  matrix. 


For  an  n-layered  object,  the  transition  matrix  can  be  found  by  a  recursion  rela¬ 

tion  working  from  the  inside  out  (14) . 


By  calculating  [Tj_l  for  the  most  inner  layer  using  Eq.  4,  Eq.  S  is  applied  repeat¬ 
edly  to  calculate  [Tj],  ....  until  the  final  [Tn]  matrix  is  obtained.  Replac¬ 

ing  f T^l  by  [Tn],  E^.  J3  is  used  to  calculate  fv  and  gv. 


The  fQi"]  matrices  in  Eqs.  4  and  5  are  2N x  2N  matrices,  each  consisting  of  four 
N x  jr submatrices .  The  quantity  N  is  the  truncation  size  (determined  by  convergence 
requirements)  on  the  expansion  in  Eqs.  1  and  2.  For  example,  the  [^Q^J  matrix  is 
given  by 


(6) 


where  i  =  the  ith  layer  numbered  from  the  inside  out,  and  f  er.')1/2  ■  (e i)1^2/ 
(«i+1)l/2  is  the  dielectric  constant  of  the  ith  layer.  The'  elements  of  the  N  <N 
matrices  I,  J,  K,  and  L  are  surface  integrals.  For  example,  the  I  elements  are 
given  by 


where  n^  *  the  outward  directed  surface  normal  on  S^.  The  J,  K,  and  L  terms  are 
defined  similarly  except  for  cross  products,  which  are  given  by 

-3  -1  .3 

M1  x  N  ,  N  x  M  , 

U  v  y  v 

and 

N1  x  S3, 

U  v 

respectively. 


A  useful  definition  where  far-zone  scattered  fields  are  of  interest  is  the  vector 
far  field  amplitude  F  defined  by 


+jkr 

P(o,  I)  J  ,  kr  - 


(7) 


where  £  is  a  unit  vector  in  the  direction  of  the  incident  field  and  0  is  a  unit 
vector  in  the  direction  of  the  scattered  field.  The  differential  scattering  cross 
section  is  the  scattered  power  per  unit  solid  angle  in  the  direction  6  divided  by 


(8) 
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the  incident  power  density,  which  for  unit  incident  field  is  given  by 
<Jd(o,  I)  *  |F(o,  i)|2 

The  scattering  cross  section,  which  is  the  total  scattered  power  divided  by  the 
incident  power  density,  is  then 


d« 


4ir 


1 4ir 


|F(o,  I)|2  dO 


(9) 


where  dfl  is  a  differential  solid  angle.  In  a  similar  manner,  the  absorption  cross 
section  is  the  total  absorbed  power  divided  by  the  incident  power  density.  The 
sum  of  the  scattering  and  absorption  cross  sections  is  the  total,  or  extinction 
cross  section: 


as  +  aa 


CIO) 


The  Forward  Amplitude  Theorem  permits  solution  for  the  extinction  cross  section 
from  the  forward  scattered  field: 


a 

e 


p-  •  F Cl,  i) 


cm 


where  e^  is  a  unit  vector  which  defines  the  polarization  of  the  incident  wave. 

The  EBCM  is  used  to  find  the  vector  far  field  amplitude  F(o,  I).  Substitution  of 
the  scattered  field  into  Eqs.  9  and  11  gives  the  scattering  and  extinction  eross 
sections,  respectively.  These  are  then  used  in  Eq.  10  to  find  the  absorption  cross 
section.  The  cross  section  quantities  are  divided  by  the  shadow  area  of  the  object 
under  illumination  to  obtain  the  scattering,  absorption,  and  extinction  efficiencies, 
which  are  then  a  measure  of  the  fraction  of  the  power  incident  on  the  geometrical 
cross  section  of  an  object  which  is  reradiated  or  absorbed  or  reradiated  and 
absorbed,  respectively. 

Absorption  Calculations 

A  number  of  studies  have  been  made  to  determine  the  absorption  characteristics  of 
nonspherical  objects.  Two  types  of  calculations  have  been  made.  First,  calcula¬ 
tions  have  been  made  to  determine  the  general  absorption  behavior  of  nonspherical 
objects  and  the  dependence  of  the  absorption  on  size,  shape,  and  complex  dielectric 
constant.  Secondly,  calculations  have  been  made  to  determine  radio  frequency 
absorption  by  specific  man  and  animal  models  as  an  aid  to  setting  a  radio  frequency 
population  exposure  standard. 


As  an  example  of  the  first  type  of  results  (IS),  Fig.  1  compares  the  absorption 
characteristics  of  a  finite  circular  cylinder  and  a  prolate  spheroid,  both  objects 
having  identical  overall  dimensions.  The  absorption  characteristics  of  the  two 
shapes  are  very  similar  and  it  would  appear  that  the  details  of  the  shape  are  not 
critical  in  determining  the  absorption.  Figure  2  gives  the  internal -field  distri¬ 
butions  at  ha  *  1.5  (the  approximate  resonant  point)  for  both  the  3:1  prolate 
spheroid  and  the  3:1  circular  cylinder.  The  internal -field  distribution  for  the 
spheroid  and  cylinder  are  also  very  similar.  One  interesting  feature  here  is  that 
the  field  is  greater  on  the  backside  of  the  cylinder  than  on  the  side  upon  which 
the  incident  wave  strikes. 


Figure  3  gives  the  magnitude  of  the  surface  field  around  the  major  and  minor  dimen¬ 
sion  for  the  3:1  prolate  spheroid  shown  in  Fig.  1.  The  capability  of  being  able  to 
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Fig.  1.  Absorption  efficiency  versus  ka  for  a  lossy  dielectric  3:1 

finite  cylinder  and  prolate  spheroid  with  eT  **  3.536  -  j3.536. 


2 

Fig.  2.  Internal  field  | E f  distributions  within  a  3:1  prolate 
spheroid  and  cylinder  at  the  approximate  resonant  point 
{Tea  *  1.5).  Broadside  incident  wave,  E||  polarization. 


Fig.  3.  Surface  field  [ E |  along  the  major  and  minor  surfaces  for  the 
3:1  prolate  spheroid.  er  ■  3.536  -  j3.536  and  ka  *  1.5. 
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determine  surface  fields  should  permit  further  understanding  of  the  reactive-field 
energy-storage  characteristics  of  dielectric  objects,  which  is  important  in 
microwave-resonator  applications.  Although  these  curves  simply  show  distributions 
along  the  surface  in  two  directions,  it  would  be  quite  easy  to  generate  contour 
plots  for  a  detailed  study  of  surface-field  behavior. 

The  interaction  of  electromagnetic  waves  with  biological  systems  is  currently  a 
subject  of  intense  research  effort  by  many  investigators.  This  activity  is  a  result 
of  recent  concerns  regarding  the  potential  hazards  of  this  radiation  to  man.  The 
overall  need  is  to  provide  a  scientific  basis  for  the  establishment  of  an  electro¬ 
magnetic  radiation  safety  standard.  To  attain  this  goal  will  require  a  multitude 
of  experimental  tests  to  quantify  physiological  and  psychological  effects.  Human 
experimentation  is  not  possible  and  irradiation  experiments  must  therefore  be  per¬ 
formed  on  animals. 

The  intent  is  to  obtain  biological  effects  data  in  animal  experiments  and  then  estab 
lish  a  radiation  safety  standard  to  insure  that  the  tissue  fields  and  internal  power 
absorption  levels  which  cause  an  observed  effect  in  animals  are  never  reached  in 
humans.  Direct  extrapolation  is  impossible  because  scaling  the  frequency  ( to  main¬ 
tain  a  given  size/wavelength  ratio  for  both  experimental  animal  and  human)  sets 
certain  requirements  on  the  constitutive  parameters  —  requirements  which  cannot  be 
satisfied  due  to  the  frequency  dependence  of  the  complex  dielectric  constant  of 
tissue.  Therefore,  theoretical  solutions  for  power  absorption  by  both  man  and 
animals  are  required  to  develop  an  extrapolation  process .  Only  when  tissue  field 
and  power  absorption  characteristics  can  be  predicted  for  both  man  and  experimental 
animals  will  it  be  possible  to  interpret  and  confirm  experimentally  derived  biologi¬ 
cal  effects  in  animals  and  thereby  develop  a  radiation  safety  standard  for  man. 

The  EBCM  has  been  used  to  calculate  resonance  region  power  deposition  in  prolate 
spheroidal  models  of  animals  and  man  (16) .  The  mathematical  models  consist  of 
homogeneous  distributions  of  muscle  tissue.  Calculations  are  made  for  bodies  iso¬ 
lated  in  free  space. 

The  electromagnetics  problem  to  be  solved  is  illustrated  schematically  in  Fig.  4. 


Z 


Fig.  4.  The  prolate  spheroidal  model  centered  at  the 
origin  of  a  spherical  coordinate  system. 

The  biological  tissue  body,  assumed  homogeneous  and  isotropic,  is  characterized  by 
the  constitutive  parameters  u  =  u0  and  z  *  ereo’  w^ere  er  ”  er  "  ^er  *s  t^e  relative 
dielectric  constant  of  the  tissue  and  z”  *  o/u»e0,  where  o  is  the  tissue  conductivity. 
The  tissue  body  is  illuminated  by  a  uniform  plane  wave.  In  general,  we  consider 
three  particular  incident  waves ,  one  from  the  end -on  direction  and  two  from  the 
broadside  direction.  The  end-on  wave  we  denote  as  E  -  0°  and  the  broadside  waves 
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we  denote  as  E ( (  -  90°  when  the  wave  is  polarized  in  the  plane  defined  by  the  incident 
wave  and  the  major  axis  of  the  spheroid,  and  Ej_-  90°  when  it  is  polarized  at  right 
angles  to  this  plane.  Waves  incident  from  directions  other  than  end-on  or  broadside 
also  use  the  E 1 1,  designation  with  the  particular  angle  of  incidence  specified.  The 
angle  of  incidence  corresponds  to  the  polar  angle  in  the  spherical  coordinate  system. 

A  typical  result,  as  shown  in  Fig.  5,  gives  the  average  specific  absorbed  power  for 


Fig.  5.  Average  absorbed  power  density  in  a  prolate 
spheroidal  model  of  a  200  g  rat.  a/b  »  3.0, 
a  *  .075  m.  Incident  power  density  =  1  mW/cm^. 

a  prolate  spheroidal  model  of  a  200  g  rat.  The  resonant  frequency  of  maximum  absorp¬ 
tion  occuts  foT  the  E-parallel  broadside  wave  at  800  MHz  giving  an  absorption  effi¬ 
ciency  of  2.7.  The  average  specific  absorbed  power  is  defined  as  the  total  absorbed 
power  divided  by  the  volume.  An  assumed  tissue  density  of  1  g/cc  permits  presenta¬ 
tion  of  the  power  deposition  in  units  of  watts/kilogram.  Numerical  results  of  the 
type  shown  in  Fig.  5  have  been  found  to  agree  quite  closely  with  experimental  results 
obtained  from  live  animals. 

2 

Internal  standing  waves  of  internal  power  density  1/2  a  |e|  are  shown  in  Fig.  6 
for  the  200  g  rat  model  at  800  MHz. 

Calculations  similar  to  those  shown  in  Fig.  5  have  found  that  a  1.75  m  tall,  70  kg, 
6.34:1  prolate  spheroidal  model  of  man  absorbs  maximum  power  at  a  frequency  of  70 
MHz  and  with  the  incident  wave  in  the  E|(  -  90a  configuration. 

The  EBCM  has  also  been  useful  in  quantifying  the  scattering  by  biological  bodies 
(17).  In  many  biological  effects  experiments,  it  is  important  to  know  what  fraction 
of  the  incident  power  is  absorbed  and  what  fraction  is  scattered.  Depending  on  the 
specific  laboratory  set-up,  scattering  effects  can  introduce  experimental  artifacts. 
Figure  7  shows  the  scattering,  absorption,  and  extinction  efficiencies  for  a  prolate 
spheroidal  model  of  a  320  g  rat,  a  commonly  used  animal  in  microwave  biological 
effects  research. 

Figure  7  indicates  that  scattering  is  less  than  absorption  for  the  incident  wave 
polarized  perpendicular  to  the  long  axis  of  the  spheroid  (although  they  are  coming 
together  close  to  ka  •  2.5),  but  that  the  scattering  can  be  significantly  peater 
than  the  absorption  when  the  incident  wave  is  polarized  parallel  to  the  axis  of  the 
spheroid.  This  latter  polarization  is  very  commonly  used  in  experimental  work  to 
most  rapidly  heat  up  animals  (due  to  the  higher  absorption  that  can  be  obtained  than 
with  other  incident  wave  configurations) .  Note  that  the  resonances  or  peak  of  the 


Internal  power  density  distribution  in  the  200  g  rat 
model  of  Fig.  S.  Broadside  incidence  at  800  MHz. 


Fig.  7.  Scattering  (S) ,  absorption  (A),  and  extinction  (E)  efficiency 
as  a  function  of  electrical  size  for  broadside  incidence. 

The  dielectric  constant  varies  from  eT  *  45.3  -  jl06.7  at 
ka  ■  0.21  to  6_  *  33.3  -  J17.7  at  ka  •  2.42.  a/b  ■  3.62. 
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efficiency  curves  occur  at  different  ha  values  for  scattering  and  absorption.  Fig¬ 
ure  7  indicates  that  for  broadside  incidence,  radiating  this  particular  model  at  a 
maximum  frequency  corresponding  to  ha  *  1 . 25  would  be  best .  Radiating  at  higher 
frequencies  (corresponding  to  a  higher  ha)  gives  no  increase  in  absorption,  but  a 
considerable  increase  in  scattering. 

Figure  8  shows  the  dependence  of  the  cross  sections  on  the  angle  of  incidence  for 


INCIDENT  ANGLE  l DEGREES) 


Fig.  8.  Scattering  (S) ,  absorption  (A),  and  extinction  (E)  cross 
sections  normalized  to  ir a?-  as  a  function  of  angle  inci¬ 
dence.  ha  =  1.68,  a/b  =  3.62,  and  er  *  34.7  -  j 23 . 3 . 

the  case  ha  *  1.68  (corresponding  to  a  frequency  of  800  MHz  for  this  model).  For 
the  parallel -polarized  case,  the  scattering  exceeds  the  absorption  as  soon  as  the 
angle  of  incidence  exceeds  about  thirty-five  degrees.  For  the  perpendicular- 
polarized  case,  the  absorption  decreases  relative  to  the  scattering  as  the  incident 
angle  increases  from  zero.  It  is  clear  that  radiating  the  model  in  an  end-on  fash¬ 
ion  gives  the  greatest  absorption  for  the  least  amount  of  scattering. 

Scattering  Calculations 

As  with  the  absorption  studies,  two  types  of  scattering  calculations  have  been  made. 
First,  calculations  have  been  made  to  determine  the  general  scattering  behavior  of 
nonspherical  objects  and  the  dependence  of  the  scattering  on  size,  shape,  and 
dielectric  constant  (or  index  of  refraction) .  This  type  of  calculation  has  also 
been  useful  in  determining  the  range  of  validity  of  the  Rayleigh-Gans -Debye  approxi¬ 
mation.  Secondly,  calculations  have  been  made  to  determine  the  scattering  charac¬ 
teristics  of  specific  objects,  namely  the  scattering  of  microwaves  by  meteorological 
particles  and  the  scattering  of  light  by  chemical  and  biological  particles,  such  as 
bacteria. 

As  an  example  of  the  first  type  of  calculation  (18),  Figure  9  shows  the  differential 
scattering  in  the  equatorial  plane  for  2:1  and  3:1  capped  cylinders  with  the  same 
minor  diameters,  but  different  lengths.  It  can  be  seen  that  both  vertical  and  hori¬ 
zontal  curves  are  almost  identical  in  shape.  Vertical  means  that  the  incident  wave 
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Fig.  9.  Cylinder  scattering,  equatorial  plane,  er  *  1.96, 
r  =  2b:  (a)  2:1,  ka  =  5.288,  b/a  3  0.577; 

(b)  3:1,  ka  -  8.341,  b/a  3  0.366.  The  curves  are 
normalized  to  the  a  dimension  of  each  cylinder. 

is  polarized  perpendicular  to  the  scattering  plane  (the  plane  of  the  paper  in  Fig. 

9),  while  horizontal  means  that  the  incident  wave  is  polarized  parallel  to  the 
scattering  plane.  Calculations  were  also  made  for  a  shorter  cylinder  (1.5:1)  with 
the  same  minor  diameter,  and  the  scattering  curves,  although  similar  to  the  2:1 
curves  in  Fig.  9(a),  did  not  have  the  almost  exact  correlation  that  is  evident  for 
the  2:1  and  3:1  cylinders.  The  conclusion  is  that  the  shape  of  the  scattering  curve 
in  the  equatorial  plane  becomes  independent  of  length  for  longer  cylinders. 

Figure  10  compares  the  vertical  polarization  differential  scattering  curves  for  a 
lossless  cylinder  (real  index  of  refraction)  and  for  the  same  cylinder  with  a  small 
amount  of  loss  added  (complex  index  of  refraction) .  The  behavior  of  the  curves  is 
very  similar  to  that  which  is  observed  for  spherical  scatterers.  It  can  be  seen 
that  the  absorption  has  caused  a  change  in  the  differential  scattering  characteristic 
that  is  manifested  primarily  by  a  reduction  in  the  scattered  energy  all  the  way 
around  the  cylinder,  although  the  effect  of  the  internal  loss  is  much  more  noticeable 
in  the  backscatter  direction  than  in  the  forward  direction.  The  reason  for  this  is 
probably  attributable  in  part  to  a  diffraction  of  a  large  percentage  of  the  incident 
radiation  around  the  edge  of  the  cylinder.  This  component  is  unaffected  by  the 
internal  features  and  therefore  shows  no  reduction  when  the  interior  becomes  absorb¬ 
ing.  The  small  reduction  in  the  forward  direction  is  due  to  that  portion  of  the 
forward  scattered  wave  that  is  refracted  through  the  cylinder,  while  a  major  portion 
of  the  backscattered  energy  is  due  to  that  portion  of  the  incident  wave  that  is 
refracted  into  the  interior  region  and  then  exits  in  the  backward  direction  after 
multiple  internal  reflections.  This  component  is  directly  dependent  on  the  internal 
characteristics  of  the  scattering  object  and  therefore  is  attenuated  when  loss  is 
added.  The  net  effect  of  all  this  is  that  the  effect  of  loss  in  the  interior  is 
much  more  noticeable  in  the  backward  than  in  the  forward  directions.  This  is 
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Fig.  10.  Cylinder  scattering,  azimuthal  plane,  ka  =  4.76S, 
a/b  =  1.0,  m  =  1.51,  m  =  1.51  -  jO.OS.  The  curves 
are  normalized  to  the  a  dimension  of  the  cylinder. 

illustrated  very  graphically  by  looking  at  the  ratio  of  forward  to  backscatter  in 
the  two  cases.  That  ratio  is  80  in  the  lossless  case  and  almost  1500  in  the  lossy 
case. 

The  EBCM  has  been  quite  useful  in  testing  the  validity  of  the  Rayleigh -Gans -Debye 
(RGD)  approximation  (19)-  The  RGD  method  applies  to  particles  satisfying  \m  -  l|  « 

1  and  2ka\m  -  l|  «  1.  The  refractive  index  of  the  particle  (relative  to  the  sur¬ 
rounding  medium)  is  m,  k  =  2ir/X,  where  X  is  the  wavelength  in  the  medium,  and  a  is 
a  characteristic  dimension  of  the  particle,  usually  taken  as  one-half  of  the  major 
dimension,  e.g.,  the  radius  for  a  sphere.  The  fundamental  RGD  assumption  is  that 
the  phase  shift  of  the  wave  traversing  the  particle  is  negligibly  different  from 
the  phase  shift  experienced  by  the  same  wave  traveling  in  the  surrounding  medium; 
i.e.,  each  small  volume  element  in  the  scatterer  is  assumed  to  be  excited  by  the 
incident  field.  This  implies  that  neither  the  particle  size  nor  m  can  be  too 
large.  Although  the  range  of  validity  of  the  RGD  approximation  can  easily  be  tested 
for  homogeneous  or  radially  inhomogeneous  spheres  and  infinite  cylinders  for  which 
exact  solutions  are  available(20,  21),  the  method  is  increasingly  being  applied  to 
relatively  large  nonspherical  particles  where  its  validity  is  uncertain.  For 
example,  it  is  often  used  to  calculate  the  light-scattering  characteristics  of  bac¬ 
teria,  e.g.,  the  rodlike  Escherichia  coli  (22).  Although  the  refractive  index  of 
this  bacterium  relative  to  water  is  assumed  to  be  about  1.05,  which  probably  satis¬ 
fies  |m  -  l|  <<  1,  its  size  is  such  that  2ka\m  -  l|  is  unity  or  greater,  e.g.,  for 
a  2-ym  long  microbe  illuminated  by  an  argon-ion  laser  (X_ir  =  0.5145  urn,  X  r  = 
0.3868  um),  2 ka\m  -  l|  is  1.62. 

The  range  of  validity  of  the  RGD  approximation  as  applied  to  homogeneous  nonspherical 
particles  has  been  investigated  by  comparing  computed  scattering  results  to  those 
obtained  from  the  EBCM.  Numerical  calculations  were  made  for  a  set  of  nonabsorbing 
homogeneous  prolate  spheroids  with  a  relative  refractive  index  of  m  *  1.05.  This 
particular  m  was  chosen  because  many  biological  specimens  are  characterized  by  a 
refractive  index  of  1.04-1.05.  Furthermore,  previous  validity  testing  for  homogeneous 
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spheres  (21)  indicates  that  this  value  of  m  easily  satisfies  the  first  RGD  criteria 
|m  -  l|  «  1,  and  therefore  independent  testing  of  the  second  criteria  2ka\m  -  l|  «  1 
can  be  accomplished  by  increasing  particle  size  (ka)  only.  The  prolate  spheroid  is 
a  particularly  convenient  model  because  its  shape  can  easily  be  altered  by  varying 
the  axial  ratio. 

It  has  been  found  that  the  greatest  error  in  using  the  RGD  approximation  occurs  when 
the  incident  wave  is  parallel  to  the  major  axis  of  the  prolate  spheroid.  The  greater 
error  in  RGD  for  end-on  incidence  is  indicative  of  the  relatively  large  phase  differ¬ 
ence  between  the  internal  and  external  fields  for  this  orientation  and  thereby  less 
conformance  with  the  basic  premise  of  the  RGD  approximation. 

Figure  11  shows  prolate  spheroid  scattering  cross  sections  as  a  function  of  ka  and 


Fig.  11.  Scattering  cross  section  (normalized  to  ira^) 
as  a  function  of  ka  and  axial  ratio  a:b. 

axial  ratio  for  the  worst-error  case  of  end-on  incidence.  For  small  particles,  RGD 
gives  uniformly  good  results  for  all  spheroids  as  expected,  but  with  the  exception 
of  the  sphere,  the  discrepancy  in  the  RGD  approximation  becomes  greater  with  increas¬ 
ing  ka.  The  dependence  of  the  error  on  axial  ratio  is  not  as  clear.  At  2ka\m  -  l|  = 
0.3  ( 'ka  -  3),  the  error  is  greatest  for  the  sphere  and  decreases  as  the  axial  ratio 
increases.  However,  for  larger  particles,  the  error  increases  with  increasing  axial 
ratio.  At  2ka\m  -  l|  *  1,  the  error  is  less  than  1  percent  for  the  sphere,  but  is 
12  percent,  17  percent,  and  18  percent  for  the  2:1,  3:1,  and  4:1  spheroids, 
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respectively.  For  this  worst-error  case  of  end-on  incidence,  it  is  clear  that  if 
2ka\m  -  l|  <<  1  for  a  particular  particle,  the  greatest  error  in  using  the  RGD 
approximation  occurs  if  the  particle  is  a  sphere,  but  as  2ka\m  -  l|  -*•  1,  the  least 
error  occurs  if  the  particle  is  a  sphere. 

Figure  12  shows  the  angular  distribution  for  a  4:1  prolate  spheroid  for  ka  =  10  and 
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Fig.  12.  Differential  scattering  cross  section  ("normal¬ 
ized  to  to2)  for  a  4:1  prolate  spheroid,  end- 
on  incidence.  Vertical  polarization . 

end-on  incidence.  It  can  be  seen  that  RGD  gives  essentially  the  same  angular  dis¬ 
tribution,  but  the  amplitude  is  uniformly  reduced,  resulting  in  a  significant  reduc¬ 
tion  in  the  calculated  total  scattering  (an  error  of  18  percent  for  this  model)  as 
indicated  in  Fig.  11. 

The  scattering  cross  section  for  a  randomly  oriented  4:1  prolate  spheroid  is  shown 
in  Fig.  13.  Less  error  is  anticipated  in  applying  the  RGD  approximation  to  randomly 
oriented  particles  than  to  the  worst-case  fixed  orientations  in  Fig.  11.  This 
expectation  is  borne  out  in  Fig.  13  in  that  little  difference  in  the  two  methods 
occurs  up  to  about  2ka\m  -  l[  =  0.5,  and  the  maximum  difference  at  2ka\m  -  l|  =  1  is 
6.2  percent,  which  is  significantly  less  than  the  18  percent  error  which  occurred 
for  the  oriented  particle  in  Fig.  11. 

An  interesting  problem  for  which  specific  calculations  have  been  made  concerns  the 
scattering  of  microwaves  by  melting  hailstones,  a  problem  of  considerable  importance 
in  radar  studies  of  precipitation  processes  (23)  .  This  problem  has  been  studied 
extensively  using  a  coated  spherical  model  (24) .  The  EBCM  provides  a  means  to 
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Fig.  13. 
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Scattering  cross  section  normalized  to  ita^  as  a  func¬ 
tion  of  ha  for  a  randomly  oriented  4:1  prolate  spheroid. 


investigate  the  dependence  of  the  various  efficiencies  on  the  size  and  shape  of  the 
melting  hailstone.  In  Fig.  14(a),  the  variation  of  the  extinction,  scattering,  and 
absorption  efficiencies  as  a  function  of  the  axial  ratio  of  an  oblate  spheroidal 
hailstone  is  shown.  The  total  volume  and  the  volume  of  the  ice  layer  are  kept  con¬ 
stant  while  the  axial  ratio  changes  from  1  to  1.5.  The  sphere  ( a/b  ~  1)  is  4  cm  in 
radius  with  a  water  layer  1  cm  thick.  The  incident  wave  is  at  a  frequency  of  3  GHz 
and  propagates  along  the  axis  of  symmetry  (minor  axis) .  The  efficiencies  are  defined 
as  the  cross  sections  divided  by  the  geometrical  cross  section  as  seen  by  the  inci¬ 
dent  wave.  The  curves  show  that  the  extinction,  scattering,  and  absorption  effici¬ 


encies  are  almost  constant  as  the  axial  ratio  increases,  although  the  corresponding 
cross  sections  will  of  course  increase.  (The  cross  sections  are  na^  greater  than 


the  efficiencies.)  On  the  other  hand,  the  backscattering  efficiency  increases 


significantly  for  axial  incidence  as  the  axial  ratio  increases,  as  shown  in  Fig.  14(b) 
Figure  14(b)  also  shows  that  the  backscattering  efficiencies  of  these  particular 
oblate  spheroids  are  lower  than  that  of  a  sphere  with  equal  volume  when  the  direction 
of  the  incident  wave  is  along  the  major  axis  of  the  oblate  spheroid. 


The  EBCM  has  been  quite  useful  in  investigating  the  light  scattering  characteristics 
of  bacteria  (23).  An  example  of  the  type  of  calculations  is  shown  in  Fig.  15. 
Assuming  the  incident  wave  is  vertically  polarized  with  a  wavelength  of  0.3868  um 
(one  of  the  emitting  wavelengths  of  the  Arl  laser,  measured  in  water),  the  prolate 
spheroidal  models  in  Fig.  15  represent  1.6  um  by  0.85  um  bacteria.  In  Fig.  15(a), 
comparison  is  made  between  the  differential  scattering  curves  of  the  object  with  and 
without  a  0.025  um  thick  cell  wall.  The  indices  of  refraction  used  for  the  object 
are  estimated  values  for  the  cell  wall  and  protoplasm.  It  is  clear  that  the  cell 
wall  plays  a  major  role  in  the  electromagnetic  interaction.  Figure  15(b)  shows  the 
effect  on  the  differential  scattering  curve  when  a  small  sphere  0.08  um  in  diameter 
is  embedded  at  the  center  of  the  layered  spheroid  of  Fig.  15(a).  The  solid  line  is 
for  the  three-layered  model,  and  the  dotted  line  for  the  two-layered  model. 


The  results  shown  in  Fig.  15  indicate  that  the  differential  scattering  cross  section 
changes  significantly  when  the  internal  structure  of  the  object  changes.  Hence, 
in  theoretical  calculations  of  light  scattering  by  biological  cells,  it  is  probably 
more  appropriate  to  use  layered  models  instead  of  homogeneous  models  in  order  to 
yield  accurate  predictions  of  the  angular  scattering. 
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Fig.  14.  (a)  The  variations  of  the  scattering  (sc),  extinction 

(ext),  and  absorption  (abs)  efficiency  as  the  shape  of  the 
hailstone  changes  from  spherical  to  oblate  spheroidal. 

(b)  The  backscattering  efficiency  as  the  angle  of  inci¬ 
dence  changes  from  enJ  on  (1)  to  broadside  with  horizon¬ 
tal  polarization  (2H),  and  vertical  polarization  (2y). 

Light  scattering  calculations  have  also  been  made  for  the  more  realistic  case  of 
polydisperse  suspensions  of  randomly  oriented  bacteria  (25).  In  particular,  cal¬ 
culations  have  been  made  for  suspensions  of  two-layered  prolate  spheroidal  models. 
Assuming  a  vertically  polarized  incident  wave  with  a  wavelength  of  0.4757  um  (one 
of  the  emitting  wavelengths  of  the  HeNe  laser,  measured  in  water),  the  models  have 
a  minor  dimension  of  0.8  pm  and  a  major  dimension  varying  from  0.8  to  1.6  um 
according  to  the  quasi-Gaussian  distribution  shown  in  Fig.  16.  The  thickness  of 
the  cell  wall  is  kept  constant  at  0.08  um  for  all  particles  in  the  suspension.  The 
refractive  indices  are  1.045  for  the  core  (cytoplasm)  and  1.1  for  the  coating  (cell 
wall) . 

The  differential  scattering  cross  section  over  the  distribution  at  a  given  angle  is 
given  by: 


od(0) 


(0,  D)  P  (D)  dD 


(12) 


where  <3.(9,  D)  is  the  differential  scattering  cross  section  of  particle  size  D  at 
a  givendscattering  angle  0. 
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(a)  (b) 


Fig.  15.  Differential  scattering  cross  section  for  a  prolate 

spheroid.  Vertical  polarization,  (a)  With  ( - )  and 

without  ( - )  a  thin  surface  layer.  Normalized  to  nay 

(b)  The  layered  prolate  spheroid  in  (a)  with  ( - ) 

and  without  ( - )  a  spherical  inclusion.  Normalized 

to  nay  The  layers  are  numbered  from  the  inside  out. 


Fig.  16.  The  quasi -Gaussian  distribution.  The  quantity  A 

is  the  half  width  of  the  distribution  at  half  maxi 
mum  and  P(D)/A  is  the  normalized  density  function. 


Scattering  and  Absorption  by  homogeneous  and  layered  dielectrics  207 

Figure  17  shows  the  angular  scattering  characteristics  of  the  suspension  as  calcu- 


0.0  45.0  90.0  135.0  180.0 

SCATTERING  ANGLE,  DEGREES 


Fig.  17.  The  scattering  curve  of  a  polydispersion  of  randomly 
oriented  prolate  spheroids  with  the  distribution 
shown  in  Fig.  16.  The  size  parameter  ka  of  the  par¬ 
ticles  in  the  suspension  varies  from  S.282  to  10.565. 

lated  by  the  EBCM  (solid  line).  Also  shown  for  comparison  is  the  scattering  result 
for  the  same  distribution  except  that  the  particles  are  homogeneous  with  an  index 
of  refraction  of  1.0692  (the  volume  averaged  index  of  refraction  of  the  two -layered 
models).  The  Rayleigh-Gans-Debye  (RGD)  result  for  two-layered  particles  is  also 
shown. 

The  results  in  Fig.  17  are  useful  in  showing  the  limitations  of  homogeneous  models 
and  the  RGD  approximation  in  predicting  the  scattering  by  suspensions  of  bacteria¬ 
like  particles. 

CONCLUSION 

The  extended  boundary  condition  method  has  been  shown  to  be  a  useful  tool  for  deter¬ 
mining  the  electromagnetic  scattering  and  absorption  characteristics  of  resonance¬ 
sized  nonspherical  dielectric  objects.  The  method  has  been  used  to  determine  the 
general  electromagnetic  interaction  as  well  as  to  make  calculations  for  specific 
problems.  Specific  areas  which  have  been  investigated  include  the  radio  frequency 
absorption  behavior  of  homogeneous  prolate  spheroidal  models  of  man  and  animals, 
the  microwave  absorption  and  scattering  characteristics  of  oblate  spheroidal  layered 
models  of  hailstones,  and  the  light  scattering  characteristics  of  prolate  spheroidal 
layered  models  of  bacteria. 

The  contributions  of  Dau-Sing  Wang  of  Clarkson  College  of  Technology  and  Harry  C.  H. 
Chen  of  the  University  of  Utah  are  gratefully  acknowledged. 
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ABSTRACT 


In  the  present  paper  the  transition  matrix  method  (see  P.C.  Waterman,  J.  Acoust. 
Soc.  Am.  45,  I4l7"l429  (1969))  is  extended  to  the  case  of  acoustic  scattering  by 
am  obstacle  in  a  waveguide.  The  theory  is  developed  for  a  general  waveguide  and 
the  effect  of  the  obstacle  is  thus  seen  to  be  completely  determined  by  its  tran¬ 
sition  matrix.  Expressions  for  the  transmission  and  reflection  coefficients  for  a 
cylindrical  waveguide  are  given,  and  for  a  spherical  obstacle  plots  are  shown  for 
various  values  of  the  radii.  For  long  wavelengths  very  simple  approximate  expres¬ 
sions  are  obtained. 

I.  INTRODUCTION 

The  propagation  of  waves  in  waveguides  finds  many  important  applications  and  has 
thus  been  studied  extensively  for  various  cases,  see  e.g.  Refs.  1-6  for  general 
surveys.  The  problems  considered  include  e.g.  the  transmission  and  reflection  from 
different  kinds  of  inhomogeneities,  such  as  a  change  in  cross  section  or  boundary 
condition,  for  acoustic,  electromagnetic  and  elastic  wave  propagation.  Often  some 
kind  of  approximation  scheme  is  employed,  for  instance  perturbation  methods.  How¬ 
ever,  the  treatments  of  the  transmission  and  reflection  from  an  obstacle  inside 
a  waveguide  seem  to  be  few;  this  will  be  the  subject  of  the  present  paper. 

We  thus  consider  the  propagation  of  an  acoustic  wave  in  a  waveguide  with  an  ob¬ 
stacle.  We  will  assume  stationary  conditions  with  the  time  factor  exp(-iut)  omit¬ 
ted,  so  the  velocity  potential  ij;  will  be  taken  to  satisfy  the  Helmholtz*  equation 


V2i{i  +  k24>  -  0 


(1) 


Here  k*u/c  is  the  wave  number  and  c  is  the  sound  velocity  in  the  waveguide.  Rather 
than  work  directly  with  the  differential  equation  we  will  let  a  surface  integral 
representation  be  the  starting  point.  Contrary  to  common  practise  we  will,  how¬ 
ever,  employ  the  free  space  Green's  function  in  the  integral  representation  and 
not  a  problem-related  one. 

Both  regular  and  irregular  ("outgoing")  cylindrical  and  spherical  basis  functions 
will  be  needed  and  thus  also  the  transformations  between  these.  As  an  important 
step  the  Green's  function,  the  incoming  and  scattered  fields  and  also  the  sur¬ 
face  fields  on  the  waveguide  and  the  obstacle  will  be  expanded  in  one  or  both  of 
these  basis  sets. 


We  will  discover  that  the  influence  of  the  obstacle  can  be  expressed  solely  by  its 
transition  matrix.  In  fact  the  present  approach  is  an  adaption  of  the  transition 
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matrix  method  originally  introduced  by  Waterman  for  one  bounded  obstacle,  see 
Ref.  T  for  the  acoustic  case.  We  should  also  note  the  similarities  in  structure 
between  the  present  case  and  the  case  of  a  buried  obstacle,  see  Kristensson  and 
Strom  (3). 

First  the  problem  will  be  formally  solved  for  a  general  waveguide,  and  later  we 
will  specialize  to  a  cylindrical  waveguide.  It  is  then  possible  to  obtain  relati¬ 
vely  explicit  expressions  for  the  transmission  and  reflection  coefficients.  If 
we  let  the  obstacle  be  spherical  and  symmetrically  placed  in  the  waveguide  some 
further  simplifications  occur.  If  the  radius  of  the  sphere  is  much  less  than  that 
of  the  cylinder  we  can  give  simple  approximate  expressions  for  the  transmission 
and  reflection  coefficients.  Finally  we  will  give  some  numerical  data  for  a  sphere 
for  various  values  of  the  sphere  and  cylinder  radii. 

II.  BASIS  FUNCTIONS 

In  this  preparatory  section  we  will  define  the  cylindrical  and  spherical  basis 
functions  and  Also  give  the  transformations  between  these  two  sets. 


The  elementary  solutions  of  Helmholtz1  equation  can  in  cylindrical  coordinates  be 
written  ,**■  , 

X  («)  5  X __U;a)  -  ... 


where  e  =1 
o 


(em/8ir)1/2Hm(1)  (kpsina) 


e  =2,  m=i ,2, . . .  and  H 
m  m 


cosmp 


sinm<j> 


ikzcosa 


is  the  Hankel  function  of  the  first  kind. 


o=even,  odd  determines  the  azimuthal  parity,  m=0,1,2,...  and  a  belongs  to  C,  C+ 
or  C_,  see  Fig.  1.  When  ae  C  we  have  the  usual  Fourier  transform  in  h*k  cosa  and 
when  as  C+  we  have  the  Fourier-Hankel  transform  in  q=k  sino.  We  will  further  need 
the  regular  functions  Rex^a)  obtained  by  taking  Bessel  rather  than  Hankel  func¬ 
tions  and  also  the  functions  X^o)  and  Rex^a)  which  differ  by  a  sign  change  in 
the  exponential  factor  which  thus  is  exp(-ikz  cosa). 

The  spherical,  basis  functions  are 


*n 5  w*>  -  <em rir 


(Z  -  a)  '.  1/2,^  ( 1) 
'(Z  +  m)  :  ‘  4 


(kr)P^(cos9) 


cosm<(> 


sinmp 


where  h^  is  the  spherical  Hankel  function,  a=even,  odd,  m=0,...,Z  aucd  Z=0,1,... 

The  corresponding  regular  functions  are  ReiJ>n,  which  have  spherical  Bessel  instead 
of  Hankel  functions. 

The  transformations  between  the  two  regular  sets  are  wellknown,  see  e.g.  Stratton 

(9), 


Rex^fa)  ■  lBn(a)Rei|Jn 


Re’J'n  ”  A:  da  3n(a,Rexm(o) 

o 


(5) 
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C  is  the  real  interval  (O.ir)  and  as  in  the  following  we  have  omitted  the  factor 
o 

sina  from  the  integral.  The  transformation  functions  are  essentially,  the  normali¬ 
zed  Legendre  functions 


Va)  5  Bmi(a) 


l-m 


2t+l 


(*- m)  1  1/2  m 

-  )  P 

(i+m)  :  '  l 


(cosa) 


(6) 


and  B^(ct)  has  the  first  factor  changed  to  (-i)i_m.  We  can  also  express  the  irregu¬ 
lar  spherical  basis  functions  in  the  regular  or  irregular  cylindrical  basis  func¬ 
tions 


bn*  2  /^daS^CaJReXjnta) 


(z*0> 


(7) 


*P>0) 


(8) 


The  first  of  these  can  be  obtained  as  a  modification  of  expressions  given  by  Danos 
and  Maximon  (10)  and  Eq.  (8)  can  be  obtained  from  Eq.  (7)  (and  vice  versa)  by  con¬ 
tour  deformations,  but  we  leave  out  all  details. 

III.  GENERAL  FORMULATION 


Consider  now  the  waveguide  with  an  obstacle  as  depicted  in  Fig.  2.  To  begin  with 
we  shall  let  the  geometry  be  quite  general.  Thus  the  waveguide  wall  SQ  is  assumed 

to  satisfy  the  requirements  of  the  divergence  theorem  and  the  radius  to  a  point  on 
SQ  from  a  z-axis  inside  SQ  to  be  a  one-valued  function  of  the  cylindrical  coordina¬ 
tes  <p  and  z.  We  also  assume  that  there  are  an  inscribed  cylinder  p=p  .  and  a  cir- 

min 

cumscribed  cylinder  p=p  to  S  .  For  the  obstacle  we  similarly  assume  that  its 

max  o 

surface  S  satisfy  the  requirements  of  the  divergence  theorem,  that  the  radius  from 
an  origin  on  the  z-axis  to  a  point  on  S  is  a  one-valued  function  of  the  spherical 
angles  and  that  there  are  an  inscribed  sphere  r=r  .  and  a  circumscribed  sphere 
r=r 

max 

A  monochromatic  wave  b1  is  incident  from  the  region  z<0  and  upon  scattering  by  the 
obstacle  (and  the  walls)  gives  the  scattered  wave  bs.  Later  we  will  give  the  more 
conventional  division  in  incident,  transmitted  and  reflected  waves.  The  following 
integral  representation  for  the  total  field  b=b1+bs,  which  is  an  easy  application 
of  the  divergence  theorem,  will  be  our  starting  point: 


b1  (r)  +  k/  (iKr')-  G(?,r')  -G(.r,r  )a-  #(r  )}dS' 

S-SQ  3n'  «** 

-►  -*■ 

(b(r)  r  between  S  and  S. 


(9) 


r  inside  S  or  outside  S. 


For  simplicity  we  will  here  assume  that  the  boundary  conditions  on  both  the  wall 
and  the  obstacle  are  those  for  a  hard  boundary 
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ii  -  o  (10> 

3n 

The  second  term  in  the  integrals  thus  disappear.  The  extension  to  other  boundary 
conditions  is  straightforward  and  for  the  obstacle  this  will  be  further  commented 
on  below. 


As  stressed  in  the  introduction  we  use  the  free-space  Green's  function 

.-*■  +  1  . 
ik  r-r 


G(r,r  )  *  e 


/  (4irk  |  r-r  |) 


(11) 


The  expansions  of  G  in  the  basis  functions  are  then  straightforward.  In  cylindri¬ 
cal  coordinates  we  have  two  different  expansions,  one  as  a  Fourier  integral 


G(r,r  ) 


00 


(i/8irk)  I  s  cos 

m®0  m  -°» 


J  (qp<)H^  (ap>)eih^2_z  ^  dh  = 
in  m 


(12) 

i Zf  daRex  (r<;a)x  U>;a) 

m  C  am  cm 


and  one  as  a  Fouri er-Hankel  integral 

G  (r  • ,  r  ' )  =»  (i/4irk)I  £  cos  m($H>')  /  "j  (qp)j  (qp ')  elh  ^  2_Z '  ^  (q/h)  dq= 
m=»0  nt  o  m  m 

•+  —  -► 1  . 

2iZf  daRex  (r;a)Rex  (r;a)  (z>  z>  (13) 

m  C-  on  om  < 


2  2  2  .  ... 

Here  q  +h  ®k  with  all  roots  defined  with  non-negative  imaginary  parts.  In  all 

simulations  over  m  there  is  implicitly  understood  that  there  is  also  a  o-summation. 

In  Eq.  (12)  we  by  r  (r^  mean  the  radius  vector  with  the  smallest  (greatest)  value 

of  p.  The  bar  in  Eq.  (12)  can  be  moved  to  the  other  function. 

The  expansion  of  the  Green's  function  in  spherical  waves  is 


G(r,rf ) 


•  i£ 
l-a 


i 

Z 

ae*o 


m 


2i+i  U-m)  ! 

4 it  TTmTr  cos  x 


m 


m 


(1) 


xP^cosejP^cose  ')  jt(kr<)hil  (kr^ 


(14) 


iIRei(i  (r  )t|»  (r,.) 
n  n  <  n 


where  r<(r>)  means  the  radius  vector  with  the  smallest  (greatest)  value  of  r.  For 

a  discussion  of  Green's  functions  and  their  expansions  see  e.g.  Morse  and  Feshbach 
( 1 )  and  Felsen  and  Markuvitz  ( 1 1 ) . 

In  Eq.  (9)  we  now  assume  that  r<r  .  and  p<p  .  .  In  the  integral  over  S  we  use 

min  min 

Eq.  ( 1 U )  and  in  the  integral  over  SQ  Eq.  (12  )  thus  obtaining 
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t*  =  il  /  daRex_(a)k/  ip  —  x  (oOdS  -  iZRet  k/  ip  \p  dS 
m  C  ®  SQ  3n  m  n  n  g  3n  n 


Employing  Eq.  (1a)  to  express  Rev  (a)  in  Retr  we  have  an  expansion  for  the  incoming 
field 


*±  *  EanB**n  (r<rmin  ’p<pmin! 
n 


(15) 


where 


3  _  ^ 

a_  *  i  /  daB  (a)k  /  irr  \  (a)ds  -  ik  /  tf-  tp  dS 
«  _n  e3nm  5  3n  n 


(16) 


Instead  assuming  that  p>p  and  r>r  and  still  using  Zqs.  (l4)  and  (12)  but 
,  max  max 

also  Eq.  (3)  we  get 


ifi1  =  I  /  daa  (a)x  (a)  (0>p  ,  r>r  ) 

m  C  m  m  max’  max 


(17) 


where 


a  (a)  =  ik  /  tf-  Rex  (a)  “  iZB't’CcOk  /  ^  Ret  dS 
m  S  on  m  ^  n  S  3n  n 


(18) 


Further  taking  p<p  .  and  r>r  in  Eq.  (9)  we  have  an  expansion  for  the  scattered 
min  max 


field 


t|is  =  -  i  I  /  daRex  (ct)k  f  t—  x  (a)dS  +  iZt  C  t—  Ret  3S 


m  C  m  2  3n  m 

o 


n  n  s  n 


(19) 


As  the  expansion  coefficients  a^  and  a^fot)  for  the  incoming  field  are  assumed  to 

be  known  we  only  have  to  eliminate  the  surface  fields  with  the  help  of  Eqs.  (l6) 
and  (18)  and  insert  the  result  in  Eq.  (19)  to  complete  the  solution.  To  this  end 
we  assume  that  the  surface  fields  have  the  following  expansions 


lBnRetn 


(on  S) 


(20) 


\p  =  Z  f  day  (a)  Rex  (a) 
m  c  m  m 


(on  SQ) 


(21) 


and  define 


0  ,  *  k  /  Ret  —  t  <3S 

' nn  S  n'3n  n 


(22) 


2 an'  (a’a’  }  “  *  fa  ^  (a’  )rnxm(a)dS 


(23) 
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Eqs . 


( 1 6 ) ,  ( 1 8 )  and  (19)  then  become 

a  ■  i  /  doB  (a)Z,  f  dct'Q  ,  (a,a')y  ,(a')  -  iZ  O  ,8  , 
n  C  n  m’  C  nun  m-  n‘  nn  n 

ata)  =  iZ,  /  da'  Reg  ,(a,a')Y  ,(a')  -  iZB+  (a) Z . Reg  ,8  , 
m  m  C  mm  m  x.  n  n  nn  n 

<l>s  *  -  il  /  daRex  (a)Z  /  da'g  (a,a')y  (a')  +  iZ  <ji  Z  ReO 

m  C  m  m'  c  mm'  m'  n  n  n*  nn 


(24) 

(25) 

3  ,(26) 
n* 


where  ReQ^,  and  ReQ^,  (a, a1 )  are  obtained  from  Eqs.  (22)  and  (23)  by  taking  regu¬ 
lar  functions  in  both  places. 

Formally  Eq.  (25)  can  be  solved  to  obtain  y  (a)  in  terms  of  8  which  is  then  in- 

m  n 

troduced  into  Eqs.  (24)  and  (26).  'Then  8^  is  obtained  from  Eq.  (24)  and  the  scat¬ 
tered  field  is  thus  obtained  in  known  quantities.  However,  the  inversion  of  the 
integral  operator  in  Eq.  (25)  is  in  general  not  an  easy  task.  3ut  if  the  wave¬ 
guide  has  constant  cross  section  Q. ^ ,  (a, a’  )  (and  ReQ^,  (a,a' ) )  will  be  diagonal  in 

a  and  o'  (i.e.  containing  the  factor  5(a-a')),  and  the  procedure  for  solving  Eqs. 
(24) -(26)  will  only  involve  matrix  inverses. 

IV.  CYLINDRICAL  WAVEGUIDE 


For  simplicity  we  now  consider  a  waveguide  with  a  constant  circular  cross  section 
with  radius  a.  The  integral  in  Eq.  (23)  can  then  be  calculated 


0  « (a, a1 )  =  (ir/2)ka  sino  Jm(ka  sin  a)  (kasina)  6^,  5  (cosa  -  cosa' ) 

(27) 

=  Q  (<*1  6 Li  5  (cosa-cosa* ) 


We  further  define 

V“)  =  -  Va,/Re2m(a) 


(1) ' 

H  (kasina) /J1 (kasina) 

m  m 


(28) 


A  =  /  daB  (a)R  (a) a  (a) 

n  c  n  m  m 


Ann-  2  =  {;daBmi(a)Rm(a)Bmi.(a) 


nn' 


-  Z  Reg  (Q_1)  ’  , 

nn"  n'n' 


(29) 

(30) 


(31) 
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which  are  in  turn  the  reflection  coefficient  for  the  wall,  the  spherical  projec¬ 
tion  of  the  once  reflected  incoming  wave  (roughly  speaking),  the  spherical  projec¬ 
tion  of  the  reflection  coefficient  and  the  transition  matrix  for  the  obstacle. 

We  eliminate  Y  (a)  with  the  help  of  Eq.  (25)  and  thereafter  S„  with  the  help  of 

01  M 

Eq.  (2^).  Finally  we  obtain  the  scattered  field  from  Eq.  (26) 

tpa  =  Z  /  daHex  (a)R  (a)  {a  (a)  +  l  B~(a)T  c  }  +  Z  <p  T  c  (32) 

me  m  m  m  In’  n  nn'  n'  nn'  n  nn'  n' 


where  c  is  the  solution  of 
n 


_  *  n  i*  R_  _  i  T  i  _  ••  ^  ■■ 

n  n  nn  n  n  n 


a 

n 


+  A 

n 


(33) 


This  solution  for  the  scattered  field  does  not  have  the  appearance  we  would  expect, 
primarily  because  Eq.  (32)  seem  to  contain  a  continuous  spectrum,  whereas  we  know 
that  it  can  be  written  as  a  sum  over  the  waveguide  modes.  We  are  now  going  to 
transform  Eq.  (32)  to  such  a  sum. 

The  eigenfunctions  for  a  hard  cylindrical  waveguide  are  of  course  well-known.  A- 
part  from  normalization  they  are  just  ReX^®)  with  n  belonging  to  a  discrete  point 

spectrum  on  C+  (waves  going  in  the  positive  direction)  or  C_  (waves  going  in  the 

negative  direction).  The  spectrum  is  determined  by 

J'  (q_  a)  =  J'(kasina  )  =  0  S  =  0,1,  .  .  . 
m  hns  m  ms 


We  now  assume  that  the  incoming  field  is  a  waveguide- mode  (by  superposition  we  can 
then  treat  a  mode  sum) .  We  then  note  that  its  sources  are  a  surface  distribution 
on  the  wall  and  not  a  source  inside  the  waveguide  as  we  more  or  less  assumed  when 
writing  the  integral  representation  Eq.  (9).  But  Eq.  (9)  is  still  valid,  but 
is  now  a  part  of  the  surface  integral  over  S0  (which  upon  integration  yields  the 
waveguide  mode) .  The  surface  field  on  SQ  in  the  integral  is  then  not  the  total 
surface  field  but  only  the  scattered  part. 

For  an  incoming  waveguide  mode  we  see  that  the  expansion  coefficients  a  (a)  (Eq. 

in 

(17))  will  be  just  a  delta  function  and  so  A  ,  Eq.  (29),  will  vanish  as  the  inte¬ 
gral  along  C  in  Eq.  (29)  must  be  interpreted  as  a  contour  integral  that  should  a- 
void  the  singularities  (cuts  and  poles)  of  R  (a)  (one  pole  coincides  with  the  ar¬ 
gument  of  the  delta  function) .  This  can  also  be  understood  physically;  for  an  in¬ 
coming  wave  satisfying  the  boundary  conditions  on  the  wall  there  will  be  no  wave 

first  reflected  by  the  wall  (roughly  the  meaning  of  A  as  mentioned  above).  The 

n 

first  term  in  the  scattered  field,  Eq.  (32),  will  vanish  for  exactly  the  same 
reason. 

In  the  last  term  in  Eq.  (32)  we  now  employ  Eq.  (7)  to  transform  the  spherical  ba¬ 
sis  functions  to  cylindrical  ones.  Taking  into  consideration  that  the  first  term 
vanishes  we  get 

’(is  -  Z  , { /_daR  (a)  +  2/  da}  Rex  (a)B+(a)T  c  , 
nn  C  m  c±  m  n  nn 1  n 1 


(34) 
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for  2  >  r  .  It  is  here  advantageous  to  change  integration  variable  to  h=k  cosa. 

<  max 

The  first  integral  is  closed  in  the  upper  or  lower  halfplane  and  on  taking  the 
difference  between  the  values  on  different  sides  of  C+  or  C_  (where  the  first  in¬ 


tegrand  has  both  a  root  and  a  logarithmic  cut)  will  just  cancel  the  second  inte¬ 
gral.  Only  the  simple  poles  from  R^C a)  are  left.  Leaving  all  details  we  eventually 
obtain 


-  £  4{ka2(k2  - 

snn ' 


2 

ms 


)1/2  (1  -  (m/  a)2)>_1Rex  (a  )Bt(oi  )t  ,c 

ms  nt  ®s  n  ms  nn  n 


2\ 


(35) 


for  z>r  and  a  changed  to  the  corresponding  value  (ir-ct  )  on  C  for  z<r 

max  ms  ms  —  max 

We  want  now  to  express  this  result  in  terms  of  reflection  and  transmission  coeffi¬ 
cients.  Though  this  can  easily  be  done  in  general  we  for  simplicity  restrict  our¬ 
selves  to  the  case  m=0  as  we  can  then  discard  the  a  index  (which  we  remember  is 
implicitly  present  together  with  a;  thus  there  are  two  o-summations  in  Eq.  (35) 
in  general).  Thus  we  assume  that  the  obstacle  is  rotationally  symmetric  and  there¬ 
fore  its  transition  matrix  has  only  two  indices:  T^,  .  We  also  assume  the  incoming 

wave  to  be  a  waveguide  mode  propagating  in  the  positive  z  direction.  This  mode  can 
be  specified  with  the  index  s,  say  s=s' .  The  transmitted  and  reflected  waves  can 
in  the  same  manner  be  specified  with  the  index  s.  Switching  to  the  usual  waveguide 
eigenfunctions  J0(qgp)exp(±iz(k2-q2)^/2)  we  fr0m  Eq.  (35)  then  obtain  the  trans¬ 
mission  and  reflection  coefficients 


Tw  =6  +  {ka2  (k2  -q2) 1/2J2 (qa) }-1  £  J  i_i{  (2£+l)/ir}  1/2 

s’s  s  s  s  o  ^s  !=oe,'=o 

XB  ({l-q2A2}J'/2)T  C 
l  s  IV  i' 

R*  *  {ka2) k2  -  2)1/2J2(  a)}"1  Z  Z  i~4{(2A+l)/ir}1/2)T  c 

ss  sos  IV  V 


(36) 

(37) 


where  c^  is  the  solution  of 
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l 


A* 
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=o 


1  R  T  c 
A"=o  AoA'  I'V'  A" 


0 


(38) 


In  Eqs.  (36)  and  (37)  we  have  written  qg  instead  of  qQg  and  thus  J1(qsa)=0, 

s=0,1,...  .  We  remember  that  the  square  roots  in  Eqs.  (36)  and  (37)  are  defined 
with  non-negative  imaginary  parts.  Usually  one  only  defines  the  transmission  and 
reflection  coefficients  for  modes  below  cut-off,  and  so  s  and  s’  will  belong  to 
the  integers  less  than  or  equal  to  N  where  a^<k  but  qN+1>k.  For  ka<3.83  only  the 

fundamental  mode  q^=0  will  propagate  and  we  will  just  have  one  transmission  and 

one  reflection  coefficent. 

aa  is  defined  by  Eq.  (15)  and  employing  Eq.  (4)  we  get 

a^  -  2ii{ir(21+l)}1/2P4({l-q21A2}1/2)  (39) 


qg ,  being  the  propagation  constant  of  the  incoming  wave. 


defined  by  Eq. 
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(39),  can  be  written  in  a  more  suitable  form.  First  we  change  variable  to  t=cosa 

and  then  rotate  the  integration  path  ir/4  in  the  negative  direction  to  avoid  the 

cuts  and  poles  of  R  (a).  For  Z+Z*  even  we  obtain 
o 

RZo*,=  e"ilr/4ii-4'{(2Z+l)  (2Z'+1)  }1/2/^PJl(te"l7r/4)Plll  (te"ilr/4)x  (40) 

xh|L)  (ka{l  +  it2}1/2)/J1(ka{l+it2}1/2)dt 

and  for  Z+Z'  odd  R^,  vanishes. 

The  transition  matrix  (Eqs.  (31)  and  (22))  is  for  a  soundhard  rotationally  symme¬ 
tric  obstacle  and  m=0: 


T. , .  »  -  E  ReQ  (Q  ) 

11  ZH-o  u"  *”Z’ 


(41) 


Q,  „ (k/2)  {  (2Z+1)  (2Z'+1)  }1/2/"Pa ,  (cos6)  j.  .  (kr)~  (p„  (cos6)h0(1)  (kr)  }x 
11  o  Z’  Z  3n  i  Z 

xr^sin0d0  (42) 

where  r=r(0)  defines  the  surface  of  the  obstacle.  For  a  hard  sphere  with  radius  b 
we  have 

TZZ'*  "  6ZZ'^Z’ (kb)/hz1) ' (kb)  (43) 


and  is  thus  diagonal  in  Z  and  Z'.  We  remark  that  we.  could  as  well  have  used  other 
boundary  conditions  on  the  obstacle,  it  could  for  instance  be  penetrable  and  with 
losses,  see  Waterman  (7)  for  a  thorough  discussion  of  the  transition  matrix  for  a 
homogeneous  obstacle.  However,  more  complex  cases  can  also  be  treated.  Thus  the 
obstacle  can  consist  of  homogeneous  layers  or  we  could  even  have  two  or  several 
obstacles,  see  Peterson  and  Strom  (12-13).  We  just  have  to  put  in  the  appropriate 
transition  matrix  instead  of  the  ones  above. 

If  the  sphere  radius  is  much  less  than  the  cylinder  radius  the  product  RT  in  Eq. 
(38)  will  be  small  compared  with  unity,  and  we  will  thus  have  c^a  .  If  we  fur¬ 
ther  assume  that  kb<<1  we  only  need  to  take  the  terms  for  Z=0  and  Z=1  in  the  sums 
and  we  can  also  expand  the  spherical  Bessel  and  Hankel  functions  in  the  transition 
matrix.  We  then  get 


Tw  =»  1  +  i  ikb(b/a) 2  (44) 

00  2 

Rw  -  -  |ikb(b/a)2  (45) 

00  3 

For  e.g.  ka=1  and  b/a=0.2  we  from  these  formulas  obtain  an  error  that  is  less  than 
2%  and  for  b/a=0.5  the  error  is  still  only  about  10%.  We  may  note  that  Eqs.  (kk) 
and  (U5)  seem  to  contradict  the  energy  conservation  that  demands  that 

|TqJ^  +  |R^  =  1  (wken  on^F  't^e  first  mode  propagate).  This  contradiction  is 

•  •  w 

only  apparent,  however,  as  there  is  a  negative  real  part  of  T^0  of  the  next  order. 

We  now  turn  to  some  simple  numerical  applications  for  a  hard  sphere  in  a  cylinder. 
We  cake  the  incoming  wave  to  be  the  first  mode  exp(ikz).  We  will  give  a  plot  for 
the  transmission  and  reflection  coefficients  but  we  will  mainly  plot  the  energy 
coefficients.  Taking  the  incoming  wave  to  have  unit  energy  these  are 
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ET  -  (1  -  q2A2)1/2J2(q  a)  |tW  I2 
OS  S  O  s  OS 


ER  -  (1  -  q2A2)17V(q  a)|»"  I 

os  s  0  S  OS 


if  the  mode  s  is  propagating. 

In  Figs.  3  and  U  we  show  EQq  and  EQ1  as  a  function  of  cylinder  radius  (or  frequen 

cy) ,  ka<5,  and  sphere-to-cylinder  ratio  b/a=0.5  and  0.75»  respectively.  EQ1  is 

only  shown  above  the  cut-off  at  ka=3.83.  For  b/a=0.25  above  99%  of  the  energy 
is  transmitted  below  cut-off  and  about  95%  above.  In  Fig.  5  we  show  the  absolute 
value  of  the  reflection  and  transmission  coefficients  and  in  Fig.  6  their  phases, 
all  for  ka<5  and  b/a=0.5.  These  figures  should  be  compared  with  Fig.  3- 


Fig.  3.  Energy  transmission  and  reflection  vs.  ka  for  b/a=0.5 


Fig.  k.  Energy  transmission  and  reflection  vs.  ka  for  b/a»0.75 
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Eq0  and  E  are  shown  as  a  fu'.ction  of  b/a  in  Figs.  7  and  8  for  ka*1  and  5*  res¬ 
pectively.  In  Fig.  7  we  have  also  plotted  the  approximate  curve  for  the  reflected 
energy  obtained  from  Eq.  (1*5).  We  note  that  for  b/a  close  to  unity  (b/a=0.95  and 
above)  the  results  are  somewhat  uncertain.  For  e.g.  ka=1  and  b/a=l  we  have  ob¬ 
tained  E^0=0.989  instead  of  1,  but  by  computing  the  integrals  in  R^^,  better  and 
by  using  a  higher  truncation  this  could  probably  be  improved. 

V.  CONCLUDING  REMARKS 


We  have  in  this  paper  considered  acoustic  scattering  by  an  obstacle  in  a  waveguide 
and  given  relatively  explicit  expressions  when  the  waveguide  is  a  circular  cylin¬ 
der.  It  is  of  course  of  interest  to  study  also  other  cross  sections  of  the  wave¬ 
guide,  say  a  rectangular  one.  One  should  then  start  with  Eqs.  (24) -(26)  and  solve 
these  in  the  same  manner  as  for  the  circular  waveguide.  The  structure  of  Eqs.  (32) 

and  (33)  will  be  the  same  but  the  expressions  for  R  (a)  and  R  ,  will  be  consider- 

m  nn 

ably  more  complex.  The  problem  will  be  to  recover  the  waveguide  modes  but  this 
could  possi'uy  be  done. 

Eqs.  (24) -(26)  also  hold  for  waveguides  with  non-constant  cross  section,  but  their 
solution  requires  the  inversion  of  an  integral  operator.  Therefore  the  present 
approach  do  not  seem  of  so  much  value  for  such  problems,  but  it  could  possibly  be 
combined  with  other  methods  to  treat  say  an  obstacle  in  a  circular  waveguide  with 
constant  cross  section  except  for  a  jump  in  the  radius  (see  e.g.  Brander  and  Nils¬ 
son  (l4)). 

We  can  also  "turn  the  problem  inside-out"  and  thus  consider  the  scattering  by  a 
cylinder  (of  constant  but  not  necessarily  circular  cross  section)  in  the  presence 
of  a  bounded  obstacle.  If  the  obstacle  is  situated  inside  the  cylinder  no  other 
complications  arise  then  that  we  of  course  get  a  continuous  spectrum.  But  if  the 
obstacle  is  outside  the  cylinder  we  must  further  introduce  the  translation  proper¬ 
ties  of  the  basis  functions  as  we  can  no  longer  have  a  common  origin  for  the  cy¬ 
linder  and  the  obstacle.  This  will  further  complicate  the  solution  to  some  extent. 

Finally  we  can  also  turn  to  the  more  complicated  cases  of  electromagnetics  and 
elastodynamics .  The  present  approach  applies  also  to  these  cases;  formally 
everything  will  look  much  the  same  with  the  exception  of  some  vector  notations  and 
an  extra  index.  However,  the  last  step  (i.e.  the  transformation  to  waveguide  modes) 
will  be  more  complicated  especially  in  the  elastic  case. 
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I.  INTRODUCTION 

The  T-matrix  or  null  field  method  has  proved  to  be  an  efficient  computational 
scheme  for  analyzing  the  scattering  of  waves  for  several  difficult  geometries.  Its 
broad  applicability  to  many  fields  of  engineering  and  science  in  handling  acoustic, 
quantum  mechanical,  electro-magnetic  or  -static,  and  elastic  problems  has  been 
realized  only  recently,  see  (1-16).  The  T-matrix  approach  has  also  been  extended 
to  treat  increasingly  complicated  situations  such  as  multilayered  scatterers 
(17-25),  multiple  scattering  by  a  finite  number  of  scatterers  (19-25),  multiple 
scattering  in  lattices  (26) ,  and  multiple  scattering  by  statistical  distribution 
of  scatterers  (27).  However,  in  the  theory  of  elasticity  the  analysis  of 
structures  involving  several  layers  with  solid-fluid  interfaces  is  still  lacking. 
The  purpose  of  this  article  is  to  present  a  T-matrix  formalism  for  elastic  wave 
scattering  by  multilayered  regions  with  solid-fluid  interfaces.  Here  the  layers 
are  not  necessarily  consecutively  enclosing  and  thus  in  some  regions  there  may  be 
several  different  scatterers.  The  basic  methods  for  this  extension  are  given  in 
(21-25).  We  are  using  the  Green's  dyadic  in  an  integral  representation  although 
the  T-matrix  can  be  obtained  without  using  any  Green's  dyadic  (8). 

This  article  consists  of  9  parts.  Here,  in  part  I,  we  introduce  the  basic  problems 
to  be  treated.  In  part  II  we  obtain  the  integral  representations  for  a  displace¬ 
ment  field  in  the  case  of  layered  regions.  Then,  we  introduce  the  spherical  wave 
functions  and  use  them  to  expand  the  Green's  dyadic.  In  part  II1J  we  expand  the 
various  fields  in  spherical  wave  functions.  Using  the  integral  representations 
derived  in  part  II  we  obtain  the  Q-matrix  for  the  outermost  surface  of  a  body 
separating  two  elastic  materials.  This  matrix  and  the  T-matrix  associated  with  the 
body  inside  the  next  outermost  surface  form  the  total  T-matrix  for  the  body.  The 
procedure  in  part  IV  is  similar  to  part  III;  however,  we  must  now  deal  with  a  fluid 
outside  and  an  elastic  material  inside  the  outermost  surface.  This  new  situation 
requires  the  defining  of  three  matrices  (the  P,  Q,  and  R  matrices)  for  the  outer¬ 
most  surface,  in  contrast  to  the  simpler,  "single  surface  matrix"  case  of  part  III. 
These  three  matrices  and  the  T-matrix  associated  with  the  body  inside  the  next 
outermost  surface  form  the  total  T-matrix  for  the  body.  In  part  V  we  have  an 
elastic  material  outside  and  a  fluid  Inside  the  outermost  surface  of  the  body. 

Here  we  have  to  introduce  the  U,  V,  W  and  Y  matrices  associated  with  the  outermost 
surface.  These  four  matrices,  together  with  the  T-matrix  associated  with  the  next 
outermost  surface  of  the  two  layered  body,  form  the  total  T-matrix  for  the  body. 
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In  part  VI  we  study  scattering  from  several  nonoverlapping  bodies.  In  part  VII  we 
use  the  results  from  the  parts  II-VI  to  get  a  general  procedure  for  obtaining  the 
T-matrix  associated  with  a  multilayered,  finite  body.  These  layers  may  be  either 
elastic  materials  or  fluids,  and  need  not  be  successively  enclosing.  In  part  VIII 
we  review  the  terminology  for  scattering  data.  In  part  IX  we  give  numerical 
results  for  rotationally  symmetric  bodies  in  a  fluid.  The  wavelengths  under  con¬ 
sideration  are  in  the  longwave-  and  resonance-regions.  We  also  consider  complex 
wave  numbers,  the  moduli  of  which  are  less  than  the  inverse  power  of  some  charac¬ 
teristic  body  dimension.  The  results  are  presented  in  the  form  of  frequency 
dependent  plots  for  the  bistatic  differential  scattering  cross  section,  the  total 
scattering  cross  section,  and  the  absorption  cross  section.  We  also  present  seme 
polar  plots  of  the  differential  scattering  cross  section. 


II.  INTEGRAL  REPRESENTATIONS  AND  SPHERICAL  WAVE  FUNCTIONS 


Consider  an  infinite,  homogeneous  elastic  material  with  density  po  and  Lam& 
parameters  Xq  and  Uq.  A  finite  layered  body  is  introduced  in  this  material.  The 
body  is  such  that  between  the  outer  bounding  surface  S]_  and  an  inner  surface  S£ 
the  density  is  pj_  and  the  Lam4  parameters  X^  and  p]_.  The  material  parameters 
inside  the  surface  S2  can  be  varying  with  the  space  coordinates  in  an  arbitrary 
way.  The  region  outside  the  surface  S^  and  the  region  between  the  surfaces  S^ 
and  S2  are  called  region  0  and  region  1,  respectively.  We  assume  that  an  origin 
can  be  chosen  inside  the  two  surfaces  in  such  a  way  that,  for  each  surface,  the 
radius  (from  the  origin)  to  that  surface  is  a  continuous  single-valued  function  of 
the  spherical  angles.  Furthermore,  we  assume  that  both  surfaces  satisfy  the 
requirements  of  the  divergence  theorem.  Let  a  monochromatic  displacement  field 
uj,  with  time  dependence  exp(-iiut),  impinge  on  the  body.  The  scattered  field  uq 
and  the  incoming  field  give  the  total  field  in  region  0  as: 


+i  ,  -*s 
u0  +  u0 


(2.1) 


The  total  field  between  the  surface  Sj  and  S2  (region  1)  is  called  u^.  Then  with 
the  exception  of  source  points  we  have  the  following  equations  of  motion  for 
u^Cr)  : 

3 

1C 

-j  VV-u i  -  <iVx(Vxui)  +  tc^u^  “  0  (2.2) 

ki 

2  2 
2  piu  2  Pi“ 

where  i  ■  0  or  1  and  k,  *  7 - — r —  and  k  .  *  -  . 

i  X±  +  2u±  i  \i± 

For  the  same  regions  we  define  the  Green's  dyadic  G^(k^,K^, [  r-r 1 1 )  as  the  outgoing 
solution  of 

3 

£ 

-j  V7‘G±  -  itjVx^xG^  +  kJg±  -  -  16 (r-r ' )  ,  (2.3) 

ki 

where  1  »  0  or  1  and  1  is  the  unit  dyadic  and  6  is  the  Dirac  distribution.  The 
stress-dyadics  and  triadics  for  the  same  regions  are  given  by  (2.4)  and  (2.5), 
respectively. 
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a^Cu)  *  X^IV'U  +  +  u7)  (2.4) 

E^G)  -  ,^17-G  +  ut(7G  +  G7)  (2.5) 

where  i  «  0  or  1,  and  u  and  G  are  the  arbitrary  displacement  field  and  Green's 
dyadic,  respectively.  The  surface  tension  t^  is  related  to  the  stress  dyadic  by 
the  surface  normal  ft. 


ti  -  (2.6) 

The  equations  (2.2)  and  (2.3)  can  be  rewritten  in  terms  of  the  stress-dyadic  and 
triadic,  respectively. 

—  ■+  2+ 

7*ai(ui)  +  piw  ui  ”  0 

2 

7-:i(G1)  +  pimZG1  -  -  1  d(r-r') 

K1 

These  latter  forms  may  be  better  suited  for  the  derivation  of  the  integral 
representation.  Here  equation  (2.2')  is  expressed  in  the  same  terms,  which  appear 
in  the  boundary  conditions  of  the  integral  representation.  However,  the  earlier 
forms  ((2.2)  and  (2.3))  may  be  better  suited  for  obtaining  the  basis  functions  or 
Green's  dyadic.  Here  we  can  clearly  see  how  to  separate  the  curl  free  and 
divergence  free  parts.  By  using  equations  (2.2),  (2.3),  and  the  divergence 
theorem  we  can  obtain  the  integral  representations  for  the  various  regions  (9). 


(2.2’) 

(2.3') 


(2.9) 
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7V-Gl  +  k^Gi 


£  I«(r-r') 
i 


(2.10) 


The  only  change  in  the  integral  representations  (2.7)  and  (2.8)  is  that  we  have  to 
change  the  to  a  k^ 

Alternatively,  when  dealing  with  a  fluid  we  can  work  with  a  scalar  potential  <p , 
which  is  related  to  the  displacement  by: 


(2.11) 


The  potential  $i(r)  and  the  corresponding  Green's  function  gi(k^, | r-r ' | )  have  the 
following  equations  of  motion: 


(72+kJ)<fri  -  0 


(V2+k2)g.  -  -  6(r-r')  . 


(2.12) 


(2.13) 


From  the  equations  (2.12)  and  (2.13)  we  can  derive  the  following  integral  repre¬ 
sentations  valid  only  for  fluids. 


+  c/[v7'go  ■  (v,v)so],^s’ 

si 

-  ~  (v'|t>1_)g1]  ,^s' + 


<J>g(r) ,  r  outside  S^. 
0,  r  inside  S-  . 


(2.14) 


+  y*[4>1+?'g L  ~  (V <J>1H_) gx]  -ds' 

S2 


j  r  between 
4, (r) ,  S,  and  S_ . 


0, 


r  outside 
or 

inside  S„ . 


(2.15) 


Here  $q,  the  total  field  in  region  0,  is  given  in  terms  of  the  incoming  field  $q 

0 


and  scattered  field  by: 


*o  -  *5  +  ♦; 


(2.16) 


To  use  the  above  integral  representations  (2.7),  (2.8),  (2.14)  or  (2.15)  one  must 
introduce  boundary  conditions.  These  may  be  expressed  in  terms  of  physical 
observables  such  as  displacement  and  tension  at  the  surface  S^.  The  surface 
tension  is  expressable  in  a  general  material  as  a  function  of  the  displacement 
u  as  seen  from  equations  (2.4)  and  (2.6).  In  the  particular  case  of  a  fluid  the 
surface  tension  can  be  expressed  as  a  function  of  the  potential  $g  as: 


cO+  “  "  k0X0*0+ftl  “  ”  P0U  *0*fll 


(2.17) 
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In  the  case  of  a  fluid,  either  of  the  equations  (2.7)  or  (2.14)  as  well  as  either 
of  the  equations  (2.8)  or  (2.15)  can  be  derived  from  the  other. 


It  is  our  aim  to  develop  a  matrix  representation  of  the  fields.  The  spherical 
wave  solutions  (2.18)-(2.20)  to  eq.  (2.2)  are  well  suited  as  a  basis  in  such  a 
representation . 


**  (r> 


?x[rY _ (9,*)h  (x.r)] 


1 . V  k  "  l  -  -  in,  \  "  »  Y  /  V. j 

iomn  A . r  omn  n  i 

Vn(n+1) 


^2omn(^  ‘  7~±  7x*lomn(?) 


-fi 

^3omn  r 


7tYomn(9^)hn(kir)^ 


/M3/2 1_ 

VJ  ki 

..  rc  (2rri-l)(n-m)!lI/2  m 
|^£m  4ir(n+m)!  J  n 

!cosm<f 
sinrn^  , 


Y  (0 
omn 


(cos0) 


j  cosmiji ,  a  m  e 
I  sinmfli  ,0  =  0 


(2.18) 

(2.19) 


(2.20) 


(2.21) 


where  eq  ■  1  and  Em  ■  2  for  m  >  0,  e  and  o  stands  for  even  resp.  odd,  hn  is  the 
(outgoing)  spherical  Hankel  function,  P®  is  the  as^ociat^d  Legendre  polynomial. 

We  are  going  to  use  various  abbreviations  =  'r^p  -  'Pq-  Further,  the  symbols 

Ou  and  Re  will  represent  the  outgoing  and  regular  functions,  respectively.  For 
example,  Ou^r  *  ijq,  but,  in  contrast,  Rei^q  means  that,  instead  of  using  hn,  we  use 
the  regular  function  jn  _£at  the  origin) .  This  is  not  necessarily  the  same  as 
taking  the  real  part  of  The  spherical  wave  solution  to  eq.  (2.12)  is: 


omn 


Y 

omn 


(e,<fr)hn(kir)  . 


(2.22) 


When  dealing  with  a  fluid  we  let  *  0  and  remove  the  factor  (k^/x^)^  in 

i^3p.  Given  the_above  special  conditions  we  can  interpret  the  expansion  of  the 
Green's  dyadic  G^  in  spherical  wave  functions  for  all  cases  as: 


GiOti^i.lr-r’ |) 


(2.23) 


where  r>  and  r<  stands  for  the  greater  resp.  smaller  of  r  and  r'.  The  Green's 
function  can  be  expanded  as: 


gi(k1.|r-r'|)  -  ik1^J(r>)Re*J(?<)  . 


(2.24) 


III.  LAYERED  BODIES  WITH  ELASTIC  MATERIAL  ON  BOTH  SIDES  OF  THE 
BOUNDING  SURFACE 

Consider  an  elastic  body,  with  an  inclusion,  situated  in  an  infinite  elastic 
material.  Outside  the  bounding  surface  as  well  as  between  and  an  inner 
surface  S£  the  material  parameters  are  constant  and  given  in  the  notations  from 
section  II.  In  section  II  we  introduced  the  spherical  vector  wave  functions  as  a 
basis  and  expanded  the  Green's  dyadic  in  this  basis.  Here  we  expand  the 
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displacement  fields  in  the  same  basis.  The  expansion  of  the  incoming  and 
scattered  field  (in  the  infinite  material)  is  given  by  (3.1)  and  (3.2), 
respectively. 


*4*1  -H)  -  SO 

ut(r)  »  Za  Rey  (r)  for  r  <  r 

o  q  q  q 


(3.1) 


u!!(r)  *  Zf  ^ (r)  for  r  >  r^ 

0  q  q  q  max 


(3.2) 


Here,  r  is  the  length  of  the  radius  vector  from  origin  to  the  closest  singular¬ 
ity  of  the  sources  of  the  incoming  field.  The  symbol  r^aY  is  the  radius  of  the 
sphere  X^,  with  center  at  the  origin,  circumscribing  Si  (see  Fig.  1) .  By  using 
the  integral  representation  (2.7)  and  considering  r  outside  the  sphere  Xi» 
applying  the  expansions  (3.2)  and  (2.23),  we  get  (3.3),  after  identifying 
coefficients. 


»o"2  s( 


/*<>«■$ -V  '  Re'‘V'o+<“o)  1,13 


(3.3) 


Let  Zi  be  the  sphere,  with  center  at  the  origin,  inscribed  in  (see  Fig.  1) 

Considering  r  inside  Zj_  we  get  (3.4),  in  a  similar  way  as  above,  from  (2.7). 


P  0“  si 


Of  “  ’^,to+(V]ds 


(3.4) 


The  total  T-matrix  (32-34)  for  the  layered  body,  defined  by  (3.5) ,  can  not  yet  be 
obtained  because  we  have  not  yet  specified  the  properties  of  the  body. 


f  ■  Z,T  ,a  , 

q  q  qq  q 


(3.5) 


The  relations  (3.3)  and  (3.4)  together  constitute  a  formal  definition  of  the 
T-matrix  through  the  two  mapings  from  the  surface  field  to  the  scattered  field  and 
the  incoming  field,  respectively.  To  realize  these  mappings  we  introduce  the 
boundary  conditions  at  Si  and  expand  the  field  on  the  inside  of  Si.  The  welded 
boundary  conditions  (3.6)  and  (3.7)  relate  the  limit  values  of  the  field 
quantities  from  each  side  of  the  surface  S^. 


u0+  *  ui_  (for 


(3.6) 


cO+  *  ci-  (for  reSi) 


(3.7) 


The  expansion  of  the  field  on  the  inside  of  S^  is  given  by: 


u,  ■  Z(a^Re^  +  3^1^) 

1-  q  q  rq  q  q 


The  completeness  of  expansions  of  this  kind  has  been  treated  in  (28-31). 
(3.6),  (3.7),  and  (3.8)  in  (3.3)  and  (3.4),  we  get: 


Using 


f  -  iZ,(ReReql  <A  +  ReOuQ*  ,sj,) 

q  q  qq  q  qq  q 


(3.9) 
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and 


-  iE,(OuReQx  ,ct,  + 

q  qq  q 


OuOuQ^.sJ,) 
qq  q 


(3.10) 


where  the  matrix  Q  is  given  by 

,3 


jOu)  lOul i+1  Ki  f  f-r  //Ou)-*i\  iOu) 

|Re(  (Ref^qq'  “  2  e  /  I  CiURef vq/  (Re) 

Pi“  S^+1  V'  / 

(Ou)-fi  ■*  //Oul-*-i+l\ 

^erq  i+HWrq’.jj 


Ou)  -*-i+l 

V 


(3.11) 


ds  for  i  *  0. 


Here,  the  first  jgg}  in  the  left  member  of  equation  (3.11)  corresponds  to  the 
selection  of  either  the  regular  or  outgoing  functions  associated  with  the  first 
index  in  Q*.  Similarly,  the  second  {^g|  is  related  to  the  second  index.  In 
vector  matrix  notation  we  rewrite  (3.9)  and  (3.10)  as: 


iReReQ1!}1  +  iReOuQ1?1 
-  iOuReQa^  -  iOuOuQ  3 


(3.12) 


(3.13) 


If  the  body  under  consideration  is  homogeneous  (no  inclusion)  which,  in  turn. 
Implies  that  =  0  we  can  solve  the  equations  (3.12)  and  (3.13)  by  elimination  of 
a^-.  In  this  special  case  we  get  the  T -matrix  for  a  homogeneous  elastic  body  as: 


T  -  -  ReReQ1(OuReQ1)-1 


(3.14) 


However,  if  the  body  has  an  inclusion,  with  bounding  surface  S2>  we  have  to 
introduce  the  integral^representation  (2.8).  By  using  the  integral  representation 
(2.8)  and  considering  £  outside  the  sphere  X^  we  get  (3.15).  Further,  by  using 
(2.8)  and  considering  r  inside  the  sphere  Z£  we  get  (3.16).  The  sphere  Z£  is 
defined  for  the  surface  S2  in  a  way  similar  to  the  defining  of  the  sphere  Z^  with 
respect  to  the  surface  (see  Fig.  1). 


E  .(ReReX*  ,a\  +  ReOuX* , 8 \ , ) 

q  qq  q  qq  q 

-  Re^«t1+(u1)]ds  -  0  , 

Z, (OuRexJ.aJ,  +  OuOuX^  , flj, ) 

q  qq  q  qq  q 

-*1  +  ...  * 

-  4'q,t1+(u1)  ]ds  -  0  , 


H  A 


pl“  S2 


(Re^q)  -\+ 


T  A 


P,W  s 


(3.15) 


(3.16) 


where 
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It  is  a  straight  forward  matter  to  show  (3.18). 


(3.17) 


0  for  OuOu  or  ReRe. 

..  ^  I (+1)  for  OuRe. 

qq'*  | (-1)  for  ReOu. 


(3.18) 


Expressions  similar  to  (3.18)  has  been  studied  for  the  acoustic  and  electromag¬ 
netic  cases  in  (21)  and  (22),  respectively.  In  (7)  is  expressed  as  the 

difference  between  the  Q-matrices  for  a. cavity  and  a  rigid  body  and  the  result 

(3.18)  is  obtained  there.  More  interesting  is  perhaps  the  possibility  to  develop 
matrix  formulations  without  using  Green's  functions  or  dyadics.  This  is  done  by 
constructing,  for  each  kind  of  problem  (acoustic,  electromagnetic  or  elastic),  the 
quantity  corresponding  to  the  integrand  in  (3.17),  see  (8).  Using  the  remark 
about  the  T-matrix,  just  after  equation  (3.5),  and  the  relation  (3.18)  we  get 

(3.19)  from  (3.15)  and  (3.16). 


I1  -  T2aL  (3.19) 

2 

Here  T  is  the  T-matrix  for  the  body  inside  the  surface  S2  (i.e.  the  inclusion). 

We  notice  that  the  material  parameters  inside  the  surface  S2  can  be  dependent  on 
the  space  coordinates.  Furthermore,  the  surface  S2  might  be  interpreted  solely  as 
a  mathematical  abstraction  (i.e.,  it  doesn't  have  to  be  the  boundary  between 
different  materials) .  Except  for  possible  separated  inclusions  within  S]_  the 
material  contained  in  S]_  and  S2  may  be  identical.  From  (3.12),  (3.13)  and  (3.19) 
we  derive  the  T-matrix  for  the  entire  layered  elastic  body  as: 


T  -  -  [ReReQ1  +  ReOuQ1!2] [OuReQ1  +  OuOuQ-h:2]"1  .  (3.20) 

We  will  end  this  section  by  deriving  the  field  between  the  surfaces  and  S2  in 
the  body.  By  using  the  integral  representation  (2.8)  and  considering  t  in  the 
region  between  the  <■  and  the  sphere  X£,  applying  the  expansions  (3.8)  and 

(2.23) ,  we  get: 


u.  -  -  i  T  ,  (OuReX1  .Re^o1,  +  OuOuX1  .Re^fi1,)  + 

1  q,q'  qq'  yq  q’  qq  *q  q 


+  «  1 


Re;J.ti+(Ui)]dsUj 


(3.21) 


Using  the  remark  about  the  T-matrix,  just  after  equation  (3.5),  and  the  relations 
(3.18)  and  (3.19),  we  get  (3.22)  from  (3.21). 


u,  *  E(a^Rei|p^  +  B^^) 
1  q  q  q  q  q 


(3.22) 
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This  relation  is  of  course  only  valid  when  the  sphere  ^  is  truly  inside  the 
sphere  Z^. 


IV.  LAYERED  BODIES  WITH  AN  ELASTIC  MATERIAL  INSIDE  THE  BOUNDING 
SURFACE  AND  A  FLUID  OUTSIDE 

Consider  an  elastic  body,  with  an  inclusion,  situated  in  an  infinite  fluid. 
Outside  the  bounding  surface  Sj_  as  well  as  between  S]  and  an  inner  surface  S2  the 
material  parameters  are  constant  and  given  in  the  notations  from  section  II. 
(notice  that  pq  *  07.  The  main  difference  from  section  III  is  that  in  this  sec¬ 
tion  we  only  have  to  deal  with  the  curl  free  basis  functions  outside  S^  (in  the 
fluid).  This,  in  turn,  will  lead  to  some  minor  complications.  The  expansions  of 
the  incoming  and  scattered  field  (in  the  fluid)  is  given  by  (4.1)  and  (4.2), 
respectively. 


Ug(r)  -  IapRe^p(r)  for  r  <  rso 


(4.1) 


u!!(r)  -  If  (r)  for  r  >  rd 
O'  p  p^3p  max 


(4.2) 


SO 

Here,  r  and  has  the  same  meaning  as  in  section  III.  By  a  procedure  similar 

to  the  one  used  in  section  III  we  get  (4.3)  and  (4.4).  Notice  that  we  have  ko 
here  instead  of  <q  as  in  section  III. 


v?  r 

fp  ”  1  — T  J lVRe*3p)*"o+  ■  Re^3p'V(V]ds 


po“  si 


(4.3) 


“  -  1  “^2  ‘  ^p'VV]ds 


V  S1 


(4.4) 


The  total  T-matrix  for  the  layered  body  is  defined  directly  by  (4.5)  and 
indirectly  by  (4.3)  and  (4.4). 


f  *  E,T  ,a  , 
P  P  PP  P 


(4.5) 


The  boundary  conditions  at  the  surface  is  given  by  (4.6),  (4.7)  and  (4.8) 


(for  reSi) 


(4.6) 


*1*^0+  "  (for 


(4.7) 


[V]tan  "  C?l-]tan  “  0  (for  ?eSl) 


(4.8) 


Here,  [  ] tan  stands  for  the  tangential  component.  The  tangential  components  of 
\jq+  and  are  unrelated.  However,  because  of  the  relation  (4.9)  we  notice  that 
no  information  about  the  tangential  part  of  UQ+  or  u^_  is  needed. 
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Using  (4.6),  (4.7),  (4.9)  and  the  expansion  (3.8)  in  (4.3)  and  (4.4),  we  get: 


f  -  il,  (ReReQ  ,  +  ReOuQ  ,  sj , ) 

p  q  pq  q  pq  q 

a  -  -  iZ, (OuReQ  ,a^f  +  OuOuQ  ,8^,)  , 

p  q  pq  q  pq  q 


where  the  matrix  Q  is  given  by 


(4.10) 


(4.11) 


{£}Pv  '  77  s/[xo7-©^Pai-fcK' 

“  ^l-lRel^l^l^eK-)]^  * 

In  vector  matrix  notations  we  rewrite  (4.10)  and  (4.11)  as: 
t  -  iReReQa1  +  iReOuQ^1 

a  =  -  iOuReQa^  -  iOuOuQ^  . 


(4.12) 


(4.13) 


(4.14) 


Notice  that  the  indices  in  the  matrix  Q  belong  to  different  sets  (i.e. ,  it  can  not 
be  made  square  by  choosing  different  finite  truncations  in  the  two  indices  n  and 
n'.  The  most  obvious  counterexample  is  a  sphere.)  This  means  that  even  if  the 
body  under  consideration  is  homogeneous  (no  inclusion)  which,  in  turn,  implies 
that  =  0  we  can  not  yet  solve  the  equations  (4.13)  and  (4.14)  by  elimination  of 
a^-.  To  overcome  this  we  introduce  the  expansion  (4.15)  of  the  field  on  the  outside 
of  S  . 


u_,  =  Zy  Re$? 
0+  p'p  3p 


(4.15) 


By  using  the  integral  representation  (2.8)  and  considering  r  outside  the  sphere 
applying  the  expansion  (4.15),  and  applying  the  boundary  conditions  (4.6),  (4.7), 
and  (4.8),  we  get  (4.16),  after  identifying  coefficients. 


Z.ReReP  ,y  ,  +  Z, (ReReR  ,o\  +  ReOuR  ,8*.) 

p  qp  p  q  qq  q  qq  q 


pla  S2 


y"(t1( Re^)u1+  -  Re^*t1+(u1)]ds  =  0 


(4.16) 


where 


-  ,,  ,  . 

lOu)  I0u)_  1  /*►  /j0u)-f-l\  A  A  /Ou\-fO  . 

(ReJ  (RejPqp'  "  2  J  HuRefq  j’W  \Rep3p,ds 

’  '  P-.W  S,  V  v  ' 


(4.17) 


and 
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-  {^^lV^Re}  *q')]dS  * 


We  rewrite  (4.16)  in  a  vector  matrix  notation  using  (3.19)  and  the  remark  about 
the  T-matrix,  just  after  equation  (3.5). 

ReRePy  +  ReReRa1  +  ReOuRT2^1  +  iT2^1  -  0  (4.19) 


We  also  rewrite  (4.13)  and  (4.14)  after  using  (3.19). 

?  -  iReReQa1  +  iReOuQT2^1  (4.20) 

a  ■  -  iOuReQa^  -  iOuOuQT2a^  (4.21) 

If  the  body  under  consideration  is  homogeneous  (no  inclusion)  we  have  =  0.  The 
T-matrix  for  the  homogeneous  body  with  no  inclusion  is  given  by  (4.22). 


T  -  -  ReReQ (ReReR) -LReReP [ OuReQ (ReReR) -1ReReP ] -1  (4.22) 

The  T-matrix  for  the  entire  layered  elastic  body  with  an  inclusion  possibly  as 
general  as  described  in  section  III,  is  given  by  (4.23). 


T  -  -  (ReReQ  +  ReOuQT2) (ReReR  +  ReOuRT2  +  iTZ)_1ReReP* 
x[ (OuReQ  +  OuOuQT2) (ReReR  +  ReOuRT2  +  iT2)_1ReReP]_1 


(4.23) 


V.  LAYERED  BODIES  WITH  A  FLUID  INSIDE  THE  BOUNDING  SURFACE  AND  AN 
ELASTIC  MATERIAL  OUTSIDE 


Consider  a  bounded  volume  of  fluid,  with  an  inclusion,  situated  in  an  infinite 
elastic  material.  Outside  the  bounding  surface  S]_  as  well  as  between  S’.  and  an 
inner  surface  S2  the  material  parameters  are  constant  and  given  in  the  notations 
from  section  II  (notice  that  ■  0) .  We  can  proceed  as  in  section  III  using  the 
integral  representation  (2.7),  the  expansions  (2.23),  (3.1),  and  (3.2)  to  obtain 
the  formulas  (3.3)  and  (3.4),  which  are  applicable  here  also.  The  boundary  condi¬ 
tions  are  given  by  (4.6),  (4.7),  and  (4.8)  in  section  IV.  We  now  introduce  the 
expansions  (5.1)  and  (5.2)  for  the  field  on  the  outside  of  and  on  the  inside  of 
S^,  respectively. 


"IK  * 

(5.1) 

v  •  pH* +  “p7*’ 

(5.2) 

Notice,  that  outside  (in  the  elastic  material)  we  need  both  curl  and  divergence 
free  basis  functions.  But,  inside  Sj_  (in  the  fluid)  we  need  only  the  curl  free 
basis  functions.  Using  the  boundary  conditions  (4.6),  (4.7),  and  (4.8)  together 
with  the  expansions  (5.1)  and  (5.2)  in  (3.3)  and  (3.4),  we  get: 
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i 


1  -  IReReUy  +  iReReVa1  +  IReOuVj1  (5.3) 

a  -  -  iOuReUy  -  iOuReVa^  -  iOuOuV^  ,  (5.4) 


where  the  matrices  U  and 


V  are  given  by: 


tan 


ds 


(5.5) 


(5.6) 


•  A  \  7  • 

Vi 


Notice  that  U  is  "square"  but  V  is  not.  Here  as  in  section  IV  we  can  see  that 
even  if  the  fluid  is  homogeneous  (no  inclusions)  which,  in  turn,  implies  that 
fl  i  0  we  can  not  yet  solve  the  equations  (5.3)  and  (5.4).  We  proceed  in  a  way 
similar  to  section  III  with  two  exceptions.  First,  unlike  section  III  where 
was  used,  we  shall  substitute  kj_  in  the  integral  representation  (2.8).  Second, 
unlike  section  III  where  both  curl  and  divergence  free  basis  functions  were  used 
we  shall  expand  the  various  fields  between  Sj_  and  So  using  curl  free  basis  func¬ 
tions  alone.  By^using  the  integral  representation  (2.8)  (with  k^  instead  of  k^) 
and  considering  r  outside  the  sphere  Xi,  applying  the  expansion^  (5.2),  we  get 
(5.7),  after  identifying  coefficients.  Similarly,  considering  r  Inside  the  sphere 
Z2  we  get  (5.8). 


+  Re0uX3p3p' ®p'^ 


(5.7) 


k3 

-  — ^  J  [tL(Re^)-u1+  -  Re$J  -^(UjJlds  -  0 

PjW  S2 

+  OuMC^.sJ.) 

-t3 

h  C/I*l(^3p)*“l+  ‘  ^3p**l+("l)]d8  "  ° 


(5.8) 


Notice  that  two  modifications  have  been  made  when  changing  from  an  elastic  medium 
as  in  section  III  to  a  fluid.  The  first  is  the  change  from  K]_  to  kj_  in  the 
integral  representation  (2.8).  The  second  modification  is  the  removal  of  the 
factor  (k.i/«i) 3/2  in  the  curi  free  basis  function.  These  two  changes  cancel  each 
other  out.  For  this  reason  we  obtain  a  subpart  of  the  matrix  X1  as  defined  in 
(3.17).  By  using  the  properties  of  the  matrix  X1  given  by  (3.18)  and  the  remark 
about  the  T-matrix  after  equation  (3.5),  we  get: 

-  T2aL  ,  (5.9) 

I 
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where  is  the  T-matrix  for  the  body  inside  the  surface  S2  (i.e.  the  inclusion). 
The  equations  (5.3),  (5.4),  and  (5.9)  are  still  not  sufficient  to  give  us  the 
T-matrix  for  the  total  body.  We  have  to  use  the  integral  representation  (2.8), 
but  now  with  the  expansion  (5.1)  introduced  through  the  boundary  conditions  at  S^. 
By  using  the  integral  representation  (2.8)  (with  k^  instead  of  k^)  and  considering 
r  outside  the  sphere  X^,  applying  the  expansions  (5.1)  and  (5.2),  and  applying  the 
boundary  conditions  (4.6)  we  get  (5.10). 


'  i'(ReR,s'WV  +  “Vi'1!'1 

,  ‘  (5.10) 

r 

-  \  "  B*^3p*H+(Sl)lds  “  0 

Plw  S2 


where 


PjW 


(0u)/0u)v  ^1  A  .  _  (Oul+1  . 

(Re/ |Re(^3p3p'  *  2  -J  |Re/^3p  ftlV  }Rer3p,ds 


(5.11) 


(5.12) 


pl“  S1 


Using  (3.19)  and  the  remark  about  the  T-matrix,  just  after  equation  (3.5)  we  get 
(5.13)  from  (5.10). 


ReReWy  -  ReReYa1  -  ReOuYT2aL  +  iT2^1  -  0 
We  also  rewrite  (5.3)  and  (5.4)  after  using  (3.19). 

1  «  iReReUy  +  iReReVa1  +  iReOuVT2^1 

a  *  -  iOuReUy  -  iOuReVa^  -  iCuOuVT2ct^ 


(5.13) 

(5.14) 

(5.15) 


r-2  = 


If  the  body  under  consideration  is  homogeneous  (no  inclusion)  we  have  T  =0.  The 
T-matrix  for  the  homogeneous  "fluid-body"  with  no  inclusion  is  given  by  (5.16). 


T  -  -  (ReReU  +  ReReV (ReReY) -1ReReW) (OuReU 
+  OuReV (ReReY) _1ReReW) -1 


(5.16) 


The  T-matrix  for  the  entire  layered  "fluid-body",  with  an  inclusion  possibly  as 
general  as  described  in  section  III,  is  given  by  (5.17). 


T  -  -  [ReReU  +  (ReReV  +  ReOuVT2) (ReReY  +  ReOuYT2  -  iT2)-1ReReW] > 
* [OuReU  +  (OuReV  +  OuOuVT2) (ReReY  +  ReOuYT2  -  iT2)“LReReW]~1 


(5.17) 
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VI.  MULTIPLE  SCATTERING 


Consider  N  elastic  bodies  situated  in  an  infinite  elastic  material.  Outside  the 
bounding  surfaces  of  the  N  bodies  the  material  parameters  are  constant  and  given 
in  the  notations  from  section  II.  The  integral  representation  (2.7)  can  be  used 
after  changing  the  region  of  integration.  We  then  have  the  following  expression: 


+i/+. 


/tV(VV  -  Va0+*G0]ds'  * 

5i 


(6.1) 


Uq(t),  r  outside  for  all  i  <  N. 

0  ,  r  inside  for  a  specific  i  £  N. 


For  the  expansion  of  the  Green's  dyadic  and  the  incoming  field  we  use  (2.23)  and 
(3.1),  respectively.  However,  for  the  scattered  field  we  now  must  deal  with  two 
different  regions.  One  region  is  the  volume  outside  of  the  smallest  sphere 
circumscribing  all  the  surfaces  (see  Fig.  2) .  The  other  region  is  the  volume 
inside  the  largest  sphere  inscribed  within  all  the  surfaces  Sj_.  Both  spheres  have 
center  at  the  origin  0.  The  radii  of  these  spheres  are  called  rout  and  rre8, 
respectively  (see  Fig.  2).  We  now  expand  the  scattered  fields  as  follows: 

2  -  ZfregRe^(?)  for  r  <  rreg  (6.2) 

0  q  q  q 


-*s 

0 


ifoutt°ff) 
H  q 


for 


r  >  r 


out 


(6.3) 


Before  proceeding  further  we  require  the  translation  properties  for  the  basis 
functions.  These  are  given  by  the  following  formulas: 


E,R(a)  ,ijid,(r)  for  a  <  r. 

+i  -►  +  U  qq  q  . 

Ip  (r+a)  = 

(6.4) 

4  J  ^  + 

E,a(a)  ,ReJ~, (r)  for  a  >  r. 

i  q  qq  q 

Rei^i(r+a)  =  Z,R(a)  ,Rei|ri'r(r)  for  all  a  and  r. 

q  q  qq  q 

(6.5) 

The  properties  of  the  matrices  R  and  a  for  the  acoustic  and  electromagnetic 
problems  are  treated  in  (24)  and  (23) .  Here  we  simply  need  the  exterior  product 
of  these  two  kinds  of  representations.  The  idea  is  to  express  the  surface 
integrals  in  terms  of  the  radius  vectors  extending  from  the  origins  0^.  These 

coordinate  systems  are  pure  translations  of  each  other  (see  Fig.  2).  By  consider¬ 
ing  r  inside  the  inscribed  sphere  of  surface  S^,  with  center  at  the  origin  0^,  we 
obtain  (6.6)  by  using  the  expansions  (3.1),  (2.23),  (6.4),  and  (6.5)  and  by 
identifying  the  coefficients  of  the  regular  functions. 

RC(a,)a  “a*  -  E  a(-a,+a,)l^  for  i,j  »  1.2.3...N,  (6.6) 

1  J*1  1  J 

with  the  restriction: 
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i-VV  >  •  (6*7) 

The  superscript  t  in  (6.6)  stands  for  the  transpose  of  R  (which  in  turn  is  equal 
to  the  inverse  of  R) .  The  double  prime  on  r^  in  (6.7)  indicates  that  tj.  is  on  the 
surface  S^.  Here  we  have  used  the  following  expressions  for  the  components  of  the 
vectors  and  fl. 


fq  "  1  /[VRe^(? i,))‘V  "  Re^^i,)*V(“0)lds” 

*  rt  /.v  C*'  * 


»o“  si 


,/tt 


pou  Si 


(6.8) 


(6.9) 


By  considering  r  outside  the  sphere,  with  radius  ront,  mentioned  above,  we  obtain 
(6.10)  by  using  the  expansions  (6.3),  (2.23),  (6.5)  and  by  identifying  coeffi¬ 
cients  of  the  outgoing  functions. 


rac  -  p(J1)f1 


(6.10) 


Further,  by  considering  r  inside  the  sphere  with  radius  r  ,  mentioned  above,  we 
obtain  (6.11)  by  using  the  expansions  (6.2),  (2.23),  (6.4)  and  by  identifying 


coefficients  of  the  -egular  functions. 

res  -  ja^)!1  (6.11) 

We  observe  that  the  T -matrix  Ti  for  the  body  bounded  by  the  surface  gives  the 
relation  between  and  a1,  as  follows: 

I1  -  T^a1  .  (6.12) 

We  thus  obtain  the  following  system  of  algebraic  equations  with  unknown 
coefficients  a*-,  which  can  be  eliminated: 

RC(a.)a  -  a1  -  Z  o(-a.+a,)T,a^  for  i,j  ■  1,2,3. ..N  ,  (6.13) 

1  j*L  1  J  3 

with  the  restriction:  (-a^+a^l  >  r£*  , 

rut  -  ZRdjT.t1  ,  (6.14) 

i  1  i 

r*8  -  Tatf^T.S1  .  (6.15) 

i  1  1 


The  separation  requirement  is  weaker  than  separability  by  planes  or  nonoverlapping 
spheres.  We  note  that  the  result  ( 6 . 13) - (6 . 15 )  is  independent  of  whether  the 
infinite  medium  is  a  fluid  (with  wq  -  0)  or  a  fully  elastic  material  (with  u0  i*  0) . 
The  differences  in  the  derivation  when  the  infinite  material  is  a  fluid  is  that  <q 
has  to  be  changed  to  Rq  and  only  the  curl  free  basis  function  is  needed  (i.e. 
t  -  3).  Furthermore,  it  is  clear  the  kind  of  material  inside  S*  is  irrelevant  as 
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pointed  out  before.  Equation  (6.16)  gives  the  T-matrix  for  all  the  N  bodies  as  a 
formal  solution  of  (6.13)  and  (6.14). 


■  Z  R(a.)T.{6  -  Z  a(4 +1  )T}Tkt(t  ) 

i,j  i  i  nm  m  n  n  ij  j 


(6.16) 


Here,  the  symbol  {  }  stands  for  a  matrix  of  the  space  point  indices.  The  elements 
of  this  matrix  don't  commute  which  makes  the  inversion  more  difficult  than  in  the 
case  of  matrices  with  elements  which  are  complex  numbers.  A  procedure  to  obtain 
the  T-matrix  in  a  maximally  symmetric  form  is  described  in  (23)  and  (24) .  The 
T-matrix  for  two  and  three  scatterers  is  also  obtained  and  interpreted  in  physical 
terms  in  these  references. 


VII.  EXTENSIONS 


Let  us  consider  a  body  with  N  consecutively  enclosing  surfaces  (i  *  1.2...N) 
separating  different  elastic  materials  (see  Fig.  3) .  We  associate  the  Q-matrix 
Q-*-,  given  by  (3.11),  with  surface  S^.  The  T-matrix  T^  is  associated  with  the 
body  inside  the  surface  S^.  It  is  clear  that  the  formula  (3.21)  can  be  general¬ 
ized  to  (7.1)  relating  T^-!  with  T1  by  means  of  Q^"^. 


Ti_1  *  -  [ReReQ1"1  +  ReOuQ1"1!1] [OuReQ1*1  +  OuOuQ1-1!1]"1  (7.1) 

Starting  with  the  T-matrix  TN  for  the  innermost  surface  S^  and  the  Q-matrix 
for  the  next  innermost  surface  Sjj_^  we  get,  using  (7.1),  the  T-matrix  TN_^  for  the 
body  inside  the  surface  SN~^.  Repeated  use  of  (7.1)  finally  gives  us  the  T-matrix 
T^  for  the  entire  body. 


As  mentioned  before  in  section  III  the  innermost  surface  S^  may  be  interpreted 
solely  as  a  mathematical  abstraction  and,  hence,  may  have  no  physical  interpreta¬ 
tion.  The  surface  Sjj  may  contain  a  set  of  nonintersecting,  nonembedded  surfaces 
S*  (i  ■  1.2...M).  These  surfaces  (Si) ,  in  turn,  may  enclose  separate  regions 
having  different  material  properties  (see  Fig.  4).  In  this  case  we  get  the 
T-matrix  TN  for  the  M  bodies  inside  SN  by  the  methods  in  section  VI. 

The  body  with  the  N  surfaces  S^,  with  which  we  started  this  section,  can  be 
considered  together  with  other  neighboring  bodies.  These  neighboring  bodies  can 
be  enclosed  by  different  layers  of  material.  Again,  the  total  T-matrix  can  be 
computed  as  outlined  above. 

We  can  generalize  equation  (7.1)  producing: 


T1-1  -  f(Q1_1,T1)  . 


(7.2) 


Equation  (4.23)  for  the  body  in  a  fluid,  and  equation  (5.17)  for  the  "fluid-body" 
in  an  elastic  material  can  be  generalized  to  (7.3)  and  (7.4),  respectively. 


T1"1  -  g(Pi"1,Qi'1,R1"1,Ti) 


T1"1  -  h(U1"1,Vi‘1,Wi"1,Yi'’1,Ti) 


(7.3) 

(7.4) 


The  structure  of  equations  (7.2)— (7. 4)  implies  we  can  relax  our  initial  restric¬ 
tion  to  elastic  inclusions.  Starting  from  some  innermost  surface  and  using  either 
equation  (7.2),  (7.3),  (7.4),  or  (6.16)  we  can  get  the  T-matrix  for  most  combina¬ 
tions  of  fluid  and  elastic  regions.  Consider,  for  example,  the  three  regions  in 
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Fig.  5  where  Soil  S02  and  S12  are  separating  different  materials.  This 
configuration  can,  as  shown  in  (21)  and  (22) ,  be  treated  as  multiple  scattering 
from  two  bodies.  However,  the  origins  of  the  various  coordinate  systems  involved 
must  be  chosen  so  that  the  geometrical  constraint  in  (6.13)  is  satisfied.  The 
radiug_vector  describing  the  surfaces  also  must  be  single  valued. 

We  can  also  study  multiple  scattering  in  lattices,  with  unit  cells  composed  of 
more  than  one  scatterer,  as  in  (26).  In  this  case  we  need  only  plug  in  the  proper 
matrices  pertinent  to  our  elastic-fluid  problem  in  the  formulas,  as  given  in  (26). 


VIII.  CROSS  SECTIONS 

In  this  section  we  begin  with  wave  scattering  in  fluids.  As  mentioned  earlier 

this  can  be  described  by  a  scalar  potential.  The  expansion  $q(t)  ■  Ifp$p(r) 

($®  is  given  by  (2.22))  of  the  scattered  scalar  field  gives  us  the  following 
asymptotic  behavior  of  the  scattered  field:, 

ikor 

$«(r)  -  I(-i)Q+1f^n(0>^  S~T~  for  lar«e  r-  (8.1) 

0  Rq  p  P  P  r 

This  leads  us  to  the  following  definition  of  the  scattering  amplitude  As,  which  is 
independent  of  the  radius  r: 


A3(e,<J>) 


Lim 

T+co 


-ikQr  3  -k 

re  ^  <t>Q(r) 


(8.2) 


We  are  going  to  define  the  various  cross  sections  (32,33,34)  in  terms  of  incoming 
plane  waves.  For  this  case  the  cross  sections  can  be  interpreted  physically. 

This  physical  interpretation  will  be  treated  later. 

The  incoming  plane  wave  q  is  given  by: 

$J(r)  -  Celk°’r  -  Iapl(ct,S)Re<fr°(r)  -  4irCEi11Y  (a, 6)Re$^(r)  .  (8.3) 

%J  P  p  P  P  P  P 

Here,  the  angles  a  and  8  are  the  spherical  angles  for  the  incoming  wave  vector  Rq 
(see  Fig.  6).  This  wave  vector  is  given  by: 


Icq  ■  kg(sina  cos8,  sina  sin6»  cosa)  . 

We  define  the  differential  scattering  cross  section  da/dn  by: 

1  2 

1  a  1  1  a  r 

dq(a,8,8,<ft)  _  Lim  2 
dfl(9,*)  =  ““  T 


< 

2 

AS(a,8,9,<f>) 

.i 

C 

*0 

(8.4) 


(8.5) 


where  dfl(9,$)  -  sin9d0d<(i.  Again,  a  and  8  are  the  spherical  angles  for  the  incoming 
wave.  Observe  that  both  the  scattered  field  and  the  scattering  amplitude  As  are 
functions  of  these  angles,  as  shown  in  equation  (8.5).  An  incoming  plane  wave, 
with  direction  defined  by  a  and  Si  produces  wave  scattering  in  the  direction  given 
by  0  and  $.  The  amount  of  energy  scattered  is  proportional  to  the  differential 
scattering  cross  section  do/dO. 
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The  total  scattering  cross  section  a  is  defined  by: 


2ir  ir 


5  /  /  1 da 

0*0 


(8.6) 


Here,  the  coefficients  fp  in  the  expansion  of  the  scattered  field  depend  on  the 
spherical  angles  a  and  0,  which,  in  turn,  define  the  direction  of  the  incoming 
plane  wave.  The  total  scattering  cross  section  is  proportional  to  the  total 
amount  of  energy  scattered  in  all  directions. 


The  extinction  (or  total)  cross  section  is  defined  by: 

a  (a,0)  i  Im  ^  As(a,0,<r.,0)  . 
e  fc0 


(8.7) 


Here,  Im  stands  for  "the  imaginary  part  of",  and  C  is  the  amplitude  of  the  incom¬ 
ing  plane  wave.  The  extinction  cross  section  is  proportional  to  the  total  amount 
of  energy  lost  from  an  incoming  plane  wave  with  direction  given  by  a  and  0. 


Finally,  we  define  the  absorption  cross  section  o by: 

o  (o,0)  s  a  (a,B)  -  a(a,B) 
a  e 


(8.8) 


This  cross  section  is  proportional  to  the  amount  of  energy  that  is  absorbed  by  the 
body  from  the  incoming  plane  wave.  The  angles  a  and  0  give  the  direction  of  this 
incoming  wave . 

Instead  of  using  the  potential  to  describe  the  scattering  in  a  fluid  we  can  use 
the  displacement  field.  The  expansion  u^(r)  *  IfpiJ^p(r)  of  the  scattered  dis¬ 
placement  field  uS  gives  us  the  following  asymptotic  behavior  of  the  scattered 
field : 


1  &<-«  Vp(<m) 


for  large  r. 


(8.9) 


We  define  the  scattering  amplitude  X,  which  now  is  a  vector  in  the  f  direction  and 
independent  of  the  radius  r,  by: 


1(6, <p) 


r~  re  u0(r)  * 


(8.10) 


As  before  we  are  only  going  to  define  the  cross  sections  for  incoming  plane  waves. 
For  a  fluid  the  incoming  plane  wave  uj-j  is  given  by: 

ujlj(r)  -  kQDeik°  r  -  ^  Ea^1(a,0)Re|^p(r)  *  Eap(a,0)Rei^p(r)  .  (8.11) 

Here  ap*"  is  the  same  as  in  (8.3).  We  now  define,  for  displacement  fields,  the 
differential  scattering  cross  section  da/dft,  the  total  scattering  cross  section  a, 
the  extinction  (or  total)  cross  section  a  ,  and  the  absorption  cross  section  a 
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I  -*-s  |  2 

do(q,  8,9 ,4>)  _  Lim  2  'V 
dJi  ( 0 » <(> )  r  >°°  *"  |  -*-i  |  2 

lu0l 

2ir  n 

a(a,6)  S  f  /  dQ 
<j>»0  9*0 

a  (a, 8)  =  Im  ^  A(q,8,q,B) 
e  k0  D 

oa(a,6)  =  ae(a,8)  -  ff(q,B)  • 

Here  D  is  the  amplitude  of  the  incoming  plane  wave.  In  section  II  we  defined  the 
relation  uo  ■  V$q-  From  this  relation  and  by  comparison  of  equations  (8.3)  and 

(8.11)  we  get  the  relation  D  ■  ik^C  between  the  amplitudes  for  the  displacement 
field  and  scalar  field.  We  notice  that  the  same  T-matrlx  relates  the  incoming 
field  to  the  scattered  field  in  the  potential  and  displacement  field  descriptions. 
This  fact,  together  with  equation  (8.11)  and  the  relation  D  *  HcqC,  leads  us  to 
the  following  two  relations:  fp  *  k<)f|  and  A  ■  ikoAs.  From  the  above  we  can  see 
that  the  cross  sections  defined  by  (8.5)-(8.8)  are  the  same  as  those  defined  by 

(8.12) -(8.15). 

We  now  turn  to  the  case  where  the  unbounded  medium  is  an  elastic  material.  In 
this  case  we  have  to  deal  with  both  the  divergence  free  and  curl  free  basis 

functions,  (i.e.  x  ■  1,  2,  and  3).'  The  expansion  u»(r)  =  If  (r)  (where 

j  ^  ^  H  ^  ^ 

q  =  xamn)  of  the  scattered  displacement  field  Uq  gives  us  the  following  asymptotic 
behavior  of  the  scattered  field: 


(8.12) 

(8.13) 

(8.14) 

(8.15) 


*  5  ^[(-  lflpV9"t)  +  £2pV9>+))  H 

AoY/2  +  elk°r  7 
+  (^j  £3pV9,9)  "X”  J  £°r  UrS'  '• 


(8.16) 


The  functions,  A^  for  x  »  1,  2  are  purely  transversal.  The  function  ^3p  is 
purely  longitudinal.  In  the  case,  with  an  unbounded  elastic  medium  we  have  two 
kinds  of  incoming  displacement  fields.  The  first  kind  is  the  purely  longitudinal 
wave  given  by  (8.11)  with  a  slight  modification.  Here,  in  the  case  with  the 
elastic  medium,  we  must  introduce  a  factor  (kq/)cq)^^  before  the  expansion  coeffi¬ 
cient  ap  because  of  a  change  in  the  normalization  of  the  curl  free  basis  function 
ij^p  when  shifting  from  a  fluid  to  an  elastic  medium.  The  second  kind  of  incoming 
displacement  field  is  the  purely  transversal  one  given  by: 


uj(r)  -  felk°  -  I  a(a,8)^_(r).  (8.17) 

0  x-1,2  TP  TP 

P 

Here  £  is  the  amplitude  vector,  which  is  orthogonal  to  t.  The  angles  q  and  8  are 
the  spherical  angles  for  the  incoming  wave  vector.  We  define,  for  the  displace¬ 
ment  fields,  the  differential  and  total  scattering  cross  sections  by  (8.12)  and 

(8.13),  respectively.  Notice  that  we  can  separate  the  longitudinal  and  the 
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transversal  parts  of  the  different  cross  sections.  The  total  scattering  cross 

S 

qq 

1 


section  can,  by  using  the  relation  ■  6a(]l,  be  expressed  as: 


-  -pjn-2  £<lfipl2  +  lf2pl2  +  77  l£3pl2> 

|u0|  <0  0 


(8.18) 


IX.  NUMERICAL  RESULTS 


Elastic  wave  scattering  (single  scattering)  by  homogeneous  bodies  of  elastic 
materials  or  cavities  on  an  infinite  elastic  material  is  studied  numerically  in 
(12.14).  Multiple  scattering  of  elastic  waves  by  layered  bodies  (several  bodies) 
in  an  infinite  elastic  material  is  studied  numerically  in  (19) .  Numerical  results 
for  the  scattering  of  waves  by  a  homogeneous  body  in  a  fluid  are  given  in  (15). 

For  more  wave  number  dependent  data  see  (16) .  In  this  article  we  shall  give  some 
numerical  results  for  homogeneous  and  layered  elastic  bodies  in  a  fluid.  The 
surfaces  of  the  layers  in  the  bodies  are  prolate  spheroids  with  axis  ratios 
ai/bi  -  2.0  (see  Fig.  7).  The  ratios  between  the  semiaxes  of  the  inner  and 

outer  surfaces  are:  0.0,  0.25,  and  0.9.  The  inner  surface  always  encloses  a 
cavity.  The  material  parameters  of  the  fluid  and  of  the  elastic  solid  are  given 
in  Table  1. 

We  choose  the  z-axis  as  the  axis  of  rotational  symmetry.  Without  any  loss  of 
generality  we  set  the  spherical  angle  B  for  the  incoming  wave  (see  Fig.  6)  equal 
to  zero.  This  choice  reduces  the  number  of  matrix  elements  needed  in  the  finite 
truncation  by  a  factor  of  0.5.  In  the  diagrams  studied  here  we  shall  consider 
only  incoming  waves  with  the  spherical  angle  a  *  0.0.  In  the  polar  plots  we  shall 
study  the  differential  scattering  cross  section  do/dft  as  a  function  of  the 
scattered  angle  9.  In  this  context  the  other  scattered  angle  <j>  will  take  on  the 
values  0.0  or  180.0.  In  the  Cartesian  plots  we  shall  study  the  differential  and 
total  scattering  cross  sections  as  a  function  of  kQa]_.  We  only  consider  the 
scattering  angles  0  =  90  and  $  =  0  in  these  plots.  For  both  the  polar  and 
Cartesian  diagrams  we  shall  consider  the  influence  of  losses  in  the  elastic 
material.  The  complex  wave  numbers  associated  with  these  losses  are  given  in 
Table  1. 

Gauss-Legendre  quadrature  formulas  were  used  to  generate  the  matrix  elements  of  Q, 
P,  and  R  defined  in  Eqs.  (4.12),  (4.17),  and  (4.18).  In  the  homogeneous  case  the 
matrix  R  was  inverted  by  Gaussian  elimination.  However,  the  next  inversion  in 
Eq.  (4.22)  was  done  by  Schmidt  orthogonalization  for  the  case  of  loss  less 
materials.  Here  we  used  a  computer  routine  developed  by  P.  C.  Waterman  (35) 
wherein  the  symmetric  and  unitarity  properties  of  the  S-matrix  (S  =  1-2T)  have 
been  used  to  optimize  the  inversion  procedure.  In  the  layered,  loss  less  case  we 
could  use  only  the  Schmidt  orthogonalization  process  for  the  T-matrix  of  the 
cavity.  The  other  inversions  in  this  case  were  done  by  using  Gaussian  elimination. 
In  the  cases  dealing  with  losses  the  S-matrix  is  not  unitary,  and  we  have  to  use 
Gaussian  elimination. 

The  T-matrix  for  rotationally  symmetric  bodies  is  diagonal  in  the  azimuth  index. 

The  two  submatrices  (of  the  T-matrix)  which  corresponds  to  the  two  azimuth  indices 
0  and  1  were  given  the  same  dimension  in  the  finite  truncation.  However,  for  each 
unit  increase  in  the  value  of  the  azimuth  index  beyond  1  we  decreased  the  dimen¬ 
sion  of  the  associated  submatrix  by  one.  The  dimension  of  the  two  biggest  sub¬ 
matrices  was  progressively  increased  from  8  at  kga^  »  0.1  to  12  for  kQa^  ■  3.2. 
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Fig.  17.  Similar  to  Fig.  16 
only  for  ■  0 

loss  less  solid. 


ko 

Absorption  cross  section  for 
a  homogeneous  spheroid  for 
a  *  0,  0*0  and  a  lossy 
solid. 
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Figures  8-18  are  plots  of  the  cross  sections,  all  normalized  with  respect  to  aj, 
for  a  fictitious  solid.  The  properties  of  this  solid  are  given  in  Table  1. 

Figures  8-13  are  polar  plots.  Figures  14-18  give  the  cross  sections  as 
functions  of  kga^.  Figure  captions  give  details  of  the  individual  plots.  The 
spectra  indicate  that  the  very  sharp  resonances  for  a  loss  less  solid  almost 
completely  disappear  with  the  introduction  of  frequency  dependent  complex  wave 
numbers  in  the  solid.  To  obtain  these  sharp  peaks  we  used  a  step  size  of  0.025  in 

^0*1- 


The  method  used  in  this  paper  is  to  our  knowledge  the  only  one  working  for  the 
problems  treated  here.  This  method  shares  with  many  other  methods  (in  other 
areas)  the  lack  of  a  rigorous  convergence  proof.  The  parameters  we  have  to  play 
with  in  order  to  obtain  numerical  convergence  are:  the  number  of  integration 
points  and  the  dimension  of  the  matrices  in  the  finite  truncation.  We  have  made 
computations  using  the  Gauss  elimination  and  numerically  tested  the  relations 
(9.1)  and  (9.2)  for  a  loss  less  solid. 

r  «  T  (9.1) 

T_T  -  -  Real  part  of  T  (9.2) 

Here,  ~  means  the  Hermite  conjugate.  The  discrepancy  from  these  relations  was 
measured  relative  to  the  maximum  element  of  the  T-matrix.  We  also  use  the  ratio 
between  the  absorption  cross  section  and  the  total  scattering  cross  section  as  a 
convergence  measure  for  the  loss  less  solid.  For  homogeneous  bodies  our  measures 
were  usually  better  than  10“3.  However,  for  the  layered  bodies  they  were  about 
2*10~2.  In  one  exceptional  case,  near  a  peak,  we  got  as  bad  a  measure  as  0.2.  It 
is  clear  that  some  matrices  will  become  more  illconditioned  for  wave  numbers  close 
to  peaks.  It  is  also  clear  that  matrices  with  the  combination  OuOu  are  especially 
difficult  to  obtain  with  good  numerical  accuracy. 
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ABSTRACT 


The  development  and  basic  theory  of  the  Fredholm  integral  equation  approach  to  the 
solution  of  scattering  problems  is  outlined  and  compared  with  the  T-matrix  method. 
The  specific  application  to  the  scattering  of  electromagnetic  waves  by  dielectric 
spheroids  is  considered  in  detail  in  both  its  theoretical  and  computational  aspects 


INTRODUCTION 


In  this  paper  we  are  reviewing  the  Fredholm  integral  equation  method  (FIM)  and 
attempting  to  bring  into  focus  the  differences  and  similarities  between  it  and  the 
T  matrix  method.  In  many  ways  they  will  be  seen  to  be  complementary,  though  in 
other  ways  they  have  similar  problems. 

It  is  appropriate  firstly  to  consider  the  way  in  which  the  FIM  was  developed.  It 
was  developed  in  the  context  of  atomic  and  molecular  collision  processes.  After  an 
extensive  study  of  the  second  Born  approximation  it  was  realised  from  a  paper  of 
Reinhardt  (Ref.  1)  that  such  a  method  might  be  used  to  obtain  accurate  scattering 
cross-sections  at  intermediate  impact  energies.  As  a  first  step  in  this  process 
the  method  was  applied  to  the  problem  of  obtaining  phase-shifts  for  scattering  by 
a  (scalar)  central  potential  -  an  integral  equation  in  one  variable  (Ref.  2) .  In 
the  next  stage  we  considered  the  integral  equation  for  the  scattering  amplitude  for 
the  same  problem  -  an  integral  equation  in  one  vector  variable  (Ref.  3).  Again  the 
method  was  successful.  Next  it  was  applied  to  the  simple  model  of  a  collinear 
atom-molecule  inelastic  collision  (Ref.  4)  This  results  in  an  integral  equation  in 
two  variables  in  which  an  infinite  set  of  coupled  channels  occurs,  some  being 
"open",  but  most  being  "closed".  Once  again  the  method  was  successful  though  it 
was  clear  that  computer  core  size  was  a  real  constraint. 

The  application  to  electromagnetic  scattering  by  dielectric  particles  came  about 
almost  by  accident,  and  was  the  result  of  an  enquixy  from  the  experimental 
propagation  group  in  the  University  of  Essex.  On  investigation  the  method  seemed 
appropriate  to  apply  since  it  had  already  been  successfully  applied  to  the 
inelastic  scattering  problem  involving  an  infinite  set  of  coupled  equations,  and 
only  three  coupled  equations  occur  for  electromagnetic  wave  scattering. 

It  is  obvious  then  that  the  context  of  the  development  of  FIM  was  entirely 
different  to  that  of  the  T-matrix  method  which  was  developed  totally  within  the 
context  of  electromagnetic  wave  scattering. 
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This  paper  is  divided  into  three  sections.  In  the  first  we  shall  look  at  the 
basic  FIM  theory  and  compare  its  salient  points  with  those  of  the  T-matrix  theory. 
In  the  second  section  we  look  at  the  specific  application  of  the  FIM  to  scattering 
by  spheroids.  In  the  last  section  we  discuss  the  computational  aspects  of  FIM 
applied  to  scattering  by  spheroids  and  compare  them  with  the  T-matrix  application. 

Information  on  the  T-matrix  theory  has  been  drawn  in  the  main  from  articles  by 
Barber  and  Yeh  (Ref.  5),  Barber  (Ref.  6)  ,  Peterson  (Ref.  7)  and  Warner  (Ref.  8). 

BASIC  THEORY 

Our  starting  point  in  the  Fredholm  Integral  equation  method  is  the  (volume) 
integral  equation  for  the  electromagnetic  field  describing  the  scattering  of  a 
plane  wave,  of  wave  vector  1^,  by  a  scatterer  of  dielectric  e(r)  and  volume  V. 

We  shall  use  dyadic  notation  (distinguished  by  script  type).  Then  (cf  Ref.  9 
P.  102) 

E(r)  -  J  exp(i  k  .r)  ♦  /  G(r.r') -y(r')  E(r')  dr'  (1) 

O  °  y 


where  G(r,rf)  *  (/  ♦ 


-iy  7  7)  exp(i  k0|r-r' 1) 
*o  4ir  |  r- r '  | 


kQ2  (e(r)-  1) 


»  I  -  k^k^  (for  any  subscript  X)  (4) 

and  J  denotes  the  unit  tensor 

For  simplicity  we  have  assumed  the  dielectric  constant  is  a  scalar,  though  this  is 
not  necessary. 

The  d/adic  scattering  amplitude  4(k  ,  k  )  for  scattering  into  direction  k  is 
defined  by  ~°  S 

E(r)  rX  Ji  ®xP(i  VI)  *  ♦  0(r'2)  (5) 

Considering  the  asymptotic  form  of  (1)  gives 


*  47  *  /  exp (-i  k^.r)  y(r)  E(r)d£ 


We  thus  see  that  the  scattering  parameters  can  be  determined  from  knowledge  of  the 
field  inside  the  scatterer  only.  However,  the  field  integral  equation  has  a 
singular  Green's  function  which  makes  calculations  on  equation  (1)  extremely 
difficult  to  perform.  To  circumvent  this  singularity  we  iterate  the  integral 
equation  and  integrate,  dealing  with  the  singularity  analytically. 

Hence,  we  premultiply  (1)  by  exp(-iK.r)  Y(r),  (where  k  is  presently  arbitrary) 
and  integrate  throughout  the  scatterer,  formally  obtaining, 

<  *|y|E  >  -  <  k|y|E0>  ♦  <  k|y  G  y|E>  (7) 

where  E  denotes  the  incident  field.  Since  the  integrations  in  (7)  are  volume 
o 

integrations  throughout  the  scatterer,  only  the  interior  field  is  involved  in  (7). 
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All  information  on  the  exterior  field  has  been  lost  (though  it  may  be  regained  by 
substituting  the  interior  field  in  (1)),  A  solution  to  (7)  may  therefore  not  be 
unique  as  far  as  the  exterior  region  is  concerned,  but  it  will  be  unique  inside 
the  scatterer.  We  may  thus  assume  that  the  interior  field  is  Fourier  transformable 
and  expand  the  interior  field  as 

^(r)  "  /c(k.ko)  exp(i  k.r)  dk  (8) 

noting  that  this  will  coincide  with  E(r)  inside  the  scattereT,  but  not  outside  the 
scatterer. 


Substituting  (8)  into  (7)  and  (6)  gives 


/  dk  K  (w.k^Cft,^)  >  Jq  U(£,k) 

(9) 

'  r?  V  fd-  uq^.yctk.k,) 

(10) 

where  U(£,k)  ■  <  K ! Y 1 kQ> 

(11) 

and  K  (x,k)  ■  <  k|y  T  -  y  G  y|k  > 

(12) 

Equation  (9)  is  thus  a  Fredholm  integral  equation  of  the  first 
transform  of  the  interior  field. 

kind  for  the 

We  solve  this  by  a  Galerkin  procedure  -  that  is,  we  approximate  the  integrations 
by  numerical  quadrature,  which  converts  the  integral  equation  (9)  into  a  matrix 
equation.  The  arbitrary  £  is  now  restricted  to  having  as  many  values  as  there 
are  integration  pivots,  and  indeed  we  choose  those  values  of  £  to  be  identical 
with  the  pivots.  Treating  (10)  in  the  same  way,  with  the  same  pivots,  results  in 
the  algebraic  linear  equations 

K  C  -  b 

&  -  dT  C 

(13) 

where  T  denotes  matrix  transpose.  The  determination  of  the  scattering  amplitude  is 
thus  straight  forward. 

There  are  two  important  points  to  note.  Firstly,  K  is  a  non-singular  kernel. 
Secondly,  although  the  solutions  to  Fredholm  equations  of  the  first  kind  can  be 
unstable,  it  can  be  shown  (Ref.  10)  that  the  scattering  amplitude  obtained  from 
solving  equations  (13)  satisfies  the  Schwinger  variational  principle  -  hence  first 
order  error  in  the  transform  results  onl>  in  second  order  exror  in  the  amplitude. 
Furthermore  the  Schwinger  method  is  known  to  be  convergent  (with  the  number  of 
quadrature  pivots)  to  the  exact  solution  (Ref.  11),  and  hence  the  FIM  is  a 
convergent  method,  converging  to  the  exact  results,  and  is  numerically  stable. 

We  now  need  to  compare  this  basic  theory  with  that  of  the  T-matrix  method.  We 
summarise  this  comparison  in  Table  1.  It  is  clear  that  the  methods  are  entirely 
different  and  in  many  ways  complementary;  they  are  certainly  independent  of  each 
other.  If  the  FIM  provides  nothing  else,  it  certainly  provides  a  completely 
independent  check  on  T-matrix  calculations. 

The  main,  and  very  real,  limitation  on  the  FIM  is  the  calculation  of  the  K  matrix 
elements  (via  equation  (12)  ).  The  U  matrix  elements  (which  are  first  Born 
elements,  as  appear  in  Rayleigh-Gans  theory)  need  to  be  relatively  simple  if  the 
K  matrix  elements  are  to  be  evaluated  analytically.  This  limits  the  application 
to  a  limited  number  of  bodies  -  infinite  cylinders  of  elliptic  or  rectangular 
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TABLE  1  Comparison  of  basic  FIM  and  T-Matrix  methods 


Aspect  of  Method 

FIM 

T-Matrix 

Formulation 

Volume  integral 
equation  for 
electric  field 

Surface  integral 
equation  and  Huygens 
principle 

Scattering  Parameters 
determined  from 

Internal  Field 
via  integration 

External  Field 
via  asymptotic  form 

Part  of  Field 
removed  from 
calculation 

External  Field 

Internal  Field  * 

Surface  enters 
calculation 

Implicitly 
through  volume 
integrals 

Explicitly  via 
surface  integrals 
-  implicitly  matching 
occurs  on  surface 

Expansion  in  terms 
of 

Fourier  transform 
variable 

Position  space 
variable 

Numerical  Stability 

Theoretically  stable 
practically  : 
instabilities  have 
not  revealed  themselves 

Instability  occurs 
when  ka  is 
increased  too  far 
(Ref.  6) 

Easily  Adaptable 
to  various  shapes 

No 

Yes  (?) 

*  Alternative  derivation  in  which  the  external  field  is  removed  has  recently  been 
given  by  Morita  (Ref.  12)  for  cylinders. 


cross-section,  spheroids  and  ellipsoids,  and  finite  circular  cylinders.  On  the  other 
hand  it  would  seem  probable  that  at  least  for  spheroids , (of  maximum  dimension  A)  the 
FIM  can  be  used  at  values  of  kQA  greater  than  those  the  T-matrix  method  can  treat. 

The  application  of  the  FIM  is  dependent  somewhat  on  the  shape.  In  the  basic  theory 
given  above  we  have  dealt  with  all  integrations  by  numerical  quadrature,  and  this 
was  the  way  in  which  the  method  was  first  applied  to  spheroids  and  ellipsoids 
(Ref.  13).  However  in  a  later  modification  of  the  method  we  have  shown  (Ref.  14) 
how  a  great  improvement  may  be  effected  by  expressing  the  azimuthal  dependence  in 
terms  of  an  exponential  Fourier  series  when  dealing  with  scattering  by  spheroids. 
This  leads  to  a  dramatic  reduction  in  computer  time  and  in  core  requirements.  It 
is  this  modification  which  we  now  describe  in  detail. 


FIM  APPLIED  TO  SCATTERING  BY  HOMOGENEOUS  SPHEROIDS 

We  shall  assume  the  axis  of  symmetry  of  the  spheroid  to  be  the  z  axis,  its  principal 
semi-axes  to  be  of  length  a,a,c,  and  the  incident  wave  to  lie  in  the  +  ■  0  plane. 
Thus  the  incident  wave  vector  is 

k  •  k  (sine,  0,  cosB)  (14) 

— O  0 

We  define  vertical  and  horizontal  polarisations  as  being  in,  and  perpendicular  to, 
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the  plane  formed  by  the  incident  direction  and  the  scatterer  axis  respectively. 
Thus 


Sh 


(cos0,  0,  -sin0) 

(0,  -1,  0) 


Note  that 

1  H  H 


(15) 

(16) 


For  a  homogeneous  body,  the  wave  velocity  in  the  scatterer  will  be  constant  and 
hence  the  three- fold  integration  in  (8)  reduces  to  a  two- fold  integral  over  the 
angle  variables  0.  ,  ;  only  k  *  k  n  contributes  to  the  radial  integration, 
where  K 


*  c  -  1 


(17) 


For  the  sake  of  simplicity,  we  shall  assume  an  incident  polarisation  e_  and  write 


£  (x,  ♦)  *  C(k,  1^)*  e 

where  x  ■  cos 

On  reducing  the  x  integration  by  N-point  quadrature  (pivots  and  weights 
{x-^wji  *  1 , . . .  ,N>) ,  equations  (9)  and  (10)  become 


j 


N  2ir 

*  W.  /  d*2  K(kn,  kj2)c(x. ,  <f>2)  -  UQ^j,  kje  (i*l . N) 


(18) 


(19) 


Id,-  !io>  -  iff  .1  ",  -V  »<£,•  V"*!’  V 

3-1  J  o 


(.20) 


where  k^  denotes  a  vector  of  magnitude  kQno  in  the  direction  with  polar  angles 
(arccos  Xj,  <fr£),  and  f  ■  $*e_ 

c  is  a  vector  whose  components  describe  the  x,y,z  components  of  the  field.  It 
transpires,  however,  that  there  is  a  great  advantage  in  considering,  rather,  the 


combinations  (E^  ♦  iE  ) .  Thus  writing 


*  7i 


l  l 
•i  i 


0 
0 

0  0/2 


(21) 


we  write  c  *  A  d 

.-1 


L 

h 


K  A 


A*1  e 


(22) 


We  now  expand  d  as  an  exponential  Fourier  series  in  $ 
♦  S 

Z  d  (x.)  exp  (si4>) 
s— S  3 


W.d  (x. ,0) 


* 


(23) 
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Transforming  (19)  according  to  (22),  premultip lying  by  exp(-ir<t>1)  and  integrating 
with  respect  to  both  4>1  and  $2  over  [0,2ir]  yields 

\  WvVW  ■  VVVii 

j»l  s*-S 

where  U  (x.  ,x  )  *  f  dd  exp(-ir$)  U(k  n  x  ♦),  k  )  (25) 

r  l  o  q  .  o  o  l  - o 

The  calculation  of  the  L  matrix  element  is  a  central  point  in  the  method.  It  is 

a  heavy  piece  of  analysis,  and  can  only  be  performed  for  a  few  scatterers.  For 
spheroids  the  calculation  follows  the  lines  given  in  Reference  (10)  and  uses  the 
result 


2ir  2ir  2ir  1  1  ,  , 

/  d0  /  d$.  I  d$,  exp[i[n$-r0.+sO,]  ]C  [cos  (4>. -$)  ]  C  [cos  (4)--^)  ] 
r\  n  *  n  *  Iaw  i  u  * 


•  { 


8ir36  |  r|  even,|r|<t  ;  |  s  |  ♦u  even,|s|^u 

r  i  s 

0  otherwise 


where  denotes  the  Gegenbauer  polynomial. 

In  fact  only  three  values  of  s  contribute  to  the  sum  in  (24) ,  and  in  such  a  way 
that  the  L  matrix  can  be  rearranged  into  block  diagonal  form,  each  block  being  of 
dimension  3N.  The  reason  for  using  the  transf  .ions  (22)  is  that  it  minimises 
both  the  number  of  terms  contributing  to  the  summation  in  (24)  and  also  the 
coupling. 

The  resultant  equations  can  be  arranged  in  the  form 

/  4l*2  hr2  hi*  \  I  ‘i.r.2  \  /  V:S\ 


t+2 

i  r+2 

L  r*2  \  /  d 

11 

L12 

L13  /  “l ,r*2 

r*2.T 
12  ; 

hi 

(L13  5  d2,r 

r*2.T 
13  J 

i  r*1 

,  T*l  \  d 

L13 

L33  \  d3,r*l 

U  .  h. 
r*l  3 


where  ^  -  (d^  ,  d2>y  ,  d^) 

Uy  »  ^d<t>l  UQkl*y  exp (-irt)>1) 
and  {L*  }  are  expressible  in  terms  of  a  set  of  integrals 

JW 


I  C.n.s.r)  .  ,i  / 

0  A 

2 


£iex)C««fe 


where  X 


*  /(a2  ♦  (c2.  a2)x^ 


(31) 
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(32) 

(33) 

00 

E 


nun  even 

t+|r|even  u^|r|even 

wvwvOvC 

(X2)(l1(m,n,t,u)-  J  I3(m,n,t,u)} 

(34) 

A# 

where  jn(K)  »  (n+i)jR(K)/K 

(35) 

Ki  "  kono  (c2~  a2)*i2) 

(i-1.2) 

(36) 

cx/X 


and 


o'*1  M 

Tn+1  '•XJ  (m+t+2) !  J  /( l -y1) 


by  summations  such  as 

X  X  00  oo  oo 

L'Cx,.x,)  -  !“V"  I  £  £ 

U  1  2  r0  m* | r |  n-|r|  t»!r! 


and  xi  is  defined  similarly  to  equation  (32). 

In  the  above,  j  denote  the  spherical  Bessel  and  Hankel  functions  of  order  n, 

and  Pn  the  associated  Legendre  polynomial, 
n 

It  should  be  noted  that  the  m,n  summations  in  (34)  must  be  truncated  at  some  value 

N  which  will  be  determined  by  requiring  the  matrix  elements  to  have  no  significant 
o 

contribution  from  terms  with  m  or  n  >  Nq.  Since  the  spherical  Bessel  functions 

diminish  rapidly  once  the  argument  significantly  exceeds  the  order  (Ref.  9  p.70), 
we  may  presume  that  for  large  size  parameters,  N  'v  k  n„  A  ♦  3,  where  nn  *  Re(n  ). 

Notice  that  the  matrix  in  (27)  is  symmetric.  This  is  a  consequence  of  the 
symmetry  of  the  body.  Furthermore  it  can  be  shown  that 


l»-r  2,r 


d_  »+d,  (for  a11  *)  *  (37) 

3|-r  -  3,r 

the  ♦  sign  relating  to  V  polarisation  and  the  -  sign  to  H  polarisation. 
Consequently  we  need  only  solve  (27)  for  r*-l,....S,  the  cases  r*-l,  S-1,S  being 
special  cases;  r*-l  is  degenerate,  whereas  r*S-l,S  are  of  lower  dimension  since 
we  ignore  all  values  of  r  >  S,  and  hence  ignore  some  of  the  equations  in  (27).  It 
should  be  noted  that  increasing  the  size  of  S  just  requires  some  extra  equations 
to  be  solved,  and  some  extra  matrix  elements  to  be  evaluated,  rather  than  a 
completely  new  calculation,  and  hence  within  one  calculation  the  convergence  of 
the  Fourier  series  can  be  displayed  at  minimal  cost.  This  is  a  significant 
improvement  on  the  scheme  given  in  reference( 10) . 

The  integrals  in  (29)  can  be  seen  to  be  independent  of  the  refractive  index,  and 
only  dependent  on  the  two  parameters  kQa  and  c/a. 


Applying  (22),  (23),  (37)  to  (20)  gives 
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(i)  Incident  V  Polarisation 


N 

f/z  “j.o'V 

s 

Z  J  • 

V 

0 

♦  Z  V 

0 

3-1  S 

0 

d3,0(V 

r=l  r 

2d3.r'b> 

[  / 

i 

(ii)  Incident  H  Polarisation 


i/2  N 

=  Js' 
331 


.2ir 


0  1 

S 

0  ) 

V2,0<V 

*  £  V  (x  ) 
r»l  r  J 

d,  (x.)-d.  (x.) 

2,rv  l,r  Y 

0  i 

- 

0 

where  V  (x.)  =  /  exp(ri$.)  U(k  ,k..)d$. 

rj  q  i  — s— jii 


(38) 


(39) 

(40) 


COMPUTER  IMPLEMENTATION 

To  implement  the  the  ry  for  spheroids  given  in  the  previous  section  there  are  three 
stages  in  the  calculation: - 

1.  Calculation  of  the  integrals  required  in  evaluating  the  matrix  elements. 

2.  Calculation  of  the  matrix  elements  required. 

3.  Solution  of  the  linear  equations  and  calculation  of  the  scattering 
amplitudes. 

These  three  stages  are  performed  in  separate  programs,  the  intermediate  results 
being  written  to  disk.  This  organisation  has  been  developed  since 

(a)  If  the  integrals  are  written  carefully  to  disk,  then  increasing  does 

not  require  complete  recalculation  of  all  the  integrals  -  just  the  extra 
integrals  have  to  be  evaluated. 

(b)  If  results  are  required  for  a  particular  scatterer  and  wavelength,  but 
for  a  range  of  refractive  index,  there  is  no  need  to  calculate  the 
integrals  more  than  once. 

(c)  Since  a  number  of  matrix  equations  must  be  solved,  there  is  a  large 
saving  in  core  if  the  equations  are  solved  one  at  a  time  (the  elements 
being  read  in  when  needed  from  the  disk.) 

(d)  One  calculation  of  the  elements  of  the  L  matrix  in  (27)  suffices  for  any 
incident  direction  and/or  polarisation. 

There  is  also  a  balance  required  between  core  size  and  CPU  time,  but  since 
a  major  constraint  is  that  a  problem  be  tractable,  it  is  more  important 
to  keep  core  requirements  low.  Therefore  not  all  incident  directions 
should  be  considered  simultaneously. 

All  these  arguments  have  favoured  the  division  of  obtaining  the  solution  into  three 
stages.  The  details  of  these  stages  are  as  follows 

l.  For  a  given  m,n,  the  integrals  { I ^  2  3(m,n,s,r)}  can  mainly  be  evaluated  by 

recurrence  relations  based  on  the  recurrence  relation  for  the  associated 
Legendre  polynomials 
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2sx  p*(x)  *  (l-xV[p’*l(x)  +  (ra+l-s)  (m+s)p^_1(x)] 

mm  hi 


(41) 


The  only  integrals  requiring  numerical  integration  are 
(l3(m,n,s ,0) ,  s*0....ra  ;  s  even) 

{l3(m,n,m,r) ,  r*l _ n  ;  run  even}  and  I^m.n.O.O) 

For  given  Nq,  there  are 

Y(  (3Z2*3Z+2) Y+4Z+2  )/2  (42) 

N0  N.+1 

integrals  to  be  evaluated,  where  Y  *  [-y]  ♦  1,  Z  -  [— — ] ,  and  [t]  denotes 
the  largest  integer  less  than  or  equal  to  t.  ^ 

The  Spherical  Bessel  functions  are  evaluated  by  a  routine  which  uses  either 

a  series  expansion,  a  forward  recursion  relation,  or  the  Miller  algorithm 

(Ref.  15)  depending  on  the  values  of  the  order  and  the  argument.  Numerical 

integration  is  performed  by  a  variable  step-length  routine  using  a  Clenshaw- 

Curtis  quadrature  and  an  inbuilt  estimate  of  the  absolute  error  obtained  by 

comparing  Newton-Cotes  and  Romberg  estimates  (Ref.  16).  The  program  is 

written  in  double  precision  arithmetic  and  requires  23K  (words)  core  for 

N  <  30.  The  disk  area  required  for  a  given  N  can  be  calculated  from  (42) 
o  »  o 

-  each  integral  is  a  complex  number. 

2.  The  calculation  of  the  matrix  elements  will  depend  on  the  values  of  N  ,  N 

0 

and  S.  The  number  of  matrix  elements  to  be  calculated  is  N(27S*4*5)N 
♦3(S+0*5)}  »  where  N  will  be  roughly  proportional  to  k^A  and  S  will  depend 

both  on  kQA  and  c/a.  For  example,  for  large  raindrops  at  30GHz  (a2c  *  0.027, 

c/a  *  0.7),  S  *  7,  N  *  15.  The  time  for  this  stage  will  depend  not  only  on 
the  number  of  matrix  elements  to  be  calculated,  but  also  on  N0.  The  core 
required  depends  on  how  much  reading  is  done  from  the  disk.  If  a  third 
of  the  integrals  are  read  in  at  a  time,  then  for  N*Nq»16,  40K  words  store 

is  required,  whereas  for  N=N  *20  about  70K  words  are  required.  However  these 
figures  could  be  dramatically  reduced  by  only  reading  the  integrals  for  a 
given  m,n  at  one  time. 

3.  The  third  program  constructs  the  matrix  equations  to  be  solved  from  the  matrix 

elements  on  disk,  and  by  calculating  the  appropriate  right-hand  side  of  (27), 
and  then  solves  the  linear  equations  one  at  a  time.  The  scattering  amplitudes 
are  then  calculated,  using  the  solutions,  from  (38)  or  (39).  The  convergence 
of  the  scattering  amplitude  for  different  S  is  automatically  contained  within 
the  program.  For  any  incident  direction,  both  V  and  H  polarisations  are 
included.  Core  requirement  again  depends  on  N,N  .  For  N*Nq*20,  the  core 
required  is  50K.  0 


At  the  time  of  writing,  program  development  is  not  yet  completed,  but  a  sample  of 
program  run  times  is  given  in  Table  2.  It  is  anticipated  that  further  development 
should  enable  the  time  required  for  stage  2  to  be  halved. 
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TABLE  2 

Examples  of  FIM  spheroid  program  run 

lines 

Parameters 

CPU 

secs 

N 

o 

N 

S 

Stage  1 

Stage  2 

Stage  3 

Total 

6 

3 

4 

17 

2 

4 

23 

9 

5 

5 

63 

14 

11 

88 

11 

7 

5 

124 

52 

17 

193 

13 

8 

6 

223 

130 

28 

381 

16 

14 

8 

450 

283 

73 

806 

The  computing  limitations  on  this  application  appear  to  be  as  follows 

a)  Stage  1.  The  main  limitation  is  disk  storage  of  the  integrals.  As  will  be 
seen  from  Table  2,  program  run  times  do  not  increase  rapidly  with  NQ,  but  disk 
storage  will  increase  approximately  as  the  fourth  power  of  N0  (cf.42),  and  for 
N0  *  16  already  requires  about  4S0  blocks.  Core  storage  is  not  a  problem,  since 
the  integrals  are  calculated  and  dumped. 

b)  Stage  2.  As  currently  written,  about  one-third  of  the  integrals  are  required 
in  core  and  since  the  number  of  integrals  increase  rapidly  with  Nq,  there  is 
clearly  a  definite  limit  to  the  size  parameter  which  can  be  treated.  However 
this  restriction  can  be  lifted  easily,  at  the  cost  of  frequent  reading  from  the 
disk.  Since  N  is  slowly  increasing  with  scatterer  size,  the  restrictions  are 
likely  to  be  more  from  CPU  time  than  from  core  size,  once  the  integrals  are 
read  from  the  disk  as  required. 

c)  Stage  3.  The  matrix  equation  to  be  solved  is  of  dimension  3N  (and  being 

symmetric,  not  all  matrix  elements  are  required).  N  still  enters  the 

o 

calculation  at  present  since  U  is  calculated  from  (29)  by  expanding  the 

integrand  in  a  partial  wave  expansion.  Further  development  work  should  improve 
the  situation  and  N  should  eventually  be  avi»  to  be  increased  to  around  50 
without  exceeding  70K  words  core.  The  solutions  are  currently  written  to  disk 
and  read  back  when  the  scattering  amplitudes  are  calculated.  This  stage  should 
be  the  least  demanding  as  far  as  CPU  time  and  core  storage  are  concerned. 

The  implementation  uses  double-precision  arithmetic,  but  since  complex  double 
precision  is  not  available  in  FORTRAN  on  the  PDP-10  (KL10)  machine  used, 
complex  variables  have  had  to  be  treated  as  pairs  of  real  variables. 

Consequently  the  program  code  is  somewhat  larger  than  would  otherwise  be 
necessary. 


Comparison  with  T-matrix  method  implementation 

Direct  comparison  is  not  easy  since  different  machines  have  been  used  for  the 
implementations,  and  this  makes  CPU  time  and  even  core  size  requirements  impossible 
to  compare.  Moreover  there  have  been  at  least  three  different  implementations  of 
the  T-matrix  method  (Refs.  5,7,8)  and  the  implementations  are  constantly  being 
improved  (cf.  Refs.  8,17).  However  some  useful  comparisons  can  be  made. 

Points  of  similarity  Both  implementations  consist  of  three  stages:  for  the 

t-matrix  method  these  are  (Ref.  6)  calculation  of  integrals,  solution  of  linear 
equations,  and  evaluations  of  scattering  parameters.  Spherical  Bessel  and  Hankel 
functions,  and  associated  Legendre  polynomials  have  to  be  calculated  in  both  schemes. 
Both  schemes  allow  the  separation  into  azimuthmal  modes  (Ref.  6)  and  in  both  an 
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expansion  has  to  be  truncated.  In  both  methods  the  computational  complexity 
increases  as  kQA  increases  and  eventually  limits  their  applicability. 

Points  of  difference  It  should  be  noted  that  since  the  FIM  expands  in  the  trans- 
form  variable  whereas  T-matrix  expands  in  the  position  space  variable,  there  is  no 
direct  comparison  between  the  "azimuthal"  and  "elevation"  modes  of  the  T-matrix 
method,  and  similar  quantities  in  the  FIM.  In  the  latter  the  various  azimuthal 
modes  are  decoupled  and  therefore  one  can  examine  the  convergence  of  the  scattering 
parameters,  with  respect  to  the  number  of  azimuthal  modes,  within  a  single  calcul¬ 
ation.  Whether  this  also  holds  in  the  T-matrix  method  is  unclear  in  the  literature; 
the  decoupling  is  clearly  indicated  in  reference  (6)  but  in  reference  (7)  it  would 
appear  that  separate  calculations  were  necessary  for  different  numbers  of  azimuthal 
modes.  The  elevation  modes  are  dealt  with  rather  differently.  In  the  T-matrix 
method  the  size  of  the  matrix  to  be  solved  depends  explicitly  on  the  number  of 
modes  to  be  included.  In  the  FIM  modes  could  be  said  to  enter  in  two  ways;  firstly 
through  the  partial  wave  expansions,  such  as  occur  in  equation  (34),  which  are 
truncated  at  some  upper  value  N  ,  and  secondly  through  the  quadrature  pivots.  The 

first  of  these  two  ways  does  not  affect  the  number  of  equations,  just  the  amount  of 
work  involved  in  calculating  the  matrix  elements.  The  quadrature  pivots  are  not 
strictly  modes,  but  their  number  does  directly  affect  the  number  of  equations  to 
be  solved.  It  should  be  noted  that  a  change  of  refractive  index  does  require  a 
complete  new  calculation  in  the  T-matrix  method,  since  the  integrals  depend  on  the 
refractive  index  (Ref.  6).  In  the  FIM,  the  most  time-consuming  part  of  the 
calculation  does  not  depend  on  the  refractive  index. 

One  other  point  to  note,  since  it  appears  to  be  important  for  increasing  the  size 
parameter  (Ref.  8) ,  is  that  in  the  FIM  we  need  the  Hankel  function  of  argument 
k  A/2,  not  of  argument  k  n  A/2  as  is  needed  by  the  T-matrix  method. 


Results 

To  demonstrate  the  convergence  of  the  scattering  amplitudes  for  a  particular  case, 
we  give  in  Table  3  the  forward  and  backward  scattering  amplitudes  for  a  raindrop  at 
94GHz.  For  this  scatterer  kQnRA  -  13.7  and  f  (0) ,~  f  (n/2)  denote  the  scattering 

amplitude  for  incidence  along  and  perpendicular  to  the  axis  of  symmetry.  For  this 
example,  NQ  *  10. 

Certain  general  comments  can  be  made  (i)  For  incidence  along  the  z  axis,  the  noT - 
zero  azimuthmal  modes  make  no  contribution  to  the  amplitudes  -  only  the  zero-order 
mode  contributes,  (ii)  In  the  forward  direction,  the  H  polarisation  amplitudes 
converge  more  slowly  than  do  the  V  polarisation  amplitudes  (iii)  As  should  be 
expected,  the  forward  amplitudes  converge  more  quickly  than  do  the  backward 
amplitudes. 

It  is  worthwhile  pointing  out,  finally,  that  for  scattering  by  spheroids  for 
k  n  A  5  5,  the  forward  amplitude  at  any  incident  angle  0  may  be  accurately  expressed 

0  K  * 

in  terms  of  those  for  incidence  along  the  principal  axes  as 

f (0)  ■  f(0)  cos2  0  ♦  f (ir/2)sinl0  (43) 

This  rule,  which  was  empirically  deduced  from  results  obtained  using  the  FIM,  has 
been  shown  to  have  some  theoretical  foundation  in  reference  (18).  A  similar  rule 
also  applies  to  back-scattering,  but  for  a  more  restricted  range  of  size-parameters. 
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TABLE  3  Convergence  of  scattering  amplitudes  for  scattering  of 
electromagnetic  waves  by  a  dielectric  spheroid  at  94GHz 

(a2c)  •  0.1cm  c/a  *  0.9  nQ  *  3.359  *  il.930 


a) 

FORWARD 

Scattering  Amplitudes 

N 

S 

•  f(0) 

9 

3 

1.33'*  ♦  il.Sl"1 

4 

5 

10 

3 

1.32"*  ♦  il.Sl'1 

4 

S 

b) 

BACKWARD 

Scattering  amplitudes 

9  3  2.10  -  i3. 13 

4 

5 


10  3  2.10"  -  i3. 14 

4 

5 


fv(ir/2) 


2.03'* 

♦ 

il.39 

2.01'* 

♦ 

il.39 

2. or* 

♦ 

il.39 

2.03'* 

♦ 

il.39 

2.01'* 

* 

il.39 

2.01 

♦ 

il.39 

5.73^* 

-  i3. 77 

5.55  3 

-  i3. 73 

5.S5'3 

-  i3.74 

S.71'3 

-  i3. 77 

5.53~3 

-  i3.74 

S.S3'3 

-  i3.74 

fH(»/2) 


1.00'* 

♦ 

il  .47 

9.62'; 

♦ 

il  .48 

9.61 

♦ 

il  .48 

1.00'* 

♦ 

il  .47 

9.52'; 

♦ 

il  .48 

9.51 

♦ 

il  .48 

1.20'* 

-  i3.972 

1 .  IS2 

-  i3.94~2 

1.15*2 

-  i3.942 

1.20* 2 

-  i3.97'2 

1 . 152 

-  i3.94'2 

1 . IS"2 

-  i3.94'2 

The  index  gives  the  power  of  ten  by  which  the  entry  is  to  be  multiplied. 


CONCLUSION 


One  point  that  must  be  underlined  about  the  FIM  is  that  it  is  not  easily  adaptable 
to  different  shapes  of  scatterer.  This  is  because  of  the  complexity  of  the 
K  matrix  elements  (equ.  (12)  ) .  Calculations  have  been  performed  on  infinite 
cylinders  of  elliptic  cross-section  (Ref.  19)  and  on  general  ellipsoids  (Ref.  10, 
20),  and  are  at  present  in  progress  on  finite  cylinders,  and  infinite  cylinders  of 
rectangular  cross-section.  It  should  be  noted  that  the  case  of  scattering  from 
thin  finite  cylinders  has  already  been  treated  (Ref.  21).  The  FIM  therefore  is 
suitable  for  treating  a  limited  number  of  model  shapes,  and  because  of  its  numerical 
stability,  is  likely  to  be  able  to  deal  with  larger  size  parameters  than  is  the 
T-matrix  method.  The  latter  will,  however,  be  very  much  more  suitable  for  treating 
bodies  of  arbitrary  shape  -  such  as,  for  example  (Ref.  17),  the  Pruppacher  and 
Pitter  raindrop  model  (Ref.  22) .  The  study  of  shape  effects  in  the  resonance 
region  for  scattering  at  microwave  frequencies  does  seem  a  worthwhile  study,  and 
one  to  which  simple  scatterer  models  can  contribute.  There  is  evidence  that  in 
the  resonance  region  shape  may  not  be  critical  -  the  Pruppacher  and  Pitter  rain¬ 
drops  scatter  very  similarly  to  spheroids  (Ref.  17).  However,  interesting 
resonance  effects  have  been  found  (Ref.  23)  and  there  is  evidence  that  slight 
changes  in  refractive  index  can  be  significant  in  this  region  (Ref.  24) .  This 
introduces  another  possible  use  of  the  FIM.  All  the  quantum  mechanical  applications 
dealt  with  scattering  interactions  which  were  distance  dependant  in  the  interaction 
region,  whereas  so  far  the  electromagnetic  applications  have  dealt  with  homogeneous 
scatterers.  The  FIM  could  be  extended  to  deal  with  Scatterers  whose  refractive 
index  was  either  anisotropic  and/or  a  smoothly  varying  function  of  position.  Such 
an  extension  does  not  appear  to  be  readily  available  in  the  T-matrix  method. 
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THE  T -MATRIX  METHOD 
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§  1  INTRODUCTION 

In  this  paper  we  consider,  from  a  computational  viewpoint,  a  technique  applied  to 
the  classical  direct  scattering  problem  which  has  been  variously  called  the  transi¬ 
tion  matrix  formulation  (Ref.  1-4),  and  the  null  field  method  (Ref.  5-6).  We 
will  henceforth  call  the  method  the  null  field  method.  The  problem  involves  cal¬ 
culating  the  field  scattered  from  a  body  of  known  constitution  and  location,  given 
the  incident  field. 

In  order  to  clarify  the  exposition  the  analysis  is  restricted  to  the  scattering  of 
scalar  waves  from  a  totally  reflecting  single  body.  The  analysis  is  therefore 
applicable  to  all  scalar  fields  which  behave  in  the  same  manner  as  acoustic  fields 
of  small  amplitude.  By  this  restriction  we  are  able  to  illustrate  all  the  points 
we  wish  to,  without  any  of  the  analytic  complications  that  occur  in  other 
scattering  problems.  In  particular  for  application  of  the  null  field  method  to 
scattering  problems  involving  vector  waves,  penetrable  bodies  or  multiple  bodies 
the  reader  is  referred  to  other  papers  in  this  symposium. 

In  developing  the  null  field  method  there  are  two  important  steps.  The  first  is  to 
obtain  the  'extended  integral  equation'  (e.i.e.);  the  second  is  the  use  of  the 
bilinear  expansion,  in  an  appropriate  coordinate  system,  of  the  free  space  Green's 
function.  In  the  methods  used  prior  to  Ref.  6  the  e.i.e.  were  satisfied  explicitly 
within  a  sphere  (for  three-dimensional  problems)  or  a  circle  (for  two-dimensional 
problems)  inscribed  by  the  body.  This  was  done  by  utilizing  the  bilinear  expan¬ 
sions  appropriate  to  the  spherical  polar  and  the  circular  cylinder  coordinates 
respectively.  It  has  been  found  that  the  system  of  equations  derived  from  these 
methods  tends  to  be  numerically  ill-conditioned  when  the  body  has  a  large  aspect 
ratio.  By  the  term  'aspect  ratio'  we  mean  the  ratio  of  the  largest  dimension  to 
the  smallest  dimension  of  the  body.  By  examining  the  coordinate  systems  in  which 
the  free  space  Green’s  function  possesses  a  suitable  bilinear  expansion.  Bates  and 
Wall  (Ref.  6)  were  able  to  satisfy  the  e.i.e.  explicitly  within  the  spheroid  (for 
three-dimensional  problems)  or  the  ellipse  (for  two-dimensional  problems)  inscribed 
by  the  body,  thus  overcoming  these  numerical  problems.  In  §4  we  follow  the  analysis 
of  Bates  and  Wall  (Ref.  6)  in  deriving  the  'general'  null  field  method.  We  do  not, 
however,  give  detailed  formulae  for  the  various  methods  -  the  interested  reader  is 
referred  to  the  original  paper  for  these.  Wall  (Ref.  7)  has  extended  these  methods 
to  the  electromagnetic  case. 

One  of  the  desirable  features  of  the  null  field  methods  is  that  they  are  unique  at 
all  frequencies;  in  §2  we  set  up  the  necessary  preliminaries  and  demonstrate  this 
fact.  The  theoretical  explanation  for  the  numerical  instability  experienced  with 
the  'spherical'  and  'circular'  null  field  methods  for  some  body  shapes  is  developed 
in  §3.  If  the  size  of  the  linear  system  of  equations  which  results  from  a  parti¬ 
cular  null  field  method  can  be  kept  small,  the  onset  of  ill-conditioning  for 
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certain  scattering  body  shapes  can  be  reduced.  We  discuss  in  §5  ways  in  which 
this  may  be  achieved  by  suitable  choice  of  basis  functions  representing  the 
unknown  function  in  the  equations. 

In  §6  we  illustrate  by  numerical  example  how  the  region  in  which  the  e.i.e.'s  are 
explicitly  satisfied  should  be  chosen.  Although  the  general  null  field  outlined 
in  §4  enables  many  bodies  to  be  analysed  satisfactorily,  one  can  devise  shapes  for 
which  none  of  these  methods  is  particularly  suitable.  In  §6  we  illustrate  how  the 
method  of  regularisation  may  be  employed  with  any  of  the  null  field  methods  to 
overcome  the  numerical  instability  problems.  Our  approach  to  the  use  of  the 
regularisation  methods  is  heuristic;  for  more  rigorous  and  detailed  accounts  of 
these  methods  refer  to  Refs.  8-10. 


THE  EXTENDED  INTEGRAL  EQUATIONS 


We  let  D  denote  the  infinite  region  lying  outside  the  simple  closed  surface  3D 
of  the  scattering  body.  D_  will  then  be  taken  to  denote  the  complement  of 
D  u  3D  .  Upper  case  letters  P  ,  Q  will  denote  points  of  D  ;  P_  ,  Q_  will 
denote  points  of  D_  ,  and  lower  case  letters  p  ,  q  will  denote  points  of  3D  . 
The  unit  normal  of  the  surface  3D  at  a  point  P  directed  from  3D  towards  D 
will  be  denoted  by  n(p)  .  The  origin  of  coordinates  0  is  taken  at  an  arbitrary 
point  of  D_  .  The  position  vector  from  0  to  the  point  P  is  denoted  by  rp  and 

its  scalar  length  by  rp  ■  |rJ,|  . 


The  exterior  boundary-value  problem  considered  here  consists  of  finding  the  total 
field  u  ;  the  solution  of  the  scalar  Helmholtz  equation 


(V2 +k2)u(P,  -  -x(P)  in  D  , 
subject  to  the  radiation  condition 


(0 


r  Gr~+iku)  -*•  0  as  r  -*■  »  (2) 

p  3rp  p 

for  three-dimensional  problems,  and  boundary  conditions  on  3D  to  be  prescribed 
later.  For  two-dimensional  problems  the  r  quantity  outside  the  parenthesis  in 

i/2  P 

(2)  is  replaced  by  r  .  All  sources  and  fields  are  complex  functions  of  space 

P 

with  the  time  factor  exp(iut)  suppressed. 


Application  of  Green's  theorem  to  (1)  together  with  the  corresponding  partial 
differential  equation  satisfied  by  the  free  space  Green's  function,  denoted  by  g  , 
yields  the  well  known  identity 


jx(Q)g<p»Q)dTq  +  |  -(" 

n  an  ^  ^ 


u(P)  P  e  D 


P  c  D 


Here  dT^  and  dsq  denote,  respectively,  the  volume  and  surface  variables  for 

the  integrations.  The  surface  3D  need  not  possess  a  tangent  which  is  a  dif¬ 
ferentiable  function  of  position  at  all  points  on  3D  :  i.e.,  3D  can  include 
edges.  The  free  space  Green's  function  is 
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g(P,Q)  *  exp(-ikR)/4irR  ,  in  three  dimensions 
»-<i/4)HQ^  (kR)  ,  in  two  dimensions 

where  R  -  llq“t{)|  and  Hq2^  denotes  the  Hankel  function  of  the  second  kind  of 
order  zero. 

It  is  convenient  for  subsequent  discussion  to  split  the  field  into  the  sum  of  an 

incident  wave  u.  -and  a  scattered  wave  u  ,  where 
inc  s 


Uinc  "  jx(Q)8<P.Q)dTQ  , 

D 

and  u  is  given  by  the  remaining  integral  on  the  left  hand  side  of  (3).  Hence- 
s 

-forth  for  ease  of  presentation  we  shall  discuss  only  the  Neumann  and  Dirichlet 
scattering  problems,  which  occur  in,  for  example,  acoustic  problems  involving  the 
scattering  from  sound-hard  or  sound-soft  bodies  respectively. 

In  the  Dirichlet  boundary  condition  case,  u(q)  -  0  ;  by  restricting  P  to  lie  in 
D_  ,  (3)  then  becomes 

f  ■  «tncwj  •  <4 

3D  q 

The  corresponding  equation  for  the  Neumann  boundary  condition  ^  *  0  ,is 

q 

{  u(q)-§^-<P-»q)d8q  "  'uinc(P-)  *  (5 

3D  q 


These  two  integral  equations  for  the  unknown  surface  densities  3u/3n  and  u 
have  come  to  be  known  as  the  'extended  integral  equations'  after  Waterman  (Ref.  1) 
who  derived  them  via  what  he  called  the  'extended  boundary  condition'.  This 
boundary  condition  has  also  been  called  the  'extinction  theorem'  by  various 
authors  (see  Ref.  6). 

We  will  now  show  that  the  two  equations  (4)  and  (5)  are  unique  for  all  positive 
values  of  the  wavenumber  k  .  We  note  that  this  is  in  contrast  with  the 
'conventional'  surface  integral  equations,  which  can  also  be  obtained  from  (3)  by 
careful  consideration  as  P  -*■  3D  .  These  conventional  equations  can  be  shown  to  be 
non-unique  at  wavenumbers  corresponding  to  internal  resonances  of  the  complementary 
problem  (Refs.  11  -  12). 


We  consider  here  the  Dirichlet  boundary  condition;  the  proof  for  the  Neumann 
boundary  condition  follows  in  a  similar  manner.  As  (4)  is  an  integral  equation  of 
the  first  kind  the  Hilbert-Schmidt  theory  (Ref.  13)  ensures  that  it  has  a  unique 
solution  provided  that  zero  is  not  in  the  spectrum  of  the  integral  operator.  We 
can  show  that  this  is  not  the  case  by  the  following  device. 


Suppose  the  homogeneous  form  of  (4)  has  a  non-trivial  solution 


3uO/3Qq 


so  that 


I 


3u0 

IT  *(P-’q)d9q 


0  . 


(6) 


The  integral  on  the  left  hand  side  of  (6)  can  then  be  associated  with  the  comple¬ 
mentary  problem,  i.e.  with  the  solution  U(P_)  of  the  homogeneous  Helmholtz 
equation  in  D_  with  Dirichlet  boundary  conditions.  Therefore  if  (6)  is 


satisfied  V  P  e  D 

E 

follows  that 


where 


°oull  4  »- 


has  non-zero  volume,  it 


U(P_)  =0  V  P_  «  D_  , 

and  hence  3U/3n^  ■  0  .  This  contradicts  the  original  assumption;  hence  (4)  is 

unique.  Except  for  a  few  special  geometries  and  incident  field  configurations 
0^11  must  have  a  non-zero  volume  to  ensure  uniqueness  (Ref.  14). 

§3  SINGULAR  FUNCTION  ANALYSIS  OF  THE  E.I.E. 

The  e.i.e.'s  are  integral  equations  of  the  first  kind  which  are  well  known  to  be 
ill-posed.  By  this  we  mean  that  the  solution  of  the  equation  does  not  depend  con¬ 


tinuously  on  the  right  hand  side  u^nc  •  We  should  therefore  expect  ill- 

conditioned  linear  systems  from  any  numerical  method  of  solution  of  these  equations. 
However  this  is  not  always  the  case  and,  as  shown  in  §6,  provided  Dnuj^  is  chosen 

to  be  'near'  3D  ,  the  linear  system  is  well-conditioned. 

To  explain  the  numerical  ill-conditioning  of  our  equations  and  to  elucidate  one  of 
the  methods  which  we  propose  for  overcoming  this  problem,  we  present  some  of  the 
relevant  theory  of  singular  functions.  More  detailed  accounts  can  be  found  in 
Refs.  13,  13,  and  10. 

For  the  purposes  of  this  section  we  find  it  convenient  to  rewrite  equations  (4)  and 
(5)  as 


j  K(P_,q)f (q)ds^  -  h(P_) 


Here  the  respective  kernels  g  and  3g/3n  in  (4)  and  (5)  are  denoted  by  K(P_,q) 
and  the  right  hand  side  in  both  equations  is  denoted  by  h  .  The  unknown  quantity 
f  denotes  the  surface  source  density  in  (4)  and  (5).  We  use  K  to  denote  the 
Hilbert-Schmidt  integral  operator  in  (8),  which  may  then  be  writ-.en  in  the  short¬ 
hand  form  Kf  ■  h  .  Let  us  consider  the  self  adjoint  operators  KK*  and  K*K 
where  K*  is  the  adjoint  operator  of  K  defined  by 

K*h  -  f  K(P,q)h(P)dxp 


and  the  superbar  denotes  the  complex  conjugate.  Then  orthogonal  sequences  {u. } 
and  {vj}  of  eigenfunctions  can  be  defined  for  these  self  adjoint  operators;  viz. 


KK*u.  -  (c.11 


K*KVj 


k.2v.  , 
3  3  * 


where  are  the  eigenvalues.  The  u.  and  Vj  are  called  the  singular  func¬ 
tions,  and  the  the  singular  values  of  the  operator  K  .  They  are  useful  in 
the  solution  of  (8)  because  of  the  properties 
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KVj  *  Kjuj  •  K*uj  "  Kjvj  * 

Use  of  this  result  suggests  that  a  formal  solution  of  (8)  is 


where 


f  (q) 


00 


t 


h.  -  <h,Uj>  -  |  h(P)Uj (P)dTj 


null 


(9) 


(10) 


and  is  used  to  denote  the  inner  product.  Necessary  and  sufficient  condi¬ 

tions  for  (9)  to  be  a  solution  can  be  found  in  Ref.  15.  The  uniqueness  of  the 
solution  as  asserted  in  §2  is  assured,  provided  that  Kf  -  0  has  no  non-trivial 
solution. 

The  instability  of  the  integral  equations  of  the  first  kind  can  now  be  demonstrated 
by  the  following  argument.  As  the  sequence  of  singular  values  {fo}  has  zero  as 

its  only  limit  point  we  may  choose  a  j  so  that  <j  is  as  small  as  we  like. 

Therefore  if  hj  is  perturbed  by  6hj  then  f  is  changed  by  <5f  -  (Shj/K.)vj  ; 

hence  ||  6f||  /||  <5h||  can  be  made  arbitrarily  large.  We  can  look  upon  Shj  as  an 

error  term  resulting  from  the  numerical  process  of  'solving'  the  e.i.e. 


§4  THE  NULL  FIELD  EQUATIONS 


To  convert  the  e.i.e. 's  into  an  algebraic  system  of  equations  we  must  cry  to 
satisfy  them  throughout  the  volume  D 


Also,  in  the  light  of  the  analysis  in 
D  to  offset  the  effects  of 


null  * 

§3,  we  might  ask  'What  is  the  best  choice  of  ^ 

numerical  ill-conditioning?'.  Before  attempting  to  answer  these  questions  we  need 
to  have  available  partial  wave  solutions  of  the  homogeneous  Helmholtz  equation  in 
various  coordinate  systems.  These  are:  for  three  dimensional  problems,  the  pro¬ 
late  and  oblate  spheroidal  coordinates  together  with  the  spherical  polar  coordi¬ 
nates,  and  for  two  dimensional  problems,  the  elliptic  and  circular  polar  cylinder 
coordinates.  Following  Waterman's  notation  ve  choose  to  denote  the  set  of  out¬ 
going  partial  wave  solutions  in  the  aforementioned  coordinate  systems  by 


tyQ(P,k)  ,n-l,  2,...} 

for  an  arbitrary  point  P  .  The  various  indices  associated  with  the  wave  functions 
have  been  reordered  into  a  single  index  for  simplicity.  The  detailed  functional 
form  of  these  wave  functions  may  be  found  in  Refs.  16  and  6.  For  the  special  case 
of  spherical  polar  coordinates  we  shall  examine  the  detailed  form  subsequently. 
Together  with  the  outgoing  partial  waves,  which  must  be  singular  at  the  origin,  we 
require  the  set  of  partial  wave  solutions  (Reg  ipn(P,k)}  which  are  regular  at  the 

origin.  The  other  property  of  these  wave  functions  necessary  for  our  later 
development  is  their  orthogonality  on  the  closed  surface  formed  when  the  radial 
type  coordinate,  of  the  appropriate  coordinate  system,  is  kept  constant  while  the 
other  two  coordinates  vary  over  their  ranges.  For  example,  in  the  spherical  polar 
coordinate  system  these  surfaces  are  spheres  and  in  the  spheroidal  coordinate 
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systems  these  surfaces  are  spheroids, 
ment.  This  surface  is  inscribed  by 


One  such  surface  is  crucial  to  our  develop- 


3D  and  as  D 


null 


is  to  be  defined  as  its 


interior,  we  will  denote  it  by 


3D 


null  * 


The  method  we  choose  for  solution  of  the  e.i.e.'s  is  the  general  Galerkin  method 
(method  of  moments).  In  order  to  ensure  the  uniqueness  of  the  e.i.e.'s  verified  in 
§2  Waterman  introduced  a  systematic  way  of  reducing  them  to  an  infinite  set  of 
algebraic  equations.  However  to  relate  development  of  the  null  field  equations  to 
the  conventional  approach  taken  with  the  numerical  solution  of  integral  equations 
we  modify  Waterman' s  .procedure  slightly. 

We  briefly  review  here  Galerkin's  method  as  it  applies  to  the  e.i.e.'s.  The 
operator  form  of  (8)  is  used  to  denote  both  (4)  and  (5).  We  attempt  to  find  an 
approximation  to  f  of  the  form 


N 

nWn 


where  the  f  form  a  spanning  set  in  the  Hilbert  space  L^CSD)  ,  the  domain  of  K  . 

We  use  this  expansion  in  (8)  and  demand  that  both  sides  of  this  equation  have  the 
same  projection  on  the  n-dimens ional  subspace  spanned  by  the  test  functions  . 

This  yields  the  linear  system  of  equations  Aj3  ■  h  ,  solution  of  which  determines 

the  coefficients  8„  where  A _  -  «iL,Kf  >  ,  h  *  <oj  ,h>  .  The  w  should  span 

n  mn  m*  n  ’  —  m’  m  r 

the  Hilbert  space  1^(0  j^)  inner  product  as  defined  in  (10). 


For  the  testing  functions  we  choose  the  set  {Reg  }  .  By  noting  that  for  all 

P  «  Dnun  c^e  ^ree  sPace  Green's  function  g  has  a  bilinear  expansion  of  the 

form  g(P_,q)  *  Ec_V>  (q,k)  Reg ip (P_,k)  ,  where  the  c  are  normalising  constants, 
^  n  n  n  n 

we  observe  that  because  of  the  orthogonality  properties  of  wave  functions  the 
testing  inner  products  defined  on  can  performed  analytically.  The 

detailed  form  of  the  bilinear  expansion  for  g  in  the  various  coordinate  systems 
may  be  found  in  Ref.  16.  The  equation  (8)  then  becomes 


n*l  wn 


*«<q>Vq.Wdsq 


m 


m 


0,  1, 


3D 


(10) 


where  ¥  ■  i|>  for  the  Dirichlet  boundary  condition  and  *?  **  —  /3n  for  the 

mm  m  m  q 

Neumann  boundary  condition.  In  (10)  the 


am  *  {x<Q)VQ,k)dTQ  OD 

D 

are  known  functions.  The  equations  (10)  are  what  we  call  the  general  null  field 
equations.  Substitution  of  the  specific  form  of  the  wavefunctions  ip^  in  (10) 

and  (11)  results  in  a  particular  null  field  method:  e.g.  by  use  of  the  oblate 
spheroidal  wavefunctions,  (10)  becomes  what  we  call  the  oblate  spheroidal  null 
field  method.  When  specific  forms  are  used  for  the  wavefunctions  the  e.i.e.'s  are 
satisfied  in  a  D  ^  appropriate  for  the  coordinates  chosen:  e.g.  in  the  above 

example  Dqu^  is  the  oblate  spheroid  inscribed  by  3D  . 


r  ^ 
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Various  authors  (Refs.  11,  17,  18)  have  noticed  that  when  the  aspect  ratio  of  3D 
becomes  large,  numerical  instabilities  become  apparent  when  solving  the  null  field 


equations  appropriate  when  3D 


null 


is  either  a  sphere  or  a  circle.  Using  a 


similar  analysis  to  that  presented  above.  Bates  and  Wall  (Ref.  6)  were  able  to 
reduce  this  tendency  towards  numerical  instability  by  decreasing  the  part  of  D_ 


not  included  in  D 


null 


Thus  by  use  of  the  spheroidal  wavefunctions  D 


null 


becomes  the  inscribed  spheroid,  or  by  the  use  of  the  elliptic  cylinder  wave- 


functions  D 


null 


becomes  the  inscribed  ellipse.  We  illustrate  the  improvements 


that  can  be  obtained  by  these  methods  in  §6. 


Equations  (10)  and  (11)  in  their  present  form  are  not  ideally  suited  for  direct  use 
on  a  digital  computer.  This  is  because  the  part  of  the  wavefunction  that 

depends  upon  the  radial  coordinate  grows  very  rapidly  in  magnitude  as  m  increases. 
Renormalisation  of  the  equations  is  then  necessary  if  the  exponent  overflow  which 
will  occur  on  most  computers  is  to  be  prevented.  Although  this  renormalisation  can 
be  performed  numerically,  it  is  preferable  to  renormalise  analytically  to  prevent 
any  loss  of  accuracy.  We  will  illustrate  how  this  must  be  done  in  the  case  of  the 
spherical  wavefunctions. 

Examination  of  the  detailed  functional  form  of  the  ip  in  the  spherical  coordinate 

m 

system  (r,9,<J>)  shows  that 

■  h^  (kr)P^(cos  0)exp (ij<J>) 

where  P^  is  the  Legendre  polynomial  of  order  j  and  degree  n  and  h^  is  the 
n  n 

spherical  Hankel  function  of  the  second  kind  of  order  n  .  We  assume  that  there  is 

a  suitable  mapping  from  m  to  n  ,  j  .  The  Hankel  function  can  be  written  in 

terms  of  the  Bessel  functions  j  and  y^  as 

hn2)(x)  "  ^n(x)  ~  iyn(x)  * 


It  is  the  Hankel  function  that  causes  the  problems  in  any  numerical  calculation. 
Recently  in  a  problem  involving  the  summation  of  many  terms  using  these  Hankel 
functions  O’Brien  and  Wall  (Ref.  19)  suggested  the  definition  of  a  new  function  to 
overcome  these  problems.  The  Bessel  functions  are  unsuited  to  computers  because 
for  large  n  and  fixed  argument  and  yn  will  respectively  underflow  and 

overflow  the  exponent  range  of  the  computer.  To  circumvent  this  difficulty  a 
factor  which  decays  with  a  can  be  extracted  from  j  and  a  factor  which  grows 

with  n  can  be  extracted  from  y^  ;  the  residue  in  each  case  is  then  comparable 

with  unity.  Functions  u^  (x)  can  then  be  defined  by 


,  .  /it  ,x.n 

Jn(x)  '  T  ¥ 


r(n+f) 


<1’° 

h»2,U)  ■  IS  (f)'° 
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We  note 


m-0 


(~x2/4)m 
m!  T (n+m+y) 


( -  2) 


u 


n 

(2) 


(x)  -*-1  as  mi  +  “ 

O) 


n 

(4) 


(x) 

(x) 


(2) ,  v  .  .  ,2n+U ,  x  s2/  x  ^2 
un  (x)  +  1(— )(255T}  W 


(i)V°(x) 


Since  u^.OSnSm,  can  be  calculated  from  u^ 
n  ’  *  n 

necessary  to  see  how  this  latter  quantity  can  be  computed.  As 
recurrence  relation 


,  -m-I  £  n  £  m  ,  it  is  only 


.0) 


satisfies  the 


(1),  v  (1).  .  ,x.2 

u^_,  (x)  -  u;  7(x)  -  (7)  - 


(n  +  -j)  (n  +  j) 


»»”  <*> 


which  is  stable  for  the  direction  of  decreasing  n  ,  u^  ;  can  be  rapidly  computed 

provided  starting  values  can  be  found.  These  values  can  easily  be  found  as  series 
(12)  converges  rapidly  for  large  n  .  Ref.  19  also  defines  new  functions  suitable 
for  replacing  the  derivative  of  the  Hankei  function.  These  functions  are  useful 

in  the  Neumann  boundary  condition  case.  From  the  function  u^  we  define 


„(4)  ,  .  ,a,n+l  (4).  ^ 
iT  '(x)  -  (-)  u'  (x) 
n  XU 


where  a  is  an  arbitrary  constant  which  is  chosen  to  suit  the  particular  problem 
being  considered;  often  the  maximum  radius  of  the  scattering  body.  In  terms  of 
these  new  functions  the  null  field  equations  for  the  Dirichlet  boundary  condition 
become 


N 

*SlBn 


fa/q'UnA)  (krq)pn(c0s  6q)exp(ij<J)q-)dsq 


3D 


■  |x(Q)^4:>(krQ)p|(cos  8Cj)exp(ij(iiQ)dTQ  . 
D 


03) 


§5  BASIS  FUNCTION  SELECTION 


One  way  of  looking  at  the  numerical  solution  of  integral  equations  is  to  consider 
Che  problem  as  one  of  approximation  theory  in  which  one  desires  to  approximate  some 
function  by  polynomials,  spline  functions,  rational  functions,  special  functions 
and  other  useful,  easily  evaluated  functions.  The  main  difference  between  the 
•  .non  of  an  integral  equation  and  the  determination  of  a  function  approximation 
•'a;  .he  function  we  are  trying  to  approximate  is  defined  via  an  integral 
•n.a’.j-.  richer  chan  by  functional  or  tabulated  form.  Approximation  theory  can 
a  •  iseful  results  on  convergence  rates  of  an  approximating  sequence. 
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It  is  well  known  when  solving  integral  equations  of  the  first  kind  that  besides  the 
obvious  advantages  of  smaller  linear  systems  to  solve,  the  judicious  choice  of  the 
basis  functions  f  can  often  offset  the  inherent  instability  in  these  equations. 

The  moment  method  gives  very  little  in  the  way  of  guidance  in  the  choice  of  basis 
functions  other  than  that  they  should  be  linearly  independent.  As  has  been  pointed 
out  by  Jones  (Ref.  20),  if  the  solution  being  sought  from  the  integral  equation 
does  not  lie  in,  or  'near',  the  space  spanned  by  the  basis  functions,  no  amount  of 
computational  sophistication  will  generate  a  numerical  solution  near  the  answer. 

We  can  divide  the  types  of  basis  function  into  two  possible  classes.  In  the  first 
class  the  basis  functions  are  defined  as  non-zero,  except  for  sets  of  measure  zero, 
over  the  whole  of  3D  .  This  class  we  call  global  bases.  In  the  other,  the  bases 
are  again  defined  on  3D  but  they  are  zero  over  part  of  the  domain.  This  class  we 
call  local  bases  (sometimes  called  sub-domain  or  sub-sectional  bases) . 


Global  basis  functions  have  found  the  greatest  use  in  the  null  field  equations. 
Waterman  (Refs.  1-2),  and  other  workers  following  his  method  closely,  approximate 
f  by  a  finite  number  of  the  (Reg  .  Although  these  wavefunctions  appear  to 

provide  a  good  approximation  to  f  with  few  terms  when  3D  is  smooth  and  'near' 
3DquH  >  they  are  disadvantageous  when  this  is  not  the  case.  Also  in  common  use  as 

global  bases  are  the  trigonometric  and  polynomial  functions.  When  f  has  discon¬ 
tinuities  in  its  continuity  or  any  of  its  derivatives,  straightforward  application 
of  all  these  functions  provides  poor  point-wise  convergence  to  f  .  More  general 
global  basis  representations  may  take  the  form 


f 


N 


N 

w  I,  |3  f 
n*  I  n  n 


04) 


where  the  f  are  again  'smooth'  functions  but  the  function  w  has  the  singu¬ 
larity  properties  of  f  ;  note  that  w  may  have  local  support.  Use  of  a  basis 
approximation  of  this  form  requires  some  a  priori  knowledge  of  f  . 

We  illustrate  in  Fig.  1  results  obtained  by  Bates  and  Wall  (Ref.  6)  with  the 
circular  null  field  method,  for  the  surface  source  density  f  on  a  sound-soft 
infinite  cylinder  of  square  cross  section  when  illuminated  by  a  normally  incident 
plane  wave.  In  obtaining  these  results  they  have  used  a  basis  function  representa¬ 
tion  of  the  form  (14).  This  has  enabled  them  to  approximate  f  well  with  only  the 
small  values  of  N  noted  in  the  figure  caption.  If  local  coordinates  are  set  up 
at  a  corner  of  the  square  and  x  denotes  the  distance  measured  along  either  face 

-1  /3 

from  the  comer  then  the  w  chosen  has  the  form  x  ;  see  Ref.  6  for  more 
computational  details. 

Local  bases  can  be  chosen  from  a  wide  variety  of  functions.  However  for  our  pur¬ 
poses  we  will  discuss  only  the  spline  functions.  We  briefly  define  spline  func¬ 
tions  (for  detail  see  Refs.  21  -  22).  If  a  -  Xq,  Xj . xffi  -  b  is  a  sub¬ 

division  of  the  interval  [a,b]  then  a  spline  function,  denoted  by  s  ,  of  degree 
p  ,  is  a  polynomial  of  degree  p  on  each  of  the  sub-intervals  and  its  first  (p-1) 
derivatives  are  continuous  on  [a,b]  .  In  the  simplest  case,  p  ■  1  ,  s  is  the 
usual  piecewise  linear  triangle  function.  Another  commonly  used  spline,  obtained 
from  the  above  definition  when  p  ■  3  ,  is  the  B-spline.  This  spline  has  up  to 
second  derivative  continuity  between  the  nodes. 

In  general  from  our  computational  experience  the  local  bases,  when  used  with  the 
null  field  equations,  result  in  slightly  larger  condition  numbers  for  the  linear 
system  than  would  be  obtained  using  global  bases.  To  illustrate  this  point  we  show 
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in  Table  1  the  condition  number  obtained  from  the  spherical  null  field  method 
applied  to  a  scattering  problem  when  (a)  global  basis  and  (b)  local  bases  are  used. 
The  problem  is  the  scattering  of  a  plane  wave  incident  along  the  minor  axis  of  a 
sound-soft  oblate  spheroid  with  a  major  to  minor  axis  ratio  of  2.0  .  The  origin  of 
coordinates  is  located  at  the  intersection  of  the  major  and  minor  axes.  The  global 
bases  chosen  are  the  Legendre  polynomials  and  the  local  bases  are  splines  of  degree 
one,  two  and  three.  The  asterisk  indicates  the  value  of  N  for  which  the  solution 
is  adjudged  to  have  converged. 


Fig.  1.  Normalised  surface  density  on  a  sound-soft 
square  cylinder. 

.  k.AB  *  10  ,  N  »  14  ;  — -  k.AB  *  2  , 

N  -  10  ;  - k.AB  *  0.2  ,  N  «  5  ;  ▲ 

k.AB  ■  0.2  from  Ref.  30. 


TABLE  1  Condition  numbers  ic(A)  of  the  linear  system  obtained  from 

the  use  of  the  spherical  null  field  method  with  various  bases 


(a)  Legendre  polynomial 
basis 

N 

11 

13 

15 

K 

(A) 

*0.23  x  102 

0.55  x 

102 

0.13  x 103 

• 

N 

11 

13 

15 

degree 

(b)  Spline  basis 

1 

0.52  103 

0.83 

104 

0.35  106 

K(A) 

2 

o 

• 

o 

CO 

0.18 

103 

0.30  105 

• 

3 

*0.76  102 

0.41 

103 

0.39  104 

Obtained  from  the  plane  wave  scattering  from  an  oblate  spheroid  with  an 
aspect  ratio  of  2  and  a  ratio  of  minor  axis  to  wavelength  of  0.4  . 
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We  show  in  Figs.  2(a)  and  (b)  results  obtained  with  the  two  different  classes  of 
basis  when  f  has  a  singularity  in  its  derivative.  The  results  shown  are  from 
application  of  the  spherical  null  field  method  to  the  electromagnetic  antenna 
boundary-value  problem.  The  curves  depict  the  total  current  I  -  (nxH)2irp  » 
where  H  denotes  the  magnetic  field  intensity  on  a  perfectly  conducting  dipole, 
p  denotes  the  radius  of  the  monopole  at  any  point.  The  hemispherically  capped, 
axially  symmetric  dipole  which  is  located  on  an  infinite  plane,  is  excited  from  a 
coaxial  line  (Refs.  7,  18). 


length 


length 


Figs.  2(a)  and  2(b).  Real  and  imaginary  parts  of  the  total  current,  in 

-2 

amperes  x  10  ,  on  a  hemispherically  capped  mono¬ 

pole  antenna.  Height  to  wavelength  ratio  •  0.15  , 
radius  of  monopole  to  wavelength  ratio  ■  0.127  . 

(a)  Legendre  polynomial  basis,  -  N  -  10  , 

- N  -  8  , - N  -  4  . 

(b)  Spline  basis  of  degree  3,  -  N  *  6  , 

- N  .  4  . 


It  is  well  known  that  the  imaginary  part  of  the  surface  field  has  a  singularity  in 
its  derivative  at  the  junction  of  the  coaxial  line  with  the  antenna  (Ref.  23).  We 
may  therefore  expect  a  simple  global  basis  expansion  to  have  difficulty  at  this 
point.  This  is  shown  clearly  in  Fig.  2(a),  whereas  the  use  of  a  local  basis  over¬ 
comes  this  problem,  as  shown  in  Fig.  2(b). 


§6  NUMERICAL  SOLUTION  OF  THE  NULL  FIELD  EQUATIONS 

Having  obtained  the  system  of  equations  (10)  one  may  obtain  a  solution  to  them  by 
Gaussian  elimination,  although  it  is  perhaps  naive  to  do  so  in  the  light  of  the 
results  of  S3.  Because  of  the  properties  of  the  integral  operator  discussed  at 
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some  length  in  §3,  we  are  led  to  suspect  that  for  some  scattering  problems  and 
choice  of  basis  functions  the  coefficient  matrix  A  will  become  ill-conditioned. 
Iterative  refinement  of  the  solution  obtained  from  the  Gaussian  elimination  method 
can  be  employed  to  alleviate  the  effects  of  ill-conditioning.  However,  this  will 
be  of  help  only  if  the  matrix  elements  of  A  have  been  evaluated  to  machine 
accuracy  and  the  condition  number  is  not  too  large.  When  the  condition  number  of 
A  is  large,  in  order  to  obtain  a  sensible  solution  one  must  either  change  the  null 
field  equations  or  else  utilize  the  concept  of  regularisation  (Ref.  8). 

We  present  results  showing  how  the  change  of  null  field  method  can  overcome  the 
effects  of  ill-conditioning.  As  mentioned  in  §4,  when  Che  null  field  method  based 
on  either  the  sphere  or  the  circle  is  used  for  bodies  of  large  aspect  ratio,  the 
resulting  system  of  equations  becomes  ill-conditioned.  In  Table  2  we  illustrate 
this  by  listing  the  spectral  condition  number  (in  the  norm),  denoted  by  k(A)  , 

against  aspect  ratio  of  an  oblate  spheroid  for  the  acoustic  scattering  problem 
mentioned  in  §5.  Note  that  for  these  results  Dnu^^  is  the  inscribed  sphere. 


TABLE  2  Condition  numbers  of  the  linear  system  obtained  from  use  of 

the  spherical  null  field  method  with  Legendre  polynomial  basis 


Aspect  ratio 

8 

10 

11 

13 

15 

2 

0.65  x io1 

0.15  x 102 

*0.23  x  IO2 

0.55  x io2 

0.13  x 103 

4 

0.11  x io2 

0.34  x 102 

0.73  x  io2 

0.28  x 103 

0.11  x io4 

6 

0.24  x io2 

0.51  x IO2 

0.79  x  io2 

0.23  x io4 

0.13  x 106 

10 

- 

0.23  x 104 

0.19  x  105 

0.60  x io7 

0.12  x  IO10 

Obtained  from  the  plane  wave  scattering  from  a  sound-soft  oblate  spheroid 
with  a  ratio  of  minor  axis  to  wavelength  of  0.4  .  *  denotes  the  value  of 
N  for  which  the  solution  is  adjudged  to  have  converged. 


We  now  present  some  results  from  Refs.  6  and  7  illustrating  how  for  bodies  of  large 
aspect  ratio  the  elliptic  and  spheroidal  null  field  methods  can  overcome  the  ill- 
conditioning  effects.  Examination  of  the  detailed  form  of  the  wavefunctions  of  the 
spheroidal  and  elliptic  cylinder  coordinates  shows  that  they  are  dependent  upon  the 
semi-focal  distance,  denoted  by  d  ,  of  the  coordinate  system.  Within^the  con¬ 
straints  allowed  by  the  analysis  of  §4  we  are  free  to  choose  0  s  d  £  d  .  When 
d  ■  d  the  semi-focal  distance  is  taken  to  be  the  largest  value  possible  for  the 
spheroid  or  ellipse  which  can  still  be  inscribed  by  3D  .  When  d  -  0  the  null 
field  method  reverts  to  either  the  spherical  or  circular  null  field  method.  We 
note  that  as  d  varies  between  0  and  d  the  part  of  D_  spanned  by  D  . 
increases .  nu 

The  results  in  the  aforementioned  papers  utilize  as  a  measure  of  the  numerical  con¬ 
dition  of  the  linear  system  the  normalised  determinant;  each  element  of  the  matrix 
is  normalised  by  the  Euclidean  length  of  the  row  vector  prior  to  evaluation  of  the 
determinant.  (Note  the  typographical  error  in  equation  6.12  of  Ref.  6.)  Denoting 
this  condition  number  by  Z  we  can  say  in  general  that  the  smaller  Z  is,  the 
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greater  will  be  the  error  in  the  computed  solution  for  a  given  error  in  the  co¬ 
efficients  of  A  .  Although  the  more  usual  spectral  condition  number  enables  an 
estimate  of  the  relative  error  in  the  solution  to  be  made,  given  the  error  in  the 
matrix  coefficients,  Z  is  easier  to  calculate. 

To  illustrate  how  the  use  of  the  prolate  spheroidal  null  field  method  can  result  in 
a  numerically  well-conditioned  set  of  equations  we  show  in  Table  3  results  obtained 
by  Wall  (Ref.  7).  These  are  taken  from  application  of  this  null  field  method  to 
the  aforementioned  antenna  boundary  value  problem.  Table  3  shows  how  the  order  of 
Z  ,  denoted  by  0(Z). ,  increases  markedly  as  d  increases  from  zero  to  d  for  the 
monopole  antenna. 


TABLE  3  Prolate  spheroidal  null  field  method  applied  to  the 

cylindrical  monopole  antenna  with  a  hena. spherical  endcap 


d/d 

0 

0.2 

0.4 

0.8 

1.0 

0(Z) 

10~13 

10"11 

io-10 

o 

1 

O' 

io"1 

Height  of  monopole  to  wavelength  -0.25  ,  radius  of 
monopole  to  wavelength  -  0.007  .  Sine  function  basis,  N  -  7  . 


We  also  illustrate  in  Table  4  (from  the  results  of  Ref.  6)  how  the  correct  choice 
of  d  ,  in  the  elliptic  null  field  method,  can  improve  the  numerical  condition  of 
the  resulting  equations.  In  this  case  the  method  is  applied  to  the  problem  of 
acoustic  scattering  from  a  sound-soft  cylinder  of  rectangular  cross-section. 


TABLE  4  Elliptic  null  field  method  applied  to  the  plane  wave 
scattering  of  a  sound-soft  rectangular  cylinder  with 
an  aspect  ratio  of  10 

^a)  major  side  to  wavelength  ratio  »  1 /it  ,  N  ■  10 
(b)  major  side  to  wavelength  ratio  ■  1  ,  N  «■  14 


d/d 

0 

0.25 

0.5 

0.75 

1.0 

(a) 

0(Z) 

IO'10 

10~4 

I  o'4 

10~2 

10° 

(b) 

0(Z) 

io-20 

IO'11 

10~9 

io"5 

10_1 

Obtained  with  basis  functions  of  the  form  of  (14). 


We  now  discuss  how  the  method  of  regularisation  can  be  used  to  obtain  a 
'satisfactory'  solution  to  a  particular  set  of  null  field  equations.  As  mentioned 
previously  when  the  condition  number  of  the  matrix  A  is  large  the  solution  is 
strongly  dependent  upon  any  numerical  errors  made  in  forming  the  matrix  A  and  h  . 
One  way  of  overcoming  this  difficulty  is  to  restrict  the  range  of  admissable 
functions  by  invoking  some  property  of  Che  solution  which  is  not  contained  in  the 
original  equation.  Smoothness  of  the  solution  or  its  first  derivative  is  often 
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used.  This  restriction  on  the  domain  of  admissable  functions  provides  a  filter 
process. 


The  regularisation  method  consists  of  replacing  this  ill-posed  problem  by  a  stable 
minimisation  problem  involving  a  small  positive  parameter  a  ;  i.e.  instead  of 
attempting  to  solve  Kf  *  h  directly,  we  seek  instead  to  minimise 

||  KF -h||  ♦  a||  Lf  ||  ,  05) 


where  L  is  some  linear  operator  chosen  so  that  the  second  term  has  a  stabilising 
effect  on  the  solution.  The  regularised  solution  fa  to  this  minimisation  problem 

has  the  desirable  property  that  if  Kf  -  h  possesses  a  unique  solution  f  then 
the  norm  ||  f  ”fa||  0  as  a  -*■  0  .  For  certain  choices  of  L  it  can  be  shown 

that  (15)  can  be  reduced  to  an  integral  equation  of  the  second  kind  dependent  on 
the  parameter  a  .  This  approach  is  not  suitable  if  we  wish  to  retain  the 
essential  features  of  the  null  field  method.  However  further  analysis  shows  that  a 
solution  of  (15)  can  be  expressed  in  terms  of  the  singular  functions  used  in  §3. 

The  regularised  solution  f  has  an  analytic  solution  similar  to  (9)  except  that 

icT/(<T+ar)  ,  where  r  is  a 
3  3 

Examination  of  the  filter  factor 


each  term  is  multiplied  by  the  filter  factor  term 
constant  dependent  upon  the  linear  operator  L 


shows  that  its  value  is  unity  so  long  as 


K. 

J 


is  large  compared  with  a  ,  but  it 


tends  to  zero  as 


choice  r 


<  • 
J 


0  ,  the  rate  of  transition  depending  upon  r  and 


The 


1  produces  the  square  filter  where  for  all  ic.  >  a  the  filter  factor 

has  a  value  of  one,  and  for  all  Kj  <  a  the  filter  factor  has  a  value  of  zero. 

When  this  square  filter  is  inserted  into  the  series  (9)  the  expansion  is  truncated 
when  <  a  which  provides  a  smoothing  effect  by  removing  the  higher  order 

singular  functions. 


By  use  of  the  singular-value  decomposition  of  the  matrix  A  (Refs.  25  -  26)  we 
emulate  the  singular-value  decomposition  of  the  infinite-dimensional  integral 
operator.  If  we  assume  A  is  an  m  x  n  matrix  of  rank  r  ,  then  there  exists  an 
m  x  m  unitary  matrix  U  ,  an  n  x  n  unitary  matrix  V  ,  and  an  r  x  r  diagonal 
matrix  D  containing  the  singular  values  s.  of  A  ,  such  that 


where  *  denotes  the  Hermitian  operator  and  I  is  an  m  *  n  matrix.  We  assume 
for  application  of  the  regularisation  technique  that  the  null  field  equations  may 
be  overdetermined  so  that  m  >  n  .  The  singular  value  decomposition  of  A  can  be 
accurately  evaluated  using  the  algorithm  of  Golub  and  Reinsch  (Ref.  26)  or  Ref.  25. 
The  solution  of  the  null  field  equations  using  this  decomposition  can  be  written 

S  -  A+h  ,  (16) 

where  A+  is  the  Moore-Penrose  pseudo-inverse  of  A  (Ref.  9).  When  m  ■  n  ■  r  , 

A+  becomes  the  more  familiar  inverse  A  1  .  A+  can  be  expressed  in  terms  of  the 
unitary  matrices  as 
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where 
D_1  ; 


E+  is  of  the  same  form  as  E  but  the  leading  submatrix  0  is  replaced  by 


i.e.  the  only  non-zero  terms  of  E  are  the  diagonal  ones 


! /Sj 


When  A  is  severely  ill-conditioned  because  of  the  near  dependence  of  the 
adjacent  row  and  column  vectors,  several  of  the  singular  values  (normalised  by  the 
largest  singular  value)  are  less  than  or  close  to  the  relative  arithmetic  precision 
(denoted  by  e  )  of  the  digital  computer  used  in  the  calculations.  If  the  criterion 
used  for  deciding  on  the  rank  of  A  is  that  all  normalised  singular  values  smaller 

than  e  are  zero,  then  r  <  n  and  the  Moore-Penrose  inverse  provides  the  unique 

least  squares  solution  with  the  minimum  solution  norm.  However  the  remaining 
normalised  singular  values  that  are  much  smaller  than  the  accuracy  to  which  the 
elements  of  A  and  h  have  been  evaluated  will  cause  amplification  of  the  higher 
order  column  vectors  of  V  and  produce  oscillatory  components  in  the  solution. 

This  numerical  instability  can  be  overcome  by  the  use  of  a  technique  similar  to  the 

one  suggested  in  the  second  to  last  paragraph.  We  redefine  A*  to  be  the  general 

pseudo-inverse  (the  regularised  pseudo-inverse) ,  namely  A+  ■  V  F  E+  D*  ,  where  F  , 
the  filter  matrix,  is  of  block  diagonal  form  with  the  only  non-zero  terms 

Sj/(Sj+ar)  .  The  filtered  solution  f^  can  now  be  obtained  by  use  of  this  pseudo¬ 

inverse  in  equation  (16).  For  appropriate  choices  of  a  and  r  we  will  obtain  a 


stable  regularised  solution  f 


There  appears  to  be  no  simple  rule  as  to  the 


optimum  choice  of  a  and  r  for  any  given  problem. 


Various  applications  of  this  method  may  be  found  in  the  literature  for  numerical 
solution  of  integral  equations  of  the  first  kind  (e.g.  Refs.  27  -  28).  Zuckerman 
and  Diament  (Ref.  29)  have  applied  this  method,  but  using  only  a  square  filter  to  a 
waveguide  problem.  The  linear  system  of  equations  was  obtained  by  using  a  tech¬ 
nique  that  utilised  the  extended  boundary  condition. 


We  will  now  illustrate  how  the  regularisation  method  can  be  used  to  obtain  a 
filtered  solution  from  the  spherical  null  field  equations  when  the  condition  number 
is  large.  The  scattering  problem  is  the  one  previously  considered  in  35  and  to 
which  Table  1  applies;  namely  the  plane  wave  scattering  from  an  oblate  spheroid. 

The  basis  functions  chosen  to  represent  the  surface  density  were  the  quadratic 
splines  and  the  elements  of  A  we  evaluated  to  a  relative  accuracy  of  approximately 
0.01  .  Examination  of  Table  1  shows  that  for  this  choice  of  basis  function  and  with 

N  •  15  the  condition  number  of  the  linear  system  is  0.30  *  10^  .  The  rapidly 
oscillating  solution,  shown  in  Fig.  3(a),  which  we  get  when  a  direct  solution  of 
the  equations  is  attempted,  is  therefore  not  unexpected.  Also  shown  for  comparison 
is  the  'true'  solution  obtained  by  solving  the  problem  with  a  Legendre  polynomial 
basis,  N  ■  13  .  The  condition  number  for  this  case  can  also  be  found  in  Table  1. 

Application  of  the  regularised  pseudo-inverse  to  the  linear  system  relevant  to  the 
quadratic  spline  basis  yields  many  filtered  solutions.  In  fact  one  solution 
results  from  each  choice  of  r  and  a  .  To  justify  the  r  and  a  values  chosen, 
we  list  in  Table  5  the  last  five  normalised  and  ordered  singular  values.  Examina¬ 
tion  of  Table  5  shows  that  the  last  two  singular  values  are  much  smaller  and  more 
separated  than  the  previous  ones.  Past  experience  leads  us  to  expect  that  the 
removal  of  these  two  singular  values  by  means  of  a  square  filter  will  remove  the 
spurious  oscillation  observed  in  Fig.  3(a).  This  is  verified  in  Fig.  3(b).  Also 
displayed  in  Fig.  3(b)  are  filtered  solutions  procured  by  filters  with  less  sharp 
cutoff  characteristics.  All  these  f  provide  an  'acceptable'  solution  to  the 
problem. 
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TABLE  5  The  last  five  of  Che  ordered  and  normalised  obtained 

from  the  singular  value  decomposition  of  the  matrix  A 
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0.32 

IQ'2 
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Figs.  3(a)  and  3(b).  Modulus  of  the  surface  density  on  a  sound-soft 

oblate  spheroid,  shoving  the  solution  vith  and 
without  regularisation. 

(a)  -  direct  solution  of  the  linear  system, 

-  correct  solution. 

(b)  i  square  filter  renewing  last  two  s^  , 

ii  a  •  1  *1 0-3  ,  r  ■  4  , 

iii  a  ■  1  x  10~3  ,  r  ■  2  , 
iv  correct  solution . 


§7  SUMMARY 


We  have  demonstrated  that  for  some  scattering  body  shapes  and  basis  function 
selections  the  null  field  equations  are  numerically  ill-conditioned.  The  three 
procedures  suggested  for  overcoming  these  numerical  difficulties  are  the  use  of: 
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(1)  the  appropriate  null  field  equations  for  the  scattering  body  being  considered, 

(2)  the  appropriate  basis  function  choice, 

(3)  the  regularisation  method. 

The  author  thanks  D.  M.  O'Brien  for  many  helpful  discussions  concerning  the 
regularisation  method.  This  work  was  financed  by  the  U.K.  Ministry  of  Defence  with 
an  R.S.R.E.  Research  Fellowship. 
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ABSTRACT 

A  family  of  matrix  theories  of  elastic  wave  scattering  is  derived,  and  one,  which 
is  in  a  certain  sense  optimal,  is  developed.  Called  the  method  of  optimal  trunca¬ 
tion  (MOOT) ,  it  results  from  a  minimum  principle  and  can  be  shown  to  yield  a  con¬ 
vergent  sequence  of  approximations.  Numerical  results  for  scattering  cross- 
sections  for  longitudinal  incident  waves  with  ka<10  from  fixed  rigid  obstacles  and 
voids  with  axial  symmetry  are  obtained  using  MOOT,  and  are  compared  with  results  of 
other  matrix  theories.  Shapes  considered  include  spheres,  oblate  and  prolate 
spheroids,  pillboxes,  and  cones.  Convergence  is  demonstrated.  Extension  of  the 
method  to  elastic  and  fluid  inclusions  is  discussed,  as  is  its  application  to 
cracks,  which  may  be  accomplished  by  simulating  the  crack  with  an  incompletely 
bonded  identical  inclusion.  Implications  of  reciprocity  and  time-reversal  invari¬ 
ance  are  discussed. 

I.  INTRODUCTION 

Proliferation  of  important  scientific  and  technological  applications  in  geology, 
materials  science,  and  nondestructive  testing,  coupled  with  the  current  ubiquity 
of  large  computers,  has  spurred  the  development  of  methods  for  calculating  the 
scattering  of  elastic  waves  from  flaws.  In  this  paper  we  will  consider  some  of 
these  methods,  in  particular  the  so-called  T-matrix  theories  (1,2,3).  We  derive 
a  family  of  these  theories  in  Section  II,  and  consider  the  problem  of  picking  out 
an  optimal  one  in  Section  III.  These  methods  usually  involve  an  expansion  of  the 
scattered  displacement  field  in  a  finite  (truncated)  sum  of  partial -waves,  and  they 
result  in  sets  of  linear  equations  for  the  partial-wave  amplitudes. 

A  particular  choice,  resulting  from  imposing  the  requirement  that  it  minimize  the 
mean-square  deviance  from  the  boundary  conditions,  is  shown  in  Section  IV  to  yield 
a  sequence  of  approximations  which  converges  as  the  truncation  limit  L  increases. 

We  call  this  matrix  theory  MOOT,  the  method  of  optimal  truncation.  Numerical  re¬ 
sults  from  MOOT  and  other  methods  are  presented  and  compared  in  Section  V,  for 
some  examples  wherein  the  flaw  is  an  axially  symmetric  void  or  a  fixed  rigid  ob¬ 
stacle  of  spheroidal,  cylindrical,  or  conical  shape,  and  the  incident  longitudinal 
wave  has  ka<10.  In  Section  VI  the  extension  of  MOOT  to  elastic  and  fluid  inclu¬ 
sions,  and  to  cracks,  is  discussed. 
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II.  FAMILY  OF  MATRIX  METHODS 

Because  they  are  simpler  than  the  equations  of  elasticity  (4),  we  will  illustrate 
the  methods  with^the  equations  of  the  incompressible  irrotational  fluid  (5).  In 
that  case,  if  9(r,t)  is  the  velocity  potential 

v  =  -  ?  9  ,  (1) 


then  the  linearized  equation  of  motion  for  a  homogeneous  system  is 

(72-rfKt,ao- 


If  harmonic  time  dependence  is  assumed,  this  becomes  the  Helmholtz  equation 

(V2+k2)  9  =  0  ,  (3) 

where  the  wavenumber  k  is  given  by 

k2  =  co2/c2  =  oj2p/k  .  (4) 

<  is  the  compressibility  modulus,  p  is  the  equilibrium  density,  and  the  pressure  is 
p  =  =  ioip9  .  (5) 

If  the  fluid  has  within  it  an  inclusion  with  different  density  and  compressibility 
modulus  p"  and  with  volume  V  bounded  by  a  surface  Z  (see  Fig.  1),  then  Eq.  (3) 
with  appropriately  modified  k  will  again  be  satisfied  inside  Z.  Continuity  of  pres¬ 
sure  across  the  boundary  requires 

p"9(rj  =  P9(r+)  (6) 

(where  r+  are  positions  just  outside  and  inside  Z,  respectively),  and  conservation 
of  matter  demands 


fl*^<j>(r_)  *  ft-^9(r+)  , 


where  fi  is  the  unit  outward  normal  to  Z  . 

The  scattering  solution  of  Eq.,  (3)  which  we  seek  has  the  form 

-  $inc(r)  +£asc|>3(+)(r)  .  (8) 

3 

where  0.  is  an  incident  plane  wave,  4>g*"+^is  an  outgoing  spherical  wave  specified 
by  eigenvalues  s  =  (£,m),  and  a  is  the  corresponding  complex  amplitude.  9-  and 
9-'-  ‘  are  solutions  of  Eq.  (3).  In  detail. 


*inc(r) 


ik  *r 
o 


s  t,m  (9) 


haa)(kr)Y*m<9*^ 
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where  the  spherical  Hankel  function  h^^  =  +  i y^  in  terms  of  the  spherical  Bes¬ 

sel  and  Neumann  functions,  and 

*s  "  *Zm  "  CU) 

is  the  part  of  which  is  regular  at  the  origin.  is  the  usual 

spherical  harmonic  (6) . 

The  partial-wave  amplitudes  as  in  Eq.  (8)  specify  the  outgoing  wave  from  which  the 
scattering  cross-sections  may  be  calculated.  We  will  now  derive,  in  a  nearly  tri¬ 
vial  way,  a  family  of  sets  of  linear  equations  for  the  a's,  the  T-matrix  theories. 

Equations  (6)  and  (7)  specify  the  boundary  conditions  at  the  surface  of  a  scatterer 
which  is  a  homogeneous  inclusion.  For  the  moment  we  will  further  simplify  the 
problem  by  restricting  the  inclusion  to  be  one  of  two  kinds,  either  a  void  (cavity), 
for  which  the  Dirichlet  boundary  condition  of  vanishing  pressure 

<f>(r+)  =  0  void  (12) 

is  satisfied,  or  a  rigid  fixed  obstacle,  for  which  the  Neumann  boundary  condition 
of  vanishing  normal  velocity 

ft.fy  (r+)  =  0  obstacle  (13) 

holds.  The  more  general  case  is  discussed  in  Section  VI. 

If  Eq.  (8)  is  substituted  into  Eqs.  (12)  and  (13),^the  result  is,  where  the  argu¬ 
ments  of  the  wavefunctions  <p  are  understood  to  be  r+. 


Sd  $  +a4  (+))  -  0 

s  s  s  s 
s 

Yid  +  a  a-?*  (+)) 

Z—J  S  S  s  s 


void 


obstacle. 


(14) 

(15) 


Now  we  introduce  a  set  of  functions  {f.},  j  =  1,2,,..  00  which  is  complete  on  E. 


Then  if  the  notation 


J 


J ^  do  u*v  -  (u,v) 


(16) 


is  introduced,  Eqs.  (14)  and  (IS)  when  multiplied  by  f. *(r+)  and  integrated  over 
I  become 


si  J 


void 


(17) 


Y  [(fj,a*^Vds  +  (£j’ft’^s(+))aS ]  *  °  obstacle 


(18) 


Equations  (14),  (15)  hold  for  every  r+  on  the  surface  E;  because  { f . }  is  postulated 
to  be  complete  on  E,  they  are  wholly  equivalent  to  Eqs.  (17),  (18)  £o j  j  *  1 ,2,...J0. 
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These  equations  can  be  written  in  compact  form 
Qd  +  Qa  =  0 


(19) 


where 


and 


void  (20) 

obstacle  (21) 

void  (22) 

obstacle  (23) 


One  can  formally  solve  Eq.  (19)  for  the  vector  a, 

a  -  -  Q-1Qd  -  Td.  (24) 

This  defines  the  T-matrix  which  linearly  transforms  the  incident  wave  amplitudes 
ds  into  the  outgoing  wave  amplitudes  as. 

The  set  of  functions  { f j }  with  which  one  works  in  a  practical  calculation  is,  how¬ 
ever,  never  complete.  One  has  a  basis  set  (fj),  j  *  1,2, ...L,  where  L,  the  trun¬ 
cation  limit,  is  almost  always  significantly  less  than  infinity.  So  although  if 
L  -*■  «  the  matrix  equations  are  completely  equivalent  to  the  boundary  conditions 
and  T  will  not  depend  on  what  complete  set  (fj)  we  choose,  in  practice  L  is  rather 
small  and  the  set  must  be  chosen  carefully.  The  sets  {$s}  will  also  be  truncated 
at  s  ■  L.  This  insures  that  the  matrices  Q  are  square,  and  we  assume  that  Q-l 
exists. 

Conversely,  our  choice  of  the  truncated  set  {fj}^  will  affect  our  calculated  re¬ 
sults,  and  we  need  to  find  some  criterion  to  tell  us  which  sets  are  better  than 
others,  and  ideally  to  pick  out  an  optimum  one. 

III.  MINIMUM  PRINCIPLE 

We  would  like  to  choose  £f j } L  so  that  the  error  in  the  results  for  physical  obser¬ 
vables  is  minimized.  Because  we  do  not  know  the  exact  values  for  cross-sections, 
we  cannot  formulate  this  condition.  What  we  do  know  exactly  are  the  boundary  con¬ 
ditions,  namely  Eqs.  (12)  and  (13),  which  the  wavefunction  <p  must  satisfy.  This 
leads  us  to  consider  the  absolute  squares  of  the  deviance  from  the  boundary  con¬ 
ditions,  integrated  over  the  surface  of  the  scatterer. 

void  (25) 


obstacle  (26) 


(<t>,  *) 

I 

(n*^<{>,  n*V<(>) 
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I  vanishes  if  and  only  if  4>  satisfies  the  boundary  conditions  exactly,  which  hap¬ 
pens  in  fact  only  if  L  -*■  00 .  For  finite  L,  I  >  0,  and  we  require  that  I  be  mini¬ 
mized  with  respect  to  variations  in  the  coefficients  as.  We  substitute  Eq.  (8) 
into  Eqs.  (25;  and  (26).  If  the  resultant  bilinear  expression  in  the  a's  has  a 
minimum,  then  the  derivatives 


s  *  1 |  2,  .  •  .  L, 


(27) 


must  vanish.  Computing  them  we  find 


31 


vo  id 


(28) 


n +  l  a  ,(+)|2  obstacle  (29) 

T  -i  s  S 


inc 


s'-l 


which  are  Eqs.  (17), 


(18)  with 


f 

s 


void 


(30) 


obstacle  (31) 


Equation  (30) ,  (31)  specify  one  choice  out  of  an  infinite  number  which  could  be 
made  for  (fs).  Waterman  (1,2)  using  a  very  different  approach,  would  prescribe 

void  (32) 

obstacle  (33) 

for  this  scalar  example.  One  needs  to  ask  now:  which  of  Eqs.  (30),  (31)  or  (32), 
(33)  ,  or  of  an  infinite  variety  of  others,  will  give  the  most  accurate  and  reliable 
answers  with  least  labor?  This  question  can  really  only  be  satisfactorily  answered 
by  trying  them  and  comparing  the  numbers  obtained  with  different  choices  of  {fs}^. 

We  will  do  this  for  a  few  choices  in  Section  V,  but  one  fact,  a  priori,  does  favor 
Eqs.  (30),*  (31).  Namely,  this  choice,  because  it  results  from  a  minimum  principle, 
yields  a  convergent  sequence  of  approximations,  as  we  now  prove. 

IV.  CONVERGENCE  AND  OTHER  CRITERIA  OF  CHOICE 

Consider  the  surface  integral  Eqs.  (25),  (26) 

1^  *  I(^^i  0,  0  .  .  .) 

to  be  a  function  of  an  infinite  number  of  amplitudes  a$,  with  constraints 

aL+l  “  aL+2  *  *  *  *  “  0 


(34) 

(35) 
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For  L  <  °®,  If  >  0,  and  we  know  that  if  an  exact  solution  exists,  then  the  minimum 
value  of  I  is  zero  for  L  -*■  09 .  Now  define  I“>in  to  be  the  minimum  value  of  1^  which 
is  attained  by  variation  of  its  L -complex  arguments  as>  that  is 


min 


a^,  0|  0  » 


(36) 


Call  the  values  of  a 

i.e. 


1 


for  which  the  minimum  is  attained  a 


(L) 

1  ' 


0 


Now  consider 

ZL+1  “  a2  *  *  *  aL>  aL+l’  °»  *  *  *>] 

then,  because  |a^ ,  a2^»  •••  a£^  >  as  a  possible  set  of  values  of 
(a^,  a2,  ...  a^)  in  Eq.  (38),  it  follows  that 


min  ^  min 
L+l  iL  » 

and  I^in  forms  a  sequence  which  converges  monotonically  to  zero  as  L 


(37) 


(38) 


(39) 


From  the  fact  that  a  particular  sequence  of  bilinear  forms  in  the  a  's  converges 
monotonically  to  the  exact  answer,  it  does  not  necessarily  follow  tRat  other  bi¬ 
linear  forms,  such  as  the  cross-sections,  are  also  convergent.  But  it  is  reason¬ 
able  that  they  are.  The  coefficients  of  the  bilinear  for m  1^  are  Q-matrix  elements, 
whose  magnitudes  become  very  large  when  partial  waves  with  high  radial  eigenvalue  l 
are  involved.  On  the  other  hand,  the  coefficients  in  the  bilinear  form  for  the 
cross-section  a  do  not  increase  rapidly  with  £..  Therefore  I.  is  more  sensitive 
than  a  to  changes  in  ag  for  large  s,  and  the  latter  should  converge  faster  as  L 
That  it  does  so  will  be  illustrated  for  a  particular  case  in  Section  V. 

The  minimization  of  I  [Eqs.  (2S)(26)]  leads  uniquely  to  a  set  (f  }  given  by  Eqs. 

s  l 

(50),  (51),  which  in  turn  leads  to  a  monotonically  convergent  sequence  1^,  I^+j»  •••• 
But  one  could  use  other  criteria  for  choosing  {fg}.  Examples  are  energy  conserva¬ 
tion  and  satisfaction  of  reciprocity  (7,2). 

In  any  non-dissipative  system  energy  is  conserved.  In  a  scattering  process  this 
implies  the  optical  theorem,  which  is  a  proportionality  between  the  imaginary  part 
of  the  forward  scattering  amplitude  and  the  total  cross-section.  In  different  terms 
it  implies  unitarity  of  the  S-matrix  (8). 

The  optical  theorem  imposes  a  constraint  on  the  truncated  amplitudes,  which  will 

thereby  be  overdetermined,  because  they  are  already  uniquely  specified  by  the  matrix 

equation  [Eq.  (24)].  Alternatively,  one  can  try  to  choose  {f  }  so  as  to  yield  a 

s 

unitary  truncated  S-matrix.  This  can  be  done  (8),  but  not  consistently  with  the 
minimization  of  I,  which  already  uniquely  determines  (f  }  . 

L 

One  manifestation  of  reciprocity  is,  in  the  scattering  problem,  that  if  the  direc¬ 
tions  of  observation  and  of  the  incoming  wave  are  reversed  and  interchanged  (i.e. 

9  it  -  0  $«->■  it  +  <t>Q) ,  then  the  cross-section  is  unchanged.  Reciprocity  is  true 


more  generally  than  unitarity;  the  system  need  not,  for  example,  be  conservative. 
Reciprocity  is  guaranteed  if  the  T-matrix  (or  the  S-matrix)  is  symmetric. 

Reciprocity  imposes  another  condition  on  the  truncated  amplitudes;  again  it  cannot 
be  satisfied  simulatneously  with  minimization  of  I. 

One  might  choose  to  satisfy  the  minimization  principle  exactly  and  use  the  other 
symmetries  to  check  the  accuracy  of  the  results.  Or  one  might  choose  to  satisfy 
the  symmetries  exactly  and  the  matrix  equations  approximately.  A  third  alternative 
is  to  solve  the  overdetermined  system  in  a  least-squares  sense,  satisfying  every¬ 
thing  only  approximately. 

We  take  the  first  course.  Waterman  (2)  effectively  took  the  seond.  Possibly  the 
third  course  would  be  advantageous,  but  it  is  more  complicated  and  as  yet  untried. 


V.  NUMERICAL  EXAMPLES  AND  COMPARISONS 
The  T-matrix  [Eq.  (24)]  is  given  by  T  a  -Q  Q,  where 


(40) 


and  s  *  (£,m);  £  =  0,1,  ...  £tnax;  m  *  -£,-£+1,  ...  £.  For  nonspherical  shapes 
these  matrix  elements  must  be  calculated  numerically,  which  comprises  most  of  the 
computational  labor  in  a  scattering  calculation.  An  important  simplification  is 
obtained  if  the  shape  E  is  constrained  to  be  axially  symmetric.  Then  it  is  clear 
from  Eq.  (10)  that  the  Q  and  Q  matrices  are  diagonal  in  m; 


£m,£'m'  mm'^£m,£ 'm  ^mm,^£-m,£,-c 

where  the  second  equality  follows  from 
Y. 


£-ra 


(41) 


(42) 


Thus  the  Q-matrices  can  be  rearranged  as  follows. 


(43) 


which  represents  a  block-diagonal  matrix,  wherein  matrices  along  the  diagonal  are 
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with  Q(0)  being  (ftmay'»  l)x(*max  ♦  1)  and  Q(  max-)  being  (lxl). 

This  is  an  important  simplification  because  the  inverses  and  products  of  block- 
diagonal  matrices  are  again  block-diagonal.  Thus 


Therefore  the  T-matrix,  and  hence  the  amplitudes  a^  ,  can  be  calculated  separately 
for  each  m.  The  largest  matrix  we  ever  need  to  invert  or  multiply  has  rank 
(Jlmax  *  1), which  is  the  square  root  of  the  rank  of  the  T-matrix  for  a  shape  with 
no  symmetries. 

It  should  be  emphasized  that  although  we  have  taken  the  axis  of  symmetry  of  the 
scatterer  to  be  in  the  z-direction  neither  the  incoming  plane  wave  nor  the  direc¬ 
tion  of  observation  are  constrained.  The  T-matrix  does  not  depend  on  0Q,  <J>0  ;  once 
we  have  calculated  T  we  can  immediately  get  the  scattered  amplitudes  for  any  inci¬ 
dent  direction,  viz,  from  Eq.  (9), 

Vax  ,  . 

E_(m)  . 

Hm.Jl'm  Vrn 

2, ' 


^max 


■  E  ^ 

l '  «m 


(48) 
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The  differential  cross-section  ^  is  the  scattered  power  per  unit  solid  angle 
divided  by  the  incident  power  per  unit  area:  it  is  easy  to  show  that  it  is 


da 

da 


2 


(49) 


Although  the  equations  we  have  written  have  been  exclusively  for  the  scalar  case, 
similar  ones,  with  more  components,  can  be  written  for  elastic  waves  (4).  The 
numerical  results  that  we  now  present  are  for  the  latter  case,  which  is  more  com¬ 
plicated  because  the  elastic  displacement  is  a  vector.  Thus  the  scalars  in  the 
surface  integrals  Eqs.  (20) -(23)  are  replaced  by  the  vectors 

p*£m  -  ?p£n  C5° 


fi  •  ^  <}> 


Zm 


(51) 


and  scalar  products  are  taken  in  the  integrals.  5  and  t  are  the  displacement 
and  surface  traction  (stress  tensor  contracted  with  n)  vectors  respectively.  The 
radial  and  azimuthal  eigenvalues  have  been  supplemented  by  a  polarization  p  *  1 
(longitudinal),  2,3  (transverse). 


Comparison  Between  Different  Basis  Sets  {fs)L. 


The  case  we  consider  here  is  the  scattering  of  a  longitudinally  polarized  elastic 
wave  incident  at  45°  on  an  oblate  spheroidal  void.  The  prescription  of  MOOT  for 
this  case  is 


f 


s 


(52) 


where,  again,  the  (+)  means  that  the  surface  traction  is  constructed  from  outgoing 
waves.  But  several  other  choices  besides  Eq.  (52)  suggest  themselves  as  being 
just  as  easy  to  calculate  with,  to  wit. 


f 


s 


'p£m 

(53a) 

pZm 

(53b) 

;(°) 

p£m 

(53c) 

.(o) 

p£m 

(53d) 

;(«) 

'  pZjD 

(53e) 

.(♦) 

p£m  * 

(S3f) 
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The  first  two  are  constructed  from  regular  Bessel  functions,  the  last  two  from 
outgoing  waves  (Hankel  functions)  and  the  middle  two  have  no  r  dependence,  but 
are  merely  linear  combinations  of  vector  spherical  harmonics,  obtained  by  setting 
r  *  a  in  Eqs.  (53a)  and  (53b). 

Figure  2  shows  computed  results  for  the  total  longitudinal  cross-section  for  all 
of  these  choices  for  ka  =  1  (a  is  the  radius  of  the  oblate  spheroid,  which  in  this 
figure  has  aspect  ratio  2/3).  These  results  support  the  view  that  for  this 
scattering  situation,  at  least,  the  outgoing  waves  (e)  and  (f)  are  to  be  preferred. 
This  choice  is  reinforced  by  the  results  shown  in  Fig.  3, which  is  the  same  as  the 
preceding  one  except  that  the  oblate  spheroidal  void  now  has  aspect  ratio  1/2. 
Whether  or  not  the  surface  traction  (f)  is  superior  to  the  displacement  (e)  is 
not  decided  by  this  data.  On  subjective  esthetic  grounds  we  prefer  (f) ;  it  is 
prescribed  by  MOOT. 

Convergence  of  Truncation  Sequence 


As  discussed  above,  the  sequence  of  surface  integrals  1^,  il+1***  conver8es 

monotonically .  It  is  of  interest  to  see  for  a  particular  case  just  how  fast 
the  convergence  is,  and  how  it  is  correlated  with  the  convergence  of  an  observable 
cross-section.  Numerical  results  are  presented  in  Fig.  4  for  scattering  of  an 
incident  longitudinal  wave  from  a  sphere  and  from  a  prolate  spheroidal  fixed 
rigid  obstacle.  They  confirm  the  monotonic  convergence  of  I,  and  indicate  that 
the  sequence  of  approximations  to  the  cross-section  converge  much  faster,  albeit 
not  monotonically. 


Examples  of  Differential  Cross-Sections 

Scattering  of  an  incident  longitudinal  wave  with  k a  *  10  from  a  conical  void  in 
titanium  is  shown  in  Fig.  5.  This  cone  has  radius  equal  to  its  height;  the 
incident  direction  is  (9  ,  )  =  (135°,  0°).  Peaks  appear  in  the  longitudinal 

cross-section  both  in  thi  forward  and  the  specularly  reflected  directions. 

Mode-converted  scattering  of  an  incident  longitudinal  wave  from  an  oblate 
spheroidal  void  in  titanium  is  shown  in  Fig.  6.  Again  ka  *  10,  but  (6q,  <t>Q)  = 

(90°,  0).  The  incident  wave  is  longitudinally  polarized  here;  the  boundary 
produces  a  transversely  polarized  component  in  the  scattered  wave  (mode  conversion) . 
Symmetry  requires  that  the  cross -section  vanish  in  the  forward  and  backward 
directions;  these  points  are  plotted  at  -100  db. 

Figure  7  has  geometry  similar  to  that  of  Fig.  6,  but  the  target  is  now  a  pillbox 
with  aspect  ratio  1/2  (height-*  radius).  The  forward  peak  has  diffraction 
minima  surrounding  it,  and  there  is  evidence  of  specular  reflection  from  the 
pillbox  side.  The  longitudinal  cross-section  is  the  ordinate. 

Spot  checks  on  the  consistency  of  our  results  with  the  optical  and  reciprocity 
theorems  have  been  made.  Both  agree  within  about  1/2  db  for  oblate  spheroidal 
voids  with  aspect  ratio  1/2  and  ka  £  2.  Agreement  deteriorates  for  larger  ka 
and  more  extreme  shapes  because  the  angular  variation  becomes  more  rapid. 


VI.  INCLUSIONS  AND  CRACKS 


Referring  again  to  Fig.  1,  we  imagine  that  E  is  filled  with  a  compressible 
irrotational  fluid  with  density  p*  and  compressibility  k',  and  the  conditions  that 


must  be  satisfied  at  the  boundary  are  given  by  Eqs.  (6)  and  (7).  In  analogy  with 
Eqs.  (25),  (26)  we  form  the  surface  integrals 


I 


J 


/  |p'$(r  )  -  p<> (r  )  j  2 da 
JZ 

J  |n*7q(r_)  -  n*Vp (r+) j  da. 


(54) 

(55) 


and  we  need  an  additional  expansion  for  the  wave  function  inside  the  defect, 
for  r  inside  Z  we  put 

<Kr)  "2Zas^S(^)* 

s 

where  only  the  regular  solutions  of  the  inside  Helmholtz  equation 
(V2  +  k’2)  <i>s(r)  *  0 


So 


(56) 


(57) 


Fig.  1.  Scattering  geometry.  A 
homogeneous  flaw  of  volume  V  with  a 
surface  Z  is  imbedded  in  the  host  medium. 
A  wave  is  incident  with  wavenumber  k  at 
polar  and  azimuthal  angles  (0  ,  <t>Q) . 
Spherical  outgoing  scattered 
waves  emanate  from  the  flaw:  the 
direction  of  observation  is  (9,  $) . 


contribute,  because  the  origin  is  always  assumed  to  be  inside  Z.  Now  both  I  and  J 
are  bilinear  forms  in  as  and  a's,  a  total  of  2L  amplitudes.  We  can  solve  for  them 
as  follows.  Form  a  positive  definite  linear  combination  of  I  and  J: 

K  *  al  ♦  (1  -  a)J,  (58) 

with  0  <  a  <  1  and  minimize  K  with  respect  to  variations  in  as  and  as'. 

!*-  *  0  (59) 

3as 

Hr  *  o  C60) 

Equations  (59)  and  (60)  are  both  matrix  equations  for  the  amplitude  vectors  a  and 
a'  in  L  dimensions;  the  matrices  occurring  in  them  are  surface  integrals  like  Q  and 
5  (Eqs.  (20) - (23) ) . 


With  the  definitions 
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Q  -  (o*M,  =♦<*>) 

3  3  [  +  )  ,  P<f>) 

Q»  =  ^9$^,  p’$j 
Q"  =  (p’$,  p'^j 
Q'  3  |p'$,  p&)  , 

and  a  set  R,  R,  ,  .  .  ,  which  is  the  same  as  Q,  Q,  .  ._.  except  p  (and  p')  is 
replaced  with  ft*v  ,  we  construct  a  set  of  matrices  P,  P,  .  .  .  according  to 


(61) 


P  »  aQ  ♦  (1  -  a)R  .  (62) 

Then  Eqs.  (59)  and  (60)  can  be  written 

P'a'  -  Pd  -  Pa  =  0  (63) 

P"a'  -  P'd  -  P'+a  =  0,  (64) 

and  the  unobserved  interior  amplitudes  a1  eliminated; 

t  .  -[p  -  -  (6S) 

=  T  d 

This  equation  still  contains  the  parameter  a,  which  can  be  chosen  to  affect  one  or 

more  of  a  number  of  things:  1)  the  matrices  which  must  be  inverted  may  be  ill- 

conditioned  for  some  values  of  a,  2)  the  rate  of  convergence  of  the  truncation 
sequence  will  depend  on  o,  3)  the  accuracy  as  reflected  by  how  well  the  optical 
theorem  and/or  reciprocity  are  satisfied  will  depend  on  a. 


Cracklike  defects  present  a  special  problem  in  a  scattering  calculation.  One  might 
hope  that  a  crack  could  be  considered  to  be  the  limit  of  a  void  as  opposite  sides 
squeeze  together  and  the  volume  goes  to  zero.  This  introduces  serious  problems 
in  the  partial  wave  expansion,  because  the  origin  must  be  inside  the  crack,  and 
the  outgoing  partial  waves  contain  irregular  Bessel  functions.  So  we  would  like 
to  consider  the  crack  to  be  part  of  a  surface  which  has  a  mathematical  interior. 
Thus  consider  Fig.  (8),  which  depicts  our  view  of  a  plane  circular  crack.  It  is 
simulated  by  a  truncated  spherical  inclusion,  for  which  the  included  material  is 
identical  to  that  outside,  and  the  boundary  conditions  imposed  are  free-surface 
both  inside  and  outside  on  the  plane  circle,  and  continuity  of  both  displacement 
and  surface  traction  is  required  over  the  spherical  surface. 


A  straightforward  treatment  of  the  crack  as  a  special  case  of  the  inclusion  is 
foiled  by  a  well-known  feature  of  displacements  and  stresses  in  the  neighborhood 
of  a  crack  edge.  Namely,  they  are  singular,  the  displacements  behaving  like  e-, 
the  stresses  like  e-5*,  where  e  is  the  distance  from  the  field  point  to  the  edge  of 
the  crack.  The  futility  of  attempting  to  describe  these  with  a  partial-wave 
expansion  is  manifest;  fortunately  exact  solutions  in  the  neighborhood  of  the  edge 
are  known  in  terms  of  a  small  number  of  parameters.  Using  them,  work  on  the 
application  of  MOOT  to  cracks  is  in  progress  and  will  be  reported  elsewhere. 
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Fig.  2.  Total  longitudinal  (•) 
and  total  mode-converted ^ 
cross-sections  for  scattering  of 
an  incident  longitudinal  wave 
with  ka  =  1  at  (80,  <J)0)  = 

(45°,  0°)  from  a  prolate 
spheroidal  void  with  aspect  ratio 
2/3.  Six  different  choices  are 
made  for  fs  as  discussed  in  the 
text,  the  abscissa  is  the 
truncation  limit  £max,  and  the 
cross-sections,  divided  by  fra2, 
are  plotted  in  db. 
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Fig.  3.  Same  as  Fig.  2,  but  the 
void  now  has  aspect  ratio  1/2. 
The  accuracy  of  most  of  the 
results  here  has  deteriorated; 
note  the  change  of  scale  in  the 
ordinate. 
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Fig.  4.  Normalized  surface  integrals 
I  (dashed  lines)  of  the  square  of  the 
vector  displacement  for  scattering 
from  spherical  (•)  and  prolate 
spheroidal  («)  rigid  obstacles.  Also 
shown  are  calculated  total  longitud¬ 
inal  cross-sections  for 
(90,  ♦o)  =  (45°,  0°).  The  incident 
wave  is  longitudinal  with  ka  *  5 
(a  =  radius  of  the  sphere) ;  the 
spheroid  has  aspect  ratio  2/1  and 
has  the  same  volume  as  the  sphere. 


Fig.  5.  Differential  longitudinal 
cross-section  for  a  right  circular 
conical  void  with  aspect  ratio  1/2. 
The  cone  has  its  flat  side  up  and 
(9  ,<f>Q)  3  (135°,  0°);  thus  a  specular 
reflection  would  be  expected  at 
(9,  $)  »  (45°,  0°).  The  medium  is 
titanium;  the  incident  wave  is 
longitudinally  polarized  and  has 
ka  =  10. 


Fig.  6.  Differential  mode-converted 
cross-section  for  scattering  of  a 
longitudinal  wave  incident  at 
(9q,  «fQ)  »  (90°,  0°)  with  ka  *  10 
from  an  oblate  spheroidal  void 
(aspect  ratio  1/7)  in  titanium. 
Symmetry  requires  the  cross-section 
to  vanish  in  the  forward  and  backward 
directions;  it  is  plotted  at  -100  db. 
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Fig.  7.  Longitudinal  scattering  from  a 
pillbox- shaped  void  in  titanium.  The 
incident  wave  has  ka  =  10  and 
(0O,  =  (90°«  0°);  the  aspect  ratio 

is  1/2. 


Fig.  8.  Simulation  of  a  circular  crack 
by  an  identical  inclusion.  Continuous 
boundary  conditions  are  imposed  every¬ 
where  except  on  the  cross-hatched 
circle  where  free-surface  boundary 
conditions  are  imposed  both  from  above 
and  from  below. 
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APPLICATION  OF  THE  COMBINED-SOURCE  FORMULATION  TO  A  CONDUCTING  BODY 
OF  REVOLUTION 
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ABSTRACT 


The  combined-source  integral  equation  for  electromagnetic  scattering  and  radia¬ 
tion  is  applied  to  a  perfectly  conducting  body  of  revolution  of  arbitrary  genera¬ 
ting  contour.  For  the  scattering  problem,  the  conducting  body  is  assumed  to  be  in 
a  known  incident  electromagnetic  field.  For  the  radiation  problem,  the  tangential 
component  of  the  electric  field  is  specified  over  the  aperture  (a  portion  of  the 
surface  pf  the  body)  and  is  zero  elsewhere  on  the  surface.  The  solutions  remain 
valid  at  frequencies  for  which  the  surface  forms  a  resonant  cavity.  This  is  in 
contrast  to  the  usual  H-field  and  E-field  solutions  which  are  not  valid  at  such 
frequencies.  Formulas  for  the  electric  current,  scattering  cross  section,  and 
gain  are  given. 


I.  INTRODUCTION 


There  are  many  integral  equation  formulations  for  the  problem  of  electromagnetic 
scattering  and  radiation  from  a  conducting  body  of  revolution.  All  of  these  formu¬ 
lations  are  equivalent  whenever  the  operators  tha^  must  be  inverted  are  nonsingu¬ 
lar.  (Two  formulations  are  equivalent  when  the  first  one  implies  the  second,  and 
the  second  one  implies  the  first.)  Some  of  the  various  formulations  that  have 
been  used  extensively  for  conducting  bodies  are  the  T-matrix  approach  (Ref.  1), 
the  H-field  integral  equation  (Refs.  2, 3,8, 9),  the  E-field  integral  equation  (Refs. 
4, 5, 6, 8, 9),  the  combined-field  integral  equation  (Refs.  7,8,9),  and  the  combined- 
source  formulation  (Refs.  10,11).  In  this  paper  we  specialize  the  combined-source 
formulation  to  a  perfectly  conducting  body  of  revolution. 


The  general  theory  and  some  numerical  examples  for  the  combined- source  solution 
for  conducting  bodies  are  given  in  (Ref.  10).  The  combined-source  solution  applies 
to  a  conducting  body  bounded  by  a  closed  surface  S.  The  combined  source  consists 
of  an  a  priori  unknown  electric  current  .J  and  a  magnetic  current  M  *  Dn  *  J  placed 
simultaneously  on  S.  Here,  r)  is  the  intrinsic  impedance  and  n  is  the  unit  normal 
vector  which  points  outward  from  S.  This  combined  source  is  an  equivalent  source 
which  is  assumed  to  radiate  the  correct  scattered  field  outside  S.  An  operator 
equation  for  J_  is  obtained  from  the  E-field  boundary  value  equation  which  states 
that  the  tangential  component  of  the  scattered  electric  field  cancels  that  of  the 
incident  electric  field  on  S.  The  combined-source  solution  is  the  method  of 
moments  solution  of  this  operator  equation  for  J. 


The  combined-source  solution  for  aperture  radiation  is  similar  to  that  for  scat¬ 
tering.  In  the  aperture  radiation  problem,  the  combined  source  is  an  equivalent 
source  assumed  to  produce  the  correct  radiated  field  outside  S.  In  this  case,  the 
tangential  component  of  the  radiated  electric  field  is  specified  on  a  portion  of  S 
known  as  the  aperture  and  is  zero  elsewhere  on  S. 
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This  paper  uses  the  general  formulation  for  the  combined- source  solution  given  in 
(Ref.  10).  Equation  numbers  drawn  from  (Ref.  10)  are  preceded  by  10-.  For  in¬ 
stance,  (10-3)  denotes  equation  three  of  (Ref.  10).  The  notation  and  nomenclature 
used  in  the  present  paper  are  the  same  as  those  of  (Ref.  10)  insofar  as  possible. 


Fig.  1.  Body  of  revolution  and  coordinate  system. 


II.  COMBINED- SOURCE  ELECTRIC  CURRENT 

The  combined-source  electric  current  .J  of  (10-21)  will  be  specialized  to  the  body 
of  revolution  shown  in  Fig.  1.  In  Fig.  1,  p  is  the  distance  from  the  z  axis  and 
(t,$)  is  an  orthogonal  coordinate  system  with  unit  vectors  u^  and  u^  on  the  sur¬ 
face  S  of  the  body  of  revolution. 

The  expansion  functions  appearing  in  (10-21)  are  specialized  to 


u  f.(t)  exp(jn4>) 


-nj  -t  j 


JV  *  u^f  j  (t)  exp(jn<{i) 


j  -  1,2, ...N 
n  ■  0 ,  +  1 ,  +  2 . . . 


Here,  f<(t)  is  an  arbitrary  real  function  of  t.  For  computations,  we  took  pf j (t) 
to  be  the  triangle  functions  as  defined  by  equation  (31)  of  (Ref.  6).  The  testing 
functions  are  specialized  to 


W^i  -  u^f ^(t)  exp(-jn<J>) 


i  *  1,2, ..  .N 
n  •  0,  +  1,  +  2. . . 


n  -  U,  -r  i,  -r  l.  .  . 

VT1  *  u^U)  exp(-jn<J>)  J 
In  view  of  (1),  (10-21)  specializes  to 

J-  l  !  +  Inl4l)  (3) 

The  unknown  coefficients  Inj  and  I^j  will  be  obtained  by  solving  (10-23)  for  I. 
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The  matrix  equation  (10-23)  can  be  written  as 

•*cf  ** 

Zcl  I  -  V  (4) 

cf  " 

where  Z  is  the  combined-field  moment  matrix  which  would  result  if  the  sets  of 
expansion  functions  and  testing  functions  were  interchanged.  The  symbol  ~  denotes 
transpose.  Because,  as  shown  in  (Ref.  9)  each  element  of  Zc^  which  is  an  inter¬ 
action  of  an  exp(jn<|>)  expansion  function  with  an  exp(-jm<J))  testing  function  is 
zero  for  m  f  n,  the  single  matrix  equation  (4)  decomposes  into  several  matrix 
equations  given  by 


Zcf  I  -  V  ,  n  -  0,  +1,  +2,...  (5) 

-n  n  n  —  — 

The  subscript  n  in  (5)  denotes  the  exp(jn<J>)  group  of  expansion  functions  (1)  and 
the  exp(-jn4>)  group  of  testing  functions  (2).  In  (5),  the  subscript  on  Zc^  is  -n 
because  interchanging  the  sets  of  expansion  and  testing  functiops  (1)  and  (2)  is 
equivalent  to  replacing  n  by  -n. 


Because  of  the  t  and  <J>  types  of  expansion  and  testing  functions,  the  matrices  in 
(5)  partition  as 


Here, 


the  ijth  elements  of  T 


tt 
n  ' 


td>  Ad) 

T  ,  and  T  are  given  by 
n  n 


(6) 


(7) 


(8) 


WP  •  Lcf(Jq  )d<  (9) 

-nl  -nj 

S 

Cf 

where  p  is  either  t  or  $  and  q  is  either  t  or  Also,  L  is  the  combined- field 
operator  defined  by  (10-16).  The  ith  elements  of  ^  and  ^  are  given  by 


(TPq) 


ij 


WP  •  E1dS  (10) 

“til  — 

The  Jth  element  of  is  the  coefficient  l£j  appearing  in  (3).  Similarly, the  jth 
element  of  1$  is  1$. .  In  (10),  E*  is  the  incident  electric  field. 


Now, 


Y  +  Z 


n  n 


(11) 


where  Yn  represents  the  contribution  due  to  the  -n  *  H(J)  term  in  (10-16)  and  Zn 
represents  the  contribution  due  to  the  -(l/ri)ECan(J)  term  in  (10-16)  for  exp(jn$) 
expansion  functions.  Note  that  is  the  H-field  moment  matrix  in  (Ref.  9)  and 
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that  Z  is  the  E-field  moment  matrix  in  (Ref.  9).  It  can  be  shown  that 
n 


tt 

T*1 

r  Tct 

-T*] 

-n 

-n 

* 

n 

n 

<t>t 

-n 

xd>4> 

-n 

-T^C 

n 

H 

3  t 

,cf 


(12) 


cf 


where,  as  in  (6),  T  is  short  for  Z  .  Substitution  of  (12)  for  Z  in  (5)  gives 


-n 


TtC  -TC<tl 

'i'I 

r-tl 

vc 

n  n 

n 

n 

_T<J)t  T$<t> 

I* 

_  n  n  _ 

L  n- 

nj 

(13) 


A  more  convenient  form  of  (13)  is 


1 _ 

n 

n 

-i* 

n_, 

<£ 

L - 

(14) 


In  view  of  (6)  and  (11),  (14)  becomes 


[Y  +  Znl 

n  n 


tt 

£t 

I 

V 

n 

3 

n 

n 

L 

n 

(15) 


Equation  (15)  determines  the  column  vectors  ijjand  ij?  of  coefficients  In|  and  Inj  in 

(3).  The  solution  to  (15)  by  LU  decomposition  of  Y  +  Z  is  given  in  (ref s .  1.2,13). 

n  n 


III.  SURFACE  MAGNETIC  FIELD  DUE  TO  THE  COMBINED  SOURCE 


The  quantity  n  *  H(£,M)  of  (10-30)  will  ue  specialized  to  the  body  of  revolution. 
In  view  of  (1) ,  (10-30)  becomes 

00  JJ 

n  x  H(J,M)  -  l  l  (C*\  J*  +  C^  jf  )  (16) 

n-_ *  j«i  n3  ^3  n3  “"3 

t  d) 

The  unknown  coefficients  C  .  and  C  will  be  obtained  by  solving  (10-36)  for  C. 

nj  n_ 

The  column  vector  on  the  left-hand  side  of  (10-36)  will  be  calculated  next.  Let 

V'  -  ZCS’l  (17) 

Because  the  combined-source  moment  matrix  is  the  transpose  of  the  combined-field 
matrix  which  would  result  if  the  set  of  expansion  functions  and  the  set  of  testing 
functions  were  interchanged,  (17)  becomes 

V’  -  Z  I  (18) 

Cf" 

where  Z  is  the  combined-field  moment  matrix  which  would  result  if  the  jth  ex¬ 
pansion  function  were  n  *  Wj  and  if  the  ith  testing  function  were  ri  *  J^.  This 
zcf"  is  not  to  be  confused  with  that  in  (4) .  In  view  of 
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n  *  u  *■  -  u, 
—  — t  ^ 


n  x  u 

—  — t 


(19) 


and  the  fact  that  interchanging  the  sets  of  expansion  and  testing  functions  is 
equivalent  to  replacing  n  by  -n,  substitution  of  (6)  into  (18)  gives 


n»0 ,  +1 ,  +2 . . . 


(20) 


where  the  left-hand  side  of  (20)  is  the  portion  of  V'  due  to  the  portion  of  I 
given  by  (8).  In  view  of  (12),  all  minus  signs  in  (20)  disappear.  A  more  con 
venient  form  of  (20)  is 


1 

_ j 

n 

~cf 

n 

1 

l 

“  zn 

n  _ 

,  n  »  0,  +1,  +2 


(21) 


In  view  of  (1)  and  (2),  the  matrix  D  appearing  in  (10-36)  specializes  to ; 


n  *  0 ,  +1 ,  +2 , . . . 


(22) 


where  D  is  an  N  x  N  matrix  whose  ijth  element  is  given  by 


D  -  ff 

«  JJ 

S 

fi(t)  f  (t)dS 

(23) 

Consequently, 

(10-36) 

becomes 

DCC  -  VC' 
n  n 

,  n  *  0 ,  +1 ,  +2 , . . . 

(24) 

DC^  » 
n  n 

,  n  ■  0 ,  +1 ,  +2 , . . . 

(25) 

where  v£  and  Vn  are  given  by  (21).  Equations  (24)  and  (25)  determine  Cn  and  Cn. 
The  jth  element  of,^  is  the  coef f icient  appearing  in  (16).  Similarly,  the  jth 

element  of  is  c£l •  The  solution  to  a  system  of  equations  with  tridiagonal 

matrix  such  as  (24)  or  (25)  is  described  in  Appendix  B  of  (Ref.  13). 

IV.  ELECTRIC  FIELD  MEASUREMENT 

The  ur  component  of  the  electric  field  E(J,M)  due  to  the  combined  source  (J,M)  is 
given  by  (10-62).  If,  instead  of  (10-60)  and  (10-61),.  E(ur/Gr)  and  H(ur/Gr)  are 
substituted  into  (10-41)  and  (10-42)  where  ur/Gr  is  a  current  element  located  at 
an  arbitrary  point  rj.  not  necessarily  distant  from  S,  then  (10-62)  will  give 
E(J,M)  •  ur  at  rj. 

In  view  of  (10-23),  (10-62)  can  be  written  as 

E(J,M)  •  ur  -nGr[R  +  R']I 


(26) 
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With  the  expansion  and  testing  functions  (1)  and  (2) ,  "f  goes  over  into  and  ^n 

which  depend  on  and  according  to  (1£).  Furthermore,  and  S'  with  elements 

(10-41)  and  (10-42)  go  over  into  vectors  R^  exp(jn<|>r)  and  ^  exp(jn<fr)  where  the 

1th  elements  of  ft?  and  R?  are  given  by 
n  n 


-jn<{ir 

e 


•  ■ 


n  x  H(ur/Gr) 


(27) 


(28) 


where  p  may  be  either  t  or  i  If  4>r  is  the  azimuth  of  the  receiving  current  ele¬ 
ment  ur/Gr,  then  expressions  (27)  and  (28)  do  not  depend  on  <J)r.  In  view  of  the 
above  mentioned  forms  of  it,  and  It  * ,  (26)  becomes 

00  » 

E(J,M)  •  /  >nGr  l  [§£  +  5* 

n»-«o 


In  (29),  Gr  is  given  by  (10-57),  the  elements  of  R^  and  R^  are  given  by  (27)  and 
(28)  and  depends  on  \fP  according  to  (15).  The  point  rr  at  which  the  electric 
field  is  evaluated  in  (29)  is  arbitrary. 


R^  +  R^'] 


j  n<p 

r-ft-i  vr 


I* 

L.  nj 


(29) 


For  large  rr,  the  fields  E  and  H  in  (27)  and  (28)  approach  (10-60)  and  (10-61) 
when  ur  is  tangent  to  the  radiation  sphere  and  zero  when  ur  is  radial.  If  u£  is 
first  substituted  for  u"  in  (29)  and  then  u£  is  substituted  for  £r  in  (29) ,  then 

jn<J> 

e  r  (30) 


-*-pq  -*-nq  * 

where  the  Jth  elements  of  the  vectors  and  R^  are  given  by 


E(J,M)  •  uj 


E(J,M)  •  uj 


HGr  l 


'Rt9  +  Rt9’ 
n  n 


s'*  +  gt*' 

n  n 


R*0  +  R^9 ' 


+ 

n  n 


n 

— » 
?M° 
_ 1 

RP?  -  ke 
nj 


-jk  •  r 

JP  •  ur  e  "  dS 

-nj  -q 


RP?*-  -  e 

nj 


-jn<t> 


'I 


-jk  •  r_ 

(nx  jf  )  •  (k  xu^)e  dS 

—  — nj  — r  — q 


(31) 

(32) 


Here,  p  mav  be  either  t  or  $  and  q  may  be  either  8  or  (}.  The  first  superscript 
on  Rn  and  in  (30)  is  the  same  as  the  superscript  in  (29)  apd  denotes  th'e  polari 
zation  of  the  expansion  function.  The  second  superscript  on  Rn  and  it^  in  (30)  dis 
tinguishes  the  u£  polarized  measurement  from  the  ul  polarized  measurement.  Here, 
ug  and  u£  are  respectively  the  9  and  directed  unit  vectors  at  the  measurement 
point.  i!a(31),  k  is  the  propagation  constant,  kr  is  the  propagation  vector  of 
the  plane  wave  coming  from  the  measurement  point,  and  £  is  the  position  vector  of 
dS.  The  vectors  u|,  u J,  and  kj-  are  shown  along  with  the  bearing  (9r,  <f>r)  of  the 
measurement  point  "in  Fig.  2. 
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Fig.  2.  Plane  wave  scattering  by  a  conducting  body  of  revolution. 
It  is  evident  from  (1) ,  (19) ,  and 


(33 


k  x  u! 

-r  — d> 


k  uj 


that  the  column  vectors  generated  by  (32)  are  related  to  those  generated  by  (31) 
according  to 


rre’ 

F*'l 

~-P* 

R*9" 

n 

R*9’ 

n 

P*' 

m 

n 
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Substitution  of  (34)  into 

L  n  n  _ 

(30)  gives 
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The  column  vectors  generated  by  (31)  can  be  shown  to  satisfy 
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It  follows  from  (36)  and  (34)  that  the  measurement  matrix  in  (35)  satisfies 
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V.  PLANE  WAVE  SCATTERING 


We  consider  separately  a  9  polarized  incident  plane  wave  defined  by 


E  ■  knu^  e 


t  -ttt'i 


i  t  ~j^t  ‘  - 

r  -  *  %)e 

and  a  tp  polarized  incident  plane  wave  defined  by 


i  t 

E  -  knul  e  ^ 
- 


t  "j^t  ’  - 

(^t  *  V* 


(38) 


(39) 


The  above  fields  have  been  obtained  by  replacing  a  in  (10-58)  and  (10-59)  first 
by  uf  and  then  by  uf.  Here,  u|  and  are,  respectively,  the  unit  vectors  in  the 
9  an3  <(>  directions  at  the  transmitteroearing  (9t,  0).  Since  the  azimuth  of  the 
transmitter  is  zero,  the  propagation  vector  kt  lies  in  the  xz  plane  and  _u|  is 
actually  the  unit  vector  Uy  in  the  y  direction-  See  Fig.  2.  In  (38)  and  (39),  £ 
is  the  radius  vector  from  the  origin.  The  origin  is  on  the  axis  of  the  body  of 
revolution,  but  not  necessarily  at  the  lower  pole  as  shown  in  Fig.  2. 


The  column  vectors  from  which  l£  in  (29)  is  determined  according  to  (15)  are 
obtained  by  substituting  (38)  and  (39)  into  (10).  As  a  result,  column  vectors 
whose  ith  elements  are  given  by 


(40) 


are  generated.  Here,  p  may  be  either  t  or  <p  and  q  may  be  either  9  or  iji.  The 
superscript  p  is  the  same  as  in  (10)  and  denotes  the  polarization  of  the  testing 
function.  The  superscript  q  denotes  the  polarization  of  the  incident  plane  wave. 


In  view  of  (1),  (2),  and  (36),  comparison  of  (40)  and  (31)  shows  that 
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where  the  right-hand  side  of  (41)  is  evaluated  at  the  transmitter  angle  0 

«  .  «  A  /  /  <  \  1  /^  /•  \  ^ 


of  the  receiver  angle  9  . 

From 

(41)  and 

(36), 
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(42) 


If  each  column  vector  in  (15)  is  replaced  by  two  column  vectors, one  for  the  6  polar¬ 
ized  incident  plane  wave  and  the  other  for  the  <$  polarized  incident  wave,  the  re¬ 
sult  is 


[Yn  +  ZJ 

n  n 
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(43) 


The  first  superscript  on  each  column  vector  in  (43)  is  the  same  as  in  (15).  The 
second  superscript  denotes  the  polarization  of  the  incident  plane  wave.  From  (12) 
in  which  Tn  is  a  shorthand  notation  for  "n  +  Zn  and  from  (42),  it  is  apparent  that 
the  solutions  to  (43)  with  n  replaced  by  minus  n  are  related  to  the  solutions  of 
the  original  (43)  by 
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In  view  of  (1)  and  (44) ,  the  combined  source  electric  current  (3)  becomes 


for  the  i p  polarized  incident  plane  wave.  The  superscript  on  J_  denotes  the  polari¬ 
zation  of  the  incident  plane  wave.  In  (45)  and  (46),  f  is  a  row  vector  of  the 
functions  f j (t)  appearing  in  (1).  For  axial  incidence,  the  only  non-zero  excita¬ 
tion  vectors  on  the  right-hand  side  of  (43)  are  those  for  which  n  *  +1  and,  con¬ 
sequently,  (45)  reduces  to 


J®  ■  2(f  T^^)utcos  +  2j  (f  I^)u^sin  4>  (47) 

A  x  0 

In  this  case  JJ  contains  no  new  information  because  J/  is  with  $  replaced  by 
either  (<fc  -  90°)  or  ($  +  90°)  depending  on  whether  is  either  0°  or  180°. 

For  plane  wave  incidence,  (24)  and  (25)  become 
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where 
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(48) 


(49) 


The  second  subscript  on  the  column  vectors  in  (48)  and  (49)  denotes  the  polariza¬ 
tion  of  the  incident  plane  wave.  In  view  of  (12)  in  which  Tn  is  short  for  Zc^  and 
C44) ,  the  column  vectors  given  by  (49)  satisfy 
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It  follows  from  (48)  and  (50)  that 


In  view  of  (51) ,  substitution  of  (1)  into  (16)  gives 
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(51) 


n  x  H9(J,M)  -  (f  C^9)ut  +  l  {2(f  C^^u^cos (n0)  +  2 j  (f  C^9)u<J)sin(n4>) }  (52) 

for  the  9  polarized  incident  plane  wave  and 


n  x  H*(J,M)  -  (f  cj^u.  +  l  {2j(f  Ct0)usin(n0)  +  2(f  C^u, cos (n0) }  (53) 

—  o  — <p  .  n  — t  n  — <p 

n=i 


for  the  $  polarized  incident  plane  wave.  The  superscript  on  H(J»M)  denotes  the 
polarization  of  the  incident  plane  wave.  For  axial  incidence,  (52)  reduces  to 


n  x  h9(J,M)  -  2(f  c59)u  cos  0  +  2j  (f  ct9)u.sin  0 
—  — -  1  — t  1  —9 


(54) 


The  scattered  electric  field  £(J.,M)  at  an  arbitrary  point  rj.  is  given  by  (29)  . 
However,  therein  is  for  arbitrary  excitation.  Now,  is  for  the  6  polarized 
incident  plane  wave  (38)  and  tP0  is  for  the  0  polarized  incident  plane  wave  (39). 

Hence*  r-|t9-, 
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for  the  0  polarized  incident  plane  wave  and 


n  jn<t> 


E(J,M)  •  Ur  -nGr  l  [R 1  +  R*'  R*  +  R^'l 


for  the  0  polarized  incident  plane  wave  where,  as  given  by  (10-57), 


A  similar  specialization  of  the  far  field  result  (35)  to  the  0  and  $  polarized 
plane  waves  (38)  and  (39)  gives 
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The  left-hand  sides  of  (58)  to  (61)  are  components  of  the  far  scattered  electric 
fields  for  plane  wave  incidences.  The  first  superscript  on  E  denotes  the  receiver 
polarization  and  the  second  superscript  on  E  denotes  the  polarization  of  the  inci¬ 
dent  plane  wave. 

The  scattering  cross  section  per  square  wavelength  a/X2  is  given  by  (10-64)  in 
which, from  (10-62),  the  quantity  enclosed  by  the  magnitude  signs  is  the  appropri¬ 
ate  component  of  the  scattered  field  stripped  of  its  n Gr  factor.  The  scattered 
field  components  (58)  to  (61)  give  rise  to 
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where  the  superscripts  on  a/X2 coincide  with  those  on  the  left-hand  sides  of 
(58)  to  (61).  For  axial  incidence,  only  the  Spq  terms  are  present  in  (58)  to 
(61)  and  (63)  to  (66). 


VI.  APERTURE  RADIATION 

For  aperture  radiation,  the  ith  elements  of  the  excitation  vectors  are  obtained 
by  replacing  E*  in  (10)  by  -Ea,  where  E3  is  the  aperture  electric  field.  Hence, 

VP  --iff  WP  •  Ea  dS  (67) 

ni  n  — ni  — 


If  one  agrees  to  replace  (10)  by  (67),  then  the  formulas  for  the  combined-source 
electric  current  J_  in  Section  II,  the  surface  field  ii  *  H(J_,M)  in  Section  III,  and 
the  measurements  of  the  electric  field  E.(J,M)  in  Section  IV  are  valid  for  aperture 
radiation. 

The  gain  is  given  by  (10-69)  in  which,  from  (10-62),  the  quantity  enclosed  by  the 
magnitude  signs  is  the  appropriate  component  of  jS(J.,M)  stripped  of  its  n  fac¬ 
tor.  The  electric  field  components  (35)  give  rise  to 

G9  -  A  l  S9  *a*T  <68> 
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The  superscript  on  G  on  the  left-hand  sides  of  (68)  and  (69)  denotes  the  receiver 
polarization.  In  (70),  and  are  obtained  by  solving  (15)  when  the  elements 
of  and  ^  are  given  by  (67). 

If  the  aperture  electric  field  is  axially  symmetric,  then  only  the  n  »  0  terms  are 
present  in  (68)  and  (69).  The  coefficients  G8  and  G^  are  especially  easy  to  cal¬ 
culate  because 

T**  -  xt(|>  -  0  (71) 

o  o 

a*6  -  rc»  -  o 

O  O 

In  (71),  T_  is  short  for  Y0  +  ZQ  which  appears  in  (15). 
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THET3  THcTfl 

(a)  (b) 


Fig.  3.  Electric  current  Jg/ Hy  and  J^/Hy  induced  on  a  conducting  sphere, 
ka  ■  2.75,  by  an  axially  incident  plane  wave.  Solid  curves  represent  the 
exact  solution.  Symbols  *  and  +  denote  magnitude  and  phase,  respectively, 
of  the  combined-source  solution. 


VII .  EXAMPLES 

Computer  programs  to  implement  the  formulas  derived  in  this  paper  are  available  in 

a  research  report  (Ref.  13).  Some  computed  results  are  shown  in  this  section. 

c 

Figure  3  shows  the  electric  current  J_  induced  by  a  plana  wave  axially  incident  on 
a  conducting  sphere  for  which  ka  =  2.75,  where  a  is  the  radius  of  the  sphere.  The 
first  resonance  of  the  spherical  cavity  is  at  ka  =  2.744.  If  the  incident  mag¬ 
netic  field  is  in  the  y  direction,  the  induced  electric  current  is  of  the  form 

r 

J  »  UqJqCOS  +  u^J^sin  <j>  (73) 

where  neither  Jg  nor  depend  on<}>.  In  (73),  ug  and  u^  are  unit  vectors  in  the 
9  and  <p  directions  respectively.  Figure  3a  shows  the  combined -source  solution  for 
Jg/Hy  versus  9.  Figure  36  shows  the  combined -source  solution  for  J^/Hy  versus  9. 
Here",  Hy  is  the  y  component  of  the  incident  magnetic  field  at  the  center  of  the 

sphere.  In  Figs.  3a  and  3b,  the  label  THETA  on  the  horizontal  axis  stands  for  9 

and  9  *  0  is  the  forward  scattering  direction.  In  Figs.  3a  and  3b,  the  symbols  x 
and  +  denote  magnitude  and  phase  respectively  of  the  combined-source  solution. 

The  solid  curves  represent  the  exact  Mie  series  solution. 


The  combined-source  solution  gives  currents  which  differ  only  slightly  from  those 
computed  by  the  combined-field  solution  (Ref.  9).  In  Fig.  5a  of  (Ref.  9),  the 
electric  current  error  A  of  the  combined -field  solution  for  the  conducting  sphere 
is  linear  from  ka  »  2.70  to  ka  *  2.80.  Similarly,  the  electric  current  error  A  of 
the  combined -source  solution  for  the  conducting  sphere  is  also  linear  fromka=2.70 
to  ka  *  2.80.  The  values  of  A  at  ka  *  2.70  and  ka  =  2.80  are  given  in  the  table 
below.  Although  not  quite  as  accurate  as  the  combined-field  solution  for  ka  be¬ 
tween  2.70  and  2.80,  the  combined-source  result  for  .Jc  is  likewise  unaffected  by 
the  first  resonance  at  ka  *  2.744.  Both  combined-source  and  combined-field  re¬ 


sults  for  Ja  and  J. 

o  <p 


were  obtained  by  covering  the  generating  curve  with  14  equally 
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Table  1.  Electric  current  error  A. 


spaced  triangular  functions.  For  integrations  in  t,  each  triangular  function  was 
sampled  at  4  points.  A  20-point  Gaussian  quadrature  formula  was  used  for  integra¬ 
tions  with  respect  to  <j>  between  the  limits  0  =  0°  and  0  ■  180°. 


(a)  (b) 


Fig.  4.  Electric  current  Jt/Hy  and  J,-./Hy  induced  on  a  conducting  cone- 
sphere,  cone  angle  ■  20°,  sphere  radius  »  0.2\,  by  a  plane  wave  axially 
incident  on  the  sphere.  Solid  curves  show  the  combined-source  solution. 
Symbols  *  and  +  denote  magnitude  end  phase,  respectively,  of  the  E-field 
solution. 

Q 

Figure  4  shows  the  electric  current  J.  induced  on  a  conducting  cone-sphere  by  a 
plane  wave  axially  incident  on  the  sphere  end.  As  shown  in  the  inserts  of  Fig.  4, 
the  cone  angle  of  this  cone-sphere  is  20°  and  the  sphere  radius  is  0.2  wavelength. 
The  cone  and  sphere  are  joined  such  that  the  tangent  to  the  generating  curve  is 
continuous  at  the  cone  to  sphere  junction.  If  the  incident  magnetic  field  is  in 
the  y  direction,  the  induced  electric  current  is  of  the  form 

Q 

J  ■  u  J  cos  <()  +  u, J  sin  4>  (74) 

—  — c  t  ~ 9  <P 

Both  Jt/Hy  and  J^/Hy  are  plotted  versus  t  where,  as  shown  in  the  inserts,  t  is  the 
arc  length  along  the  generating  curve.  Here,  Hy  is  the  y  component  of  the  inci¬ 
dent  magnetic  field  at  the  tip  of  the  cone.  The  solid  curves  in  Fig.  4  represent 
the  combined-source  solution,  and  the  symbols  *  and  +  denote  magnitude  and  phase 
respectively  of  the  E-field  solution  of  (Ref.  6).  An  H-field  solution  for  |j  | 
appears  on  page  218  of  (Ref.  8).  ^ 

The  combined-source  results  for  Jc  and  J^  in  Fig.  4  were  obtained  by  covering  the 
generating  curve  with  19  equally  spaced  triangular  functions.  For  integrations  in 
t,  each  triangular  function  was  sampled  at  4  points.  A  20  point  Gaussian  cuad- 
rature  formula  was  used  for  the  integrations  with  respect  to  0. 
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Fig.  5.  Electric  current  Jg  and  gain  for  a  rotationally  symmetric  aper¬ 
ture  at  the  equator  of  a  conducting  sphere,  ka  -  2.75.  Solid  curves 
represent  the  exact  solution.  Symbols  x  and  +  denote  the  combined-source 
solution  in  (a)  and  (b) ,  and  the  E-field  solution  in  (c)  and  (d) .  The 
first  resonance  of  the  spherical  cavity  is  ka  *  2.744. 

Tae  induced  electric  current  and  gain  for  a  thin  rotationally  symmetric  aperture 
at  the  equator  of  a  conducting  sphere  of  size  ka  *  2.75  driven  by  a  minus  9  direc¬ 
ted  electric  field  are  shown  in  Figs.  5a  and  5b.  In  Fig.  5a,  the  symbols  x  and  + 
denote  the  real  and  imaginary  parts  of  2irar|JQ/V  versus  9  as  obtained  from  the 
combined-source  solution.  Here,  Jg  is  the  9  component  of  Jc  and  V  is  the  voltage 
across  the  aperture.  At  9  *  90®,  2fanJc/V  reduces  to  the  input  admittance  normal¬ 
ized  by  dividing  by  the  admittance  1/n  of  free  space.  In  Fig.  5b,  the  symbol  x 
denotes  the  gain  pattern  for  the  aperture  problem  of  Fig.  5a  as  obtained  from  the 
combined-source  solution.  The  solid  curves  in  Figs.  5a  and  5b  represent  the  exact 
Mie  series  solution.  For  comparison,  the  E-field  solution  for  the  same  sphere  and 
same  aperture  as  in  Figs.  5a  and  5b  is  shown  in  Figs.  5c  and  5d.  In  Figs.  5c  and 
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5d,  the  symbols  x  denote  the  E-field  solution  and  the  solid  curves  denote  the  Mie 
series  solution.  The  E-field  solution  in  Figs.  5c  and  5d  is  poor  because  ka  3  2 . 75 
is  very  close  to  the  first  resonance  which  occurs  at  ka  ■  2.744. 


The  moment  solutions  of  Fig.  5  use  18  expansion  functions  equally  spaced  on  the 
generating  curve  such  that  the  9th  and  10th  expansion  functions  straddle  the  aper¬ 
ture.  Both  the  impulsive  aperture  field  at  the  equator  and  the  aperture  field 


-V 

aA9 


90° 


~  <  6  £  90° 


(75) 


where  0  £  A9  <_  180°/19  give  exactly  the  same  moment  solution.  For  convenience, 
the  aperture  field  (75)  with  A9  3  180°/19  was  used  to  calculate  the  Mie  series 
solution. 


Fig.  6.  Electric  current  Jt  and  gain  for  a  rotationally  symmetric  aper¬ 
ture  at  the  center  of  a  conducting  cylinder  of  length  2a  and  radius 
a  3  X/4,  combined-source  solution. 


Figure  6  shows  the  combined-source  solution  for  the  induced  electric  current  and 
for  the  gain  of  an  axially  symmetric  aperture  at  the  center  of  a  conducting  cylin¬ 
der  whose  length  is  twice  its  radius  a.  Here,  a  3  X/4.  In  Fig.  6a,  the  symbols  x 
and  +  denote  the  real  and  imaginary  parts  of  2TrariJ£/V  versus  t,  where  J£  is  the  t 
component  of  Jc  and  V  is  the  voltage  across  the  aperture.  These  symbols  have  been 
connected  by  straight  lines  in  Fig.  6a  to  improve  readability.  Figure  6b  shows 
the  gain  pattern  for  the  aperture  problem  of  Fig.  6a  as  obtained  from  the  combined- 
source  solution.  There  are  14  triangular  expansion  functions  on  the  generating 
curve  of  the  finite  cylinder  in  Fig.  6.  These  triangular  functions  are  not  equally 
spaced.  The  generating  curve  consists  of  7  equal  length  intervals  on  each  end  cap 
of  the  cylinder  and  16  equal  length  intervals  on  the  lateral  side.  The  domain  of 
each  expansion  function  consists  of  4  of  these  intervals.  For  the  moment  solu¬ 
tions  of  Figs.  5  and  6,  the  integrations  with  respect  to  t  were  approximated  by 
sampling  each  triangular  function  at  4  points  and  a  20-point  Gaussian  quadrature 
formula  was  used  for  the  integrations  with  respect  to  <p.  The  approximate  (moment 
solution)  gain  patterns  in  Figs.  5  and  6  were  calculated  from  (68)  with  P  obtained 
from  numerical  integration  of  the  far  field  power  pattern. 
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VIII.  DISCUSSION 


A  combined-source  solution  has  been  developed  for  electromagnetic  radiation  and 
scattering  problems  involving  only  the  region  external  to  a  closed  surface  S.  As 
such,  this  solution  is  not  affected  by  resonances  of  the  region  internal  to  S. 
Because  the  combined  source  contains  a  magnetic  current  which  implies  a  disconti¬ 
nuity  of  tangential  electric  field,  the  combined-source  formulation  does  not  apply 
to  scattering  from  "zero  thickness"  bodies,  like  plates  or  washers,  nor  to  aper¬ 
ture  radiation  from  a  conducting  surface  which  was  not  closed  before  the  aperture 
was  cut  out  of  it.  The  combined-source  formulation  could  be  adapted  to  electro¬ 
magnetic  problems  involving  only  the  region  interior  to  a  closed  conducting  sur¬ 
face,  but  then  the  solution  would  deteriorate  near  internal  resonances. 

The  combined-source  formulation  is  closely  related  to  the  combined-field  formula¬ 
tion  (Ref.  9).  For  instance,  the  combined-source  operator  is  the  adjoint  of  the 
combined-field  operator.  From  this  it  follows  that  the  combined -source  moment 
matrix  is  the  transpose  of  the  combined-field  matrix  which  would  result  if  the  set 
of  expansion  functions  and  the  set  of  testing  functions  were  interchanged.  For 
dipole  scattering,  the  combined-source  excitation  vector  is  the  combined-field 
measurement  vector  which  would  result  if  the  set  of  expansion  functions  were  re¬ 
placed  by  the  set  of  testing  functions  and  if  the  receiving  current  element  were 
replaced  by  the  transmitting  current  element.  The  combined-source  measurement 
vector  is  the  combined -field  excitation  vector  which  would  result  if  the  set  of 
testing  functions  were  replaced  by  the  set  of  expansion  functions  and  if  the 
transmitting  current  element  were  replaced  by  the  receiving  current  element.  It 
follows  from  the  above  three  statements  that  the  combined-source  solution  for 
dipole  scattering  is  the  combined-field  solution  which  would  result  if  the  sets 
of  expansion  and  testing  functions  were  interchanged  and  if  the  transmitting  and 
receiving  current  elements  were  interchanged. 


One  disadvantage  of  the  combined-source  solution  in  comparison  with  the  combined- 
field  solution  is  that  the  combined  source  (J,M)  has  no  physical  significance. 

The  physically  significant  electric  current  requires  calculation  of  n  *  H(J,M) 
from  (J,M) .  This  calculation  is  especially  simple  for  the  body  of  revolution  ex¬ 
pansion  functions  because  the  operation  n  *  is  closed  with  respect  to  those  expan¬ 
sion  functions.  However,  the  approximation  (16)  is  still  present.  This  could  ex¬ 
plain  why  the  electric  current  error  for  the  combined-source  solution  is  slightly 
larger  than  that  for  the  combined-field  solution  in  Table  1. 

One  advantage  of  the  combined-source  solution  over  the  combined-field  solution  is 
that  the  combined-source  formulation  is  directly  applicable  to  the  aperture  radi¬ 
ation  problem  in  which  the  aperture  electric  field  is  specified.  One  must  recast 
the  aperture  radiation  problem  into  an  equivalent  scattering  problem  in  order  to 
apply  the  combined-field  solution.  In  this  equivalent  scattering  problem,  the 
surface  S  is  perfectly  conducting  everywhere  and  the  incident  field  is  the  field 
radiated  by  the  magnetic  current  E®  *  n  in  free  space,  where  E3  is  the  specified 
electric  field  in  the  aperture. 
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Raj  Mittra  and  Mark  Tew 

University  of  Illinois,  Urbana,  Illinois 

ABSTRACT 

In  this  paper  we  describe  three  procedures  for  evaluating  the  accuracy  of  high 
frequency  asymptotic  solutions.  Two  of  the  tests  are  based  on  the  spectral  domain 
approach  while  the  third  can  be  implemented  either  in  the  space  domain  or  in  the 
spectral  domain.  A  method  for  improving  the  solution  via  an  iterative  procedure  is 
also  presented. 

INTRODUCTION 

High  frequency  asymptotic  solutions  of  the  wave  equation  play  a  very  important  role 
in  electromagnetics  and  acoustics.  For  low  frequencies,  the  integral  equation 
formulation  combined  with  the  method  of  moments  provides  a  convenient  approach  for 
solving  radiation  and  scattering  problems.  However,  because  the  matrix  size  required 
to  handle  such  problems  becomes  too  large  above  the  resonance  region,  one  is  forced 
to  seek  alternate  means,  such  as  ray-optical  techniques,  for  deriving  asymptotic 
solutions  in  the  high  frequency  range.  Unlike  moment  method  solutions  which  are 
numerically  vigorous,  asymptotic  solutions  are  approximations,  and  as  such,  pose 
problems  in  evaluating  their  accuracy.  The  problem  of  assessing  the  accuracy  of 
asymptotic  solutions  has  come  under  investigation  only  in  recent  years  [1]  -  [4]. 
Presented  here  are  three  procedures  for  evaluating  the  accuracy  of  an  asymptotic 
solution  by  examining  its  effect  on  satisfaction  of  boundary  conditions.  In 
addition,  two  of  the  proposed  tests  lend  themselves  for  use  as  an  iterative  equation, 
offering  the  possibility  of  systematic  improvement  of  a  proposed  solution. 

ACCURACY  TESTS  FOR  ASYMPTOTIC  SURFACE  FIELDS 

Two  of  the  accuracy  tests  to  be  discussed  deal  with  the  problem  of  a  magnetic  dipole 
radiatl-.g  in  the  presence  of  an  infinitely  long,  perfectly  conducting,  circular 
cylinder.  This  problem  has  received  increased  attention  in  recent  years  because 
of  the  l*. sights  it  provides  into  the  performance  of  slot  antennas  on  curved  surfaces. 
Knowlet^e  of  the  induced  currents,  for  example,  allows  the  engineer  to  calculate 
mutual  .cupling  between  slot  antennas  in  a  conformal  array  or  to  accurately  compute 
far-finl;  patterns  from  a  single  slot  or  slot  array.  The  exact  modal  solution  to 
this  problem  [5]  -  [6],  which  is  in  the  form  of  an  infinite  series  of  infinite 
integrals,  .  ".verges  so  slowly  as  to  make  its  use  impractical  for  numerical 
calculation  Various  approximate  solutions,  more  suitable  for  numerical  computation, 
have  been  proposed  [7]  -  [11].  Two  of  the  solutions,  [7]  -  [9],  are  derived  from 
manipulation  of  the  modal  solution.  These  solutions  are  denoted  as  Asymptotic 
Solution  -  1  (AS-1)  [7]  -  [8],  and  Asymptotic  Solution  -  2  (AS-2)  [9],  based  on 
their  chronological  order  of  publication.  The  third  approximate  solution  [10]  - 
[11]  is  based  on  a  modification  of  the  work  of  V.  A.  Fock,  which  addresses  the 
problem  of  radiation  on  a  sphere  and  is  denoted  Asymptotic  Solution  -  3,  or  AS-3. 
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The  next  section  describes  in  detail  the  three  published  solutions  and  gives  the 
appropriate  formulae. 

Proposed  Solutions  to  Cylinder  Problem 

Figure  la  presents  the  geometry  of  the  problem.  An  infinitely  long,  perfectly  con¬ 
ducting,  circular  cylinder  of  radius  R  is  located  with  the  cylinder  axis  coinciding 
with  the  z-axis  of  a  standard  p,  $,  z  cylindrical  coordinate  system.  An  infini¬ 
tesimal,  phi -directed,  magnetic  dipole  is  located  on  the  cylinder  surface  at  Q' 
given  by  the  coordinates  p  *  R,  <p  =  0,  z  =  0.  The  H-field  on  the  cylinder  surface 
is  observed  at  a  point  Q  located  at  p  *  R,  4>  ■  z  ■  z^.  The  proposed  solutions 

are  ray-type  solutions,  and  the  surface  fields  are  dependent  on  the  geodesic  path 
between  Q  and  Q'  defined  by  the  surface  path  length,  s,  and  ray  angle,  9,  measured 
from  the  $-axis  to  the  surface  ray. 


The  cylinder  is  a  developable  surface  and  a  geodesic  path  on  the  cylinder  surface 
becomes  a  straight  line  on  the  infinite  strip  that  makes  up  a  developed  cylinder. 

Figure  lb  shows  the  developed  cylinder  and  introduces  the  local  n',  b',  t'  and  n, 

b,  t  coordinate  systems,  where  n',  n  are  the  outward  normal  to  the  surface,  and 
t',  t  are  tangent  to  the  surface  path  at  the  source  and  observation  points  respec¬ 
tively  (b '  ■  t '  x  n' ,  b  ■  t  x  n) .  Both  the  AS-1  and  AS-3  solutions  give  the  surface 
field  in  terms  of  fields  parallel  to  b  and  t  as 


H(Q)  -  M  •  (b'bl^  +  t'tHt)  Cl) 

where  M  is  the  magnetic  dipole  moment.  In  this  section  a  circumferentially  oriented 
dipole  is  treated,  i.e.,  H  *  $.  For  this  case,  conventional  Hz  and  fields  can 
be  found  from  and  Ht  using  the  relationships 

*  cos^  G  Ht  +  sin^  0  (2a) 

Hz  *  sin  0  cos  0(Ht  -  f^)  .  (2b) 

Each  of  the  proposed  solutions  gives  the  surface  H-fields  in  terms  of  a  combination 

of  "Fock  functions,"  u(?) ,  v(?) ,  and  v1 (?)  and  their  derivatives  u'(?),  v'(?),  and 

1  k  1/3 

v.  ’(?),  respectively.  ?  is  a  normalized  distance  parameter  given  by  ?  »  ( - j)  s 

1  2R/ 

where  k  is  the  wavenumber,  R  is  the  radius  of  curvature  in  the  direction  of  t 

2  c  2  2 
given  by  R  ■  R/cos  0  and  s  is  the  path  length,  s  *  /(R$)  +  z  .  The  radius  of 

c  2 

curvature  in  the  direction  of  b  is  also  employed  and  is  given  by  R^  ■  R/sin  0. 

The  AS-1  solution  as  tested  gives  the  surface  fields  as 

lyQ)  -  v(?)G(s)  (3a) 


Ht(Q)  -  (|J)u(?)G(s)  ,  (3b) 

where  H  of  (3b)  differs  from  the  H  given  in  [ 7 ] — [ 8 ]  by  a  factor  of  2  (this  is 

C  C  -2 
dor.n  so  that  as  k  +  «  the  Hc  of  (3b)  recovers  identically  the  (ks)  term  of  the 

known  exact  solution) .  The  AS-?,  solution  is  given  by 
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H.(Q)  -  (v(£) [sin2  0  +  (1  -  3  sin2  0)] 

*  (4a) 

+  sec2  0[u(£)  -  sin20v1(C)]  G(s) 

Hz(Q)  '  -sin  0  cos  0  v(C)[l  -  ^i]G(s)  (4b) 

for  the  case  of  a  circumferentially  oriented  dipole.  The  AS-3  solution  gives  the 
surface  fields  as 

»b«)  -  ui  -  ij)v(5)  -  (ij)2u(5) 

(5a) 

+  j(/2  kRt)~2/3  [v'(0  +  (Rt/Rb)u’(OJ}G(s) 

Ht(Q>  '  (jj){v(5)  +  (1  "  S)u(°  +  j(/2  ^t)'2/3u’(5)}G(s)  .  (5b) 

In  Equations  (3)  —  (5) ,  G(s)  ■  k  /(2irjn)-e  J  /ks,  where  n  is  the  wave  impedance  of 
free  space. 


In  addition  to  the  three  published  solutions,  a  fourth  solution  has  been  constructed, 
which  is  a  modified  AS-1  solution  and  is  denoted  AS-4.  The  AS-4  solution  is  given 
by 

H^Q)  -  [v(£)  -  j/ks  -  (1/ks) 2]G(s)  (6a) 

H  (Q)  -  (2j/ks)[u(0  -  j/ks]G(s)  .  (6b) 

As  9  goes  to  ninety  degrees  (a  ray  propagating  down  the  cylinder  axis),  H,  becomes 

identical  to  H,  and  the  solutions  reduce  to 

<P 


H . (Q)  -  G(s)  for  AS-1  (7a) 

v 

1/2 

H^(Q)  -  [1  -  -ij  +  (|)1/2e“jir/4  ]G(s)  for  AS-2  (7b) 

h  tn\  n  L.  r1  \2  ,  3^1/2 r-jir/4  (ka)1/2]G(s)  for  AS-3  .  (7c) 

L  ks  ~  W  4V2;  e  kR 

and  H  (Q)  -  [1  -  Jj.  _  (i_)2]G(s)  for  AS-4  .  (7d) 

The  four  solutions  presented  here  embody  some  important  differences.  For  example, 

as  kR  ■+■  ®,  both  the  AS-3  and  AS-4  solutions  recover  the  exact  solution  to  the 

problem  of  a  magnetic  dipole  radiating  over  a  ground  plane.  The  AS-1  solution 

-1  -1  -2 
recovers  the  ks  terms;  while  the  AS-2  solution  recovers  both  the  (ks)  and  (ks) 

_3 

terms,  missing  only  the  (ks)  term.  Since  these  differences  involve  terms  that' 
have  significant  contribution  only  for  very  short  path  lengths  (s  <  IX) ,  these 
differences  are  referred  to  as  "source-region"  differences.  .  . 

Long-path  length  differences  are  most  apparent  along  theta  equal  to  ninety  degrees. 

-1/2 

Here,  for  large  s,  both  the  AS-2  and  AS-3  solutions  vary  asymptotically  as  (ks)  , 

while  the  AS-1  and  AS-4  solutions  show  a  free-space-like  attenuation  of  (ks) 
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The  accuracy  tests  presented  are  closely  examined  to  determine  i£  they  can  discrim¬ 
inate  between  the  various  solutions.  An  accuracy  test  which  relies  on  the  entire 
solution  being  correct  is  termed  a  global  test.  That  is,  a  global  test  is  not 
associated  with  any  particular  region  of  the  proposed  solution,  but  tests  the  entire 
solution.  A  test  which  is  associated  with  a  region  or  a  point  is  termed  a  local  test. 
A  local  test,  then,  would  be  able  to  discriminate  between  the  AS-2  and  AS-3  solutions 
even  though  their  source  region  forms  are  identical,  because  of  the  differences  in 
the  long  path  length  behavior. 

THE  E-FIELD  TEST 

In  implementing  an  accuracy  test,  the  best  approach  is  usually  to  compare  the 
approximate  solution  to  the  exact  solution.  As  stated  before,  computational  diffi¬ 
culties  with  the  exact  solution  preclude  that  option  in  this  case.  If  the  exact 
solution  is  unavailable  for  comparison,  then  an  accuracy  test  can  be  formulated  by 
determining  how  well  the  approximate  solution  satisfies  boundary  conditions  for  the 
problem  -  in  this  case,  the  electric  field  boundary  condition  at  the  perfectly 
conducting  surface. 

The  most  direct  and  attractive  method  of  determining  the  surface  E-field  would  be 
to  compute  the  normal  derivative  of  the  H-field.  Unfortunately,  the  asymptotic 
solutions  are  valid  only  for  points  on  the  cylinder  surface,  so  that  such  a  direct 
computation  is  unfeasible.  Accordingly,  an  indirect  procedure  must  be  used.  An 
indirect  evaluation  of  the  surface  E-field  is  conducted  in  the  following  manner: 

Each  of  the  asymptotic  solutions  predicts  the  H-field  on  the  cylinder  surface. 

Through  the  use  of  Maxwell's  equations,  the  surface  H-field  can  be  related  to  the 
surface  E-field  and  the  boundary  condition  checked.  Use  of  the  spectrum  of  the 
H-field  instead  of  the  direct  surface  field  makes  analysis  straightforward  and 
allows  use  of  a  Fast-Fourier  Transform  (FFT)  algorithm  for  efficient  numerical 
calculation. 


The  test  proceeds  as  follows: 


1.  A  cylindrical  transform  is  defined 
,  2tt  « 

H  (n,k  )  =  1/2tt  /  dtp  f  dz  H  (<p,z)e 


-jn<j>  -jk  z 


2.  Electric  and  magnetic  vector  potentials  are  expanded  with  unknown 
coefficients 


1  « 
•  —  I 
2tt  n» 


f(k  ) 

Q  Z 


(2)  ,  /.  2  ,  2.  jk  z  , 

H  (p/k  -k  )  eJ  z  dz 


Observe  that  n  and  k  are  "transform  variables,"  k  is  the  wavenumber,  and  Hv  y  is 

th  ^  ^ 

the  n-2-  order  Hankel  function  of  the  second  kind,  representing  an  outward-traveling 

cylindrical  wave.  For  future  notation,  the  complex  variable  y  is  used  to  replace 

2  2 

the  radical  in  the  argument  of  the  Hankel  function,  y  ■  /k  -k 

z 

3.  Through  the  use  of 


H  -  VxA  -  J«eoF  +  l/juiuo  VV-F  (10) 

one  may  determine  the  unknown  coefficients  f  and  g  in  terms  of  the  transform  of 
the  surface  H-field  as  n  n 
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f  (k) 

a  z 


8n(V 


,  -  nk 

..  'V-V  +~r 

yH'v  (yR)  y  R 

Q 

jam 


Y  V2)  (yR) 


H  (n,k  ) 
z  z 


(ID 


(2)  (2) 
where  H'  '  is  the  derivative  of  the  Hankel  function, 

n  n 

4 .  Applying 


E  •  -VxF  -  jomQA  +  l/ja)eQ  VV*A 


(12) 


permits  computation  of  the  surface  E-field,  accomplishing  the  desired  test. 


The  above  procedure  can  be  condensed  into  two  steps  of  actual  computation  by 
combining  Equations  (9),  (10),  (11),  and  (12).  While  the  resulting  expressions 
appear  to  be  complex,  this  two-step  procedure  is  significant  because  it  essentially 
involves  only  a  two-dimensional  Fourier  transform,  modification  and  combination  of 
the  transformed  fields,  and  then  inverse  Fourier  transformation  and  summation  of 
Fourier  coefficients.  The  analysis  is  computationally  efficient  because  the  FFT 
can  be  used  to  evaluate  all  the  integrals  involved. 


Practically  speaking,  the  greatest  difficulty  in  the  above  procedure  comes  in 
accurately  determining  rhe  spectrum  of  the  surface  H, field.  Both  the  AS-3  and 

2  3  ^ 

AS-4  solutions  have  1/s  and  1/s  singularities,  while  the  AS-1  solution  has  a  1/s 

singularity.  The  "peakiness"  of  these  H,  fields  means  that  special  care  must  be 

9 

taken  in  using  the  FFT  to  determine  the  spectrum. 


One  attempt  to  overcome  this  problem  involved  raising  the  magnetic  dipole  slightly 
above  the  cylinder  surface  so  that  the  field  was  no  longer  singular,  but  had  a 
finite  peak.  After  this  step  had  been  implemented,  a  convergence  check  of  the  FFT 
integral  showed  that  the  FFT  was  able  to  handle  the  1/s  peak  correctly  with  reason- 

2  3 

able  sampling  rates,  but  the  1/s  and  1/s  peaks  yielded  erroneous  results.  Further 
measures  were  necessary  to  achieve  a  reliable  test  of  the  AS-3  and  AS-4  solutions 
(for  a  reasonable  computer  size) . 


The  key  to  achieving  a  reliable  check  of  the  AS-3  and  AS-4  solutions  lies  in 
recognizing  that  the  singular  form  of  the  source  region  is  that  of  a  planar  case, 
and  that  the  singularity  has  an  analytic  transform.  Specifically,  the  planar 
singularity  can  be  expressed  as 


-L-  (—if-  +  k2)  dH 

2l"*k  aW  3 


H 


z's  2irnjk  ^3(R$)3z  s 


(- 


3' 


,-jks 


(13) 


2  2  2 

where  s  is  the  path  length  given  by  s  -  A  +(R$)  +z  ,  and 
dipole  above  the  cylinder.  Because  the  singularities  can 
their  analytic  transform  is  obtainable  and  is  of  the  form 

„  -at  , 

_  |  _  Q  . _ z .  1  e _ 

z  s  2irnjk  ^  R  ;  4irjR  —= - = — =• 

/k  -(n/R)  -kz 


A  is  the  height  of  the 
be  expressed  as  derivatives. 


(14a) 
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-jA/k2-(n/R)2-k2 

H  I  a  _ 2 -  (_  2_  +  k2)  _ —  — _ 

Vs  2irnjk  <•  2  +  *  >  4irjR  - j-j 

A  -(n/R)  -kz 


(14b) 


where  Q  is  a  constant. 

The  total  field  on  the  cylinder  can  then  be  expressed  as 

*  Deanar(q)  +  Difference (15) 

where  H(Q)  is  the  total  field  as  predicted  by  an  asymptotic  solution,  and  ^p^ANAR^ 

is  the  field  that  would  exist  on  a  flat,  infinite  ground  plane.  (This  division  may 
be  thought  of  as  taking  the  planar  field,  "wrapping"  it  around  the  cylinder,  and 
subtracting  it  from  H(Q)).  The  transform  of  the  surface  fields  is  given  by 

H(n,kz)  =  ^LANAR^’V  +  DIFFERENCE  (a,V  (16) 

“d  DLANAR(a*V  is  8iven  analytlcally  in  Equation  (14).  HDIFFERENCE(Q)  Is  at 
most  on  the  order  of  l//s",  so  that  evaluation  of  l^QjEpEEEj}cE(n>^z)  can  be  reliably 

obtained  from  application  of  the  FFT.  Any  test  which  involves  breaking  the  fields 
up  into  planar  and  difference  fields  will  be  termed  a  hybrid  computation,  because 
it  combines  analytic  and  numerical  techniques.  The  only  difference  between  a  "hybrid 
computation"  and  a  "direct  computation"  is  in  the  method  of  obtaining  the  spectrum. 
After  the  spectrum  is  found,  both  tests  proceed  identically.  Figure  2  compares  the 

phase  of  for  a  fixed  value  of  kz,  when  the  transform  was  derived  from  hybrid  and 

direct  computations.  Comparison  with  the  phase  of  the  modal  transform  reveals  the 
increased  accuracy  of  the  hybrid  method. 


To  utilize  the  E-Field  Test  the  three  asymptotic  solutions  are  compared  to  an  exact 

modal  solution  [6].  The  procedure  used  in  deriving  the  exact  modal  solution  is 

essentially  the  same  as  that  used  to  perform  the  E-Field  Test.  The  difference  lies 

in  the  fact  that  while  the  test  begins  with  the  asymptotic  H-field,  the  modal 

solution  begins  with  the  known  E-field  (known  for  an  elemental  source) .  In  a  manner 

similar  to  the  test,  the  H-spectrum  can  be  found  from  the  known  E-fields  and  be 

expressed  in  terms  of  the  E-spectrum.  This  provides  analytic  H  and  H,  spectrums 

z  if 

Chat  can  be  compared  to  those  resulting  from  the  asymptotic  solutions.  After  the 
H-spectrum  is  obtained  from  the  E-field,  it  can  be  tested  just  like  any  other 
spectrum.  This  "check"  that  begins  with  a  surface  E-field,  finds  the  H-spectrum 
and  then  returns  to  the  surface  E-field  is  also  valuable  inassuring  that  the  FFT 
sampling  of  the  spectrum  is  sufficient. 

During  actual  application  of  the  test,  the  source  used  was  a  slot  radiator  instead 
of  an  elemental  dipole.  This  was  necessary  because  the  surface  E-field  of  the  slot 
is  finite,  although  discontinuous,  while  the  surface  E-field  from  the  elemental 
source  is  singular.  Sampling  Che  E-spectrum  sufficiently  well  to  represent  the 
singular  surface  field  would  make  the  computer  requirements  prohibitively  large, 
while  the  more  regular  slot  is  readily  handled. 


Representation  of  the  slot  spectrum  was  achieved  by  first  determining  the  H-field 
spectrum  due  to  an  elemental  dipole  source  (the  direct  asymptotic  solutions  or. 


for  the  analytic  case,  Ec 


z(6(p-R)S($)<5(z))  .  The  H-spectrum  was  then 


.  . “SURFACE  "  - - - 

multiplied  by  the  transform  of  the  slot  distribution,  which  is  equivalent  to 
convolving  the  elemental  source  with  a  distribution  in  the  space  domain.  For  a 


finite  slot  as  shown  in  Fig.  la,  the  transforms  used  were  of  the  form 
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[sin(k  b/2)]/(k  b/2)  to  represent  a  uniform  E  field,  and  of  the  form 

2  2  z  2  2 

cos(an)/[ir  /4  -  (an)  ] ,  a  ■  arcsin(a/2R)  to  represent  a  half-period  cosine  spreading 
in 

The  totality  of  the  E-field  check  has  now  been  determined.  The  components  of  the 
spectrum  of  the  H-field  that  result  from  an  elemental  source  are  determined.  For 
the  asymptotic  solutions  the  spectrum  is  determined  either  by  direct  application 
of  the  FFT  or  by  use  of  the  hybrid  technique;  for  the  exact  case,  the  H-spectrum 
may  be  found  analytically.  Regardless  of  its  source,  the  H-spectrum  is  then 
multiplied  by  the  transform  of  the  assumed  slot  distribution;  thus,  the  convolution 
that  is  necessary  to  represent  the  slot  distribution  is  accomplished.  The  E-field 
spectrum  is  then  found  from  modification  and  combination  of  the  H-field  spectrum 
components.  Finally,  inverse  Fourier  transformation  and  summation  of  the  Fourier 
coefficients  give  the  surface  E-field. 

Results  of  the  E-Field  Test 


Figures  3  and  4  give  representative  results  after  the  E-Field  Test  has  been 
implemented.  The  test  was  first  applied  to  the  analytic  H-spectrum.  This  was  the 
standard  to  which  all  other  solutions  were  compared.  The  analytic  solution  resulted 
in  an  E^  that  was  essentially  zero  (a  totally  flat  curve)  and  an  Ez  that  was  well- 

contained.  The  fact  that  E  went  to  zero  in  a  smooth  curve  in  the  z-direction 

z 

instead  of  a  discontinuous  curve  was  due  to  the  numerical  calculation,  and  revealed 
that  the  error  introduced  by  performing  finite  sums  and  integrals  was  negligible. 
Figure  3  shows  the  surface  electric  fields  that  resulted  from  testing  the  AS-1 
solution.  Because  the  AS-1  solution  only  has  a  singularity  (peak)  on  the  order  of  1/s, 
it  was  not  necessary  to  resort  to  a  hybrid  computation  to  obtain  a  reliable  check. 

As  can  be  seen,  the  E,  field  has  significant  non-zero  content  and  the  extent  of 

9 

the  corresponding  field  is  much  broader  than  that  of  the  modal  solution. 

Figure  4  shows  the  effects  of  testing  the  AS-3  solution  using  the  hybrid  method. 

The  hybrid  method  was  used  because  of  the  higher-order  source  region  terms  present 
in  the  AS-3  solution.  The  resultant  surface  E  field  is  very  small  and  displays  a 
rippled  character.  ^ 

The  fields  that  resulted  from  testing  the  AS-4  solution  using  the  hybrid  technique 
were  essentially  identical  to  those  of  Fig.  4,  although  there  were  slight  numerical 
differences . 

DISCUSSION  OF  E-FIELD  TEST 

The  E-Field  Test  represents  an  example  of  global  test.  That  is,  the  test  is  applied 
once,  and  the  results  determine  if  the  field  everywhere  is  correct.  If  the  approx¬ 
imation  does  accurately  predict  the  surface  magnetic  fields,  then  the  corresponding 
electric  fields  will  re-create  those  obtained  by  testing  the  analytic  H-transform, 
within  the  constraints  of  numerical  accuracy.  When  results  do  not  duplicate  those 
of  the  analytic  standard,  then  one  can  only  say  that  some  error  is  present. 

Specifying  what  the  error  is,  or  in  what  region  it  occurs,  is  very  difficult,  perhaps 
impossible,  from  observing  the  results  of  a  single  test.  However,  by  comparing  the 
results  from  tests  of  different  approximate  solutions,  some  insight  can  be  gained. 

The  results  presented  here  provide  a  good  example  of  what  can  be  learned  from 
comparing  test  results  of  different  solutions.  Figures  3  and  4  reveal  that  the 
E-Field  Test  is  sensitive  to  the  source  region  behavior  of  the  proposed  solution 
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and  relatively  insensitive  to  the  large-path  length  behavior.  The  surface  E,  fields 

of  Fig.  3,  corresponding  to  the  AS-1  solution,  are  quite  different  from  those  of 
Fig.  4  resulting  from  the  AS-4  solution,  despite  the  fact  that  their  large-path 
length  behaviors  are  identical.  The  approximate  solutions  of  Figs.  3  and  4  differ 
-2  -3 

only  in  the  (ks)  and  (ks)  source  region  terms.  This  point  is  reinforced  by  the 
fact  that  Fig.  4  represents  results  from  a  test  of  either  the  AS-3  and  AS-4  solutions. 
As  kR  -*■  ®,  the  source  regions  of  the  AS-3  and  AS-4  solutions  both  go  to  a  planar-type 
singularity.  Along  theta  equal  to  ninety  degrees,  however,  the  AS-3  shows  attenu- 
-1/2 

ation  as  (ks)  for  large  path  lengths,  while  the  AS-4  solution  shows  attentuation 

as  (ks)  ^ .  The  E-Field  Test  was  unable  to  discern  between  the  AS-3  and  AS-4  solu¬ 
tions,  despite  the  significant  differences  in  large  path  length  behavior. 

In  summary,  the  resulting  E-field  after  performance  of  the  test  does  provide  a  good 
qualitative  measure  of  how  well  the  asymptotic  solution  satisfies  the  E-field 
boundary  condition.  Indeed,  application  of  the  test  to  the  transform  of  the  exact 
modal  solution  did  result  in  fields  that  satisfied  the  boundary  condition  quite 
well.  In  addition,  application  of  the  test  to  approximate  asymptotic  solutions 
shewed  that  they  did  not  test  as  well  as  the  exact  solution.  In  this  respect,  the 
E-Field  Test  does  provide  a  good  "global  test"  of  a  proposed  solution,  . e . ,  if 
the  solution  is  accurate  everywhere,  the  solution  will  show  good  results  from  the 
test. 

On  the  other  hand,  when  comparing  the  relative  accuracy  of  approximate  solutions, 
the  source  region  behavior  appears  to  be  more  critical  for  satisfaction  of  the  test 
than  the  large  path  length  behavior  —  asymptotic  solutions  that  contain  higher- 
2  3 

order  terms  (1/s  ,  1/s  )  in  the  source  region  H-field  do  satisfy  the  E-Field  Test 
better  than  solutions  that  contain  only  terms  on  the  order  of  1/s.  The  large-path 
length  behavior  did  not  appreciably  affect  the  test  results. 

Emphasis  of  the  source  region  is  not  necessarily  detrimental  to  the  E-Field  Test, 
for  it  is  likely  that  the  source  region  will  heavily  influence  the  computation  of 
values  of  physical  parameters  of  interest,  such  as  the  mutual  impedance  between  two 
slots  on  a  curved  surface.  Wire  antennas  provide  a  good  analogy,  for  the  source 
region  behavior  dominates  calculation  of  the  self-  and  mutual-impedance,  and  the 
current  behavior  at  the  end  plays  less  of  a  role.  An  E-field  boundary  condition 
check  of  a  wire  antenna  would  not  be  influenced  very  much  by  the  current  far  away 
from  the  source,  but  be  source  region  sensitive.  It  is  not  surprising,  then,  that 
the  E-field  check  reveals  little  about  the  local  character  of  the  solution,  but 
instead  provides  more  of  a  global  test.  The  point  should  be  made,  however,  that  a 
large  path  length  solution  for  the  antenna  current  would  probably  be  of  very  limited 
use,  since  both  the  impedance  behavior  and  the  radiation  pattern  derived  from  this 
type  of  asymptotic  solution  would  be  grossly  in  error.  The  E-Field  Test  proposed 
in  this  paper  is  able  to  distinguish  between  a  solution  which  has  a  better  overall 
behavior  on  the  entire  surface  and  an  alternate  solution  which  is  only  good  in 
local  isolated  regions,  but  has  large  errors  in  other  regions  where  the  current 
is  significant. 

Some  numerical  difficulties  were  encountered  during  execution  of  the  test.  The 
high-order  source-region  terms  made  it  quite  difficult  for  the  FFT  to  accurately  ' 
compute  the  integral  involved.  Since  use  of  the  FFT  requires  equally  spaced 
sampling  over  the  Interval,  a  sampling  sufficient  to  accurately  evaluate  the  peak 
resulted  in  matrix  sizes  too  large  for  some  computers  (CDC  CYBER  74,  for  example). 

For  solutions  whose  3ource-region  behavior  went  to  a  planar-type  singularity  in 
the  limit,  however,  analytic  evaluation  of  the  planar  spectrum  allowed  completion 
of  the  test.  A  solution  which  contains  higher-order  source  region  terms  but  does 
not  go  to  planar  type  behavior  in  the  limit  is  quite  difficult  to  test  by  this 
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method  unless  it  has  an  analytical  transform  (or  unless  the  investigator  has  an 
extraordinarily  large  computer).  However,  such  a  behavior  would  not  be  expected 
to  be  physically  meaningful  anyhow. 

2 

The  AS-2  solution  is  a  good  example  of  this,  for  it  contains  the  1/s  source  region 

,  3 

term,  but  not  the  1/s  term.  This  solution  could  be  tested  by  modifying  its  source- 

3 

region  behavior  by  the  addition  of  the  1/s  term  and  performing  a  hybrid  computation. 
This  was  not  done,  since  comparison  of  the  AS-3  and  AS-4  tests  indicates  that  solu¬ 
tions  with  the  same  limiting  source  region  behavior  yield  virtually  identical 
E-Field  Tests. 

To  sum  up,  it  appears  that  the  E-Field  Test  can  provide  a  measure  of  the  accuracy 
of  a  proposed  asymptotic  solution.  An  FFT  is  employed  so  that  the  evaluation  of 
the  integrals  involved  may  be  efficiently  performed,  but  some  care  must  still  be 
taken  in  the  computation.  The  test  reveals  that  solutions  which  have  planar-type, 
source-region  behavior  in  the  limit  satisfy  the  E-field  boundary  condition  better 
than  those  that  only  have  terms  on  the  order  of  1/s.  The  test  is,  however,  rela¬ 
tively  insensitive  to  the  large  path-length  behavior  of  a  solution. 

INTEGRAL  E-FIELD  TEST 

Introduction 


■The  E-Field  Test  just  described  was  qualitative  in  nature  and  highly  dependent  on 
ne  source  region  accuracy  of  the  proposed  solution.  The  E-Field  Test  was  global 
n  nature  and  unable  to  discriminate  between  solutions  which  had  similar  charac¬ 
teristics  in  the  source  regions,  but  varied  in  their  long-path-length  behavior. 

The  "Integral  E-Field  Test"  described  here  is  an  attempt  to  achieve  a  "local"  test. 
This  test  is  also  based  on  satisfaction  of  the  electric  field  boundary  condition  at 
the  perfectly  conducting  surface. 

The  Integral  E-Field  Test  is  quantitative  in  nature,  is  straightforward  in  appli¬ 
cation,  and  displays  a  mixed  local/global  nature.  Under  some  circumstances,  the 
test  lends  itself  to  application  as  an  iterative  equation  for  point-by-point 
improvement  of  a  proposed  solution. 

Inspiration  for  the  Integral  r-Field  Test  came  from  the  observation  that  Lorentz 
Reciprocity  allows  the  use  of  test  dipoles  that  can  be  located  at  the  tester's 
discretion.  A  new  equation  results  from  each  new  location  of  the  test  dipole 
(or  dipoles),  which  opens  the  possibility  of  achieving  a  "local"  test.  It  is  seen 
that  the  Integral  E-Field  Test  displays  a  mixed  local/global  character,  in  general, 
but  that  along  theta  equal  to  ninety  degrees  the  source  region  of  a  proposed  solu¬ 
tion  can  be  essentially  excluded  from  contributing  to  the  accuracy  test,  yielding 
a  very  strong  local  or  point-test  character.  Under  those  circumstances  the  Integral 
E-Field  Accuracy  Test  also  lends  itself  to  formulation  as  an  iterative  equation, 
allowing  point-by-point  improvement  of  a  proposed  solution. 

Formulation  of  the  Integral  E-Field  Test 

The  Integral  E-Field  Test  may  be  formulated  using  Green's  Identities,  Generalized 
Lorentz  Reciprocity,  or  from  first  principles  using  Maxwell's  Equations  and  Gauss' 
Law.  The  defining  equation  for  the  Integral  E-Field  Test  is  given  by: 

H®  -  E®*^)  •  dl  -  fff  (H®-^  -  H^M^dv  (17) 

v 

where  fields  and  sources  from  two  different  environments,  A  and  B,  are  related  in 
a  single  equation.  In  order  to  achieve  an  accuracy  test,  Environment  A  will  denote 
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the  environment  of  the  approximate  solution,  that  is,  an  infinitely  long,  perfectly 
conducting  circular  cylinder  in  free  space.  An  infinitesimal  phi-directed  magnetic 

dipole,  M*.  radiates  in  the  presence  of  the  cylinder  (Fig.  la).  Environment  B  is 

made  up  entirely  of  free  space.  A  magnetic  dipole  source  (or  sources),  M8,  is 

— B 

placed  in  Environment  B,  giving  rise  to  electric  and  magnetic  fields  E  and  H 
(Fig.  5).  The  fields  in  Environment  A  are  termed  "asymptotic  fields"  because  they 
are  given  by  the  approximate  asymptotic  solution.  The  fields  in  Environment  B  are 
termed  "test  fields"  because  they  are  employed  to  evaluate  the  accuracy  of  a 
proposed  solution.  The  volume  V  is  defined  as  being  enclosed  by  surface  S,  which 
is  made  up  of  concentric  circular  cylinders,  Sc  and  S^.  Cylinder  Sc  has  radius 

R  +  6,  where  5  is  vanishingly  small,  and  Sm  has  infinite  radius.  In  Environment 

A,  S  and  are  placed  so  that  their  axes  coincide  with  the  axis  of  the  perfectly 
conducting  cylinder;  while  in  Environment  B,  S  can  be  placed  anywhere  as  long  as 

it  does  not  intersect  any  of  the  sources,  M8.  Since  the  sources  in  both  Environ¬ 
ments  A  and  B  are  of  finite  extent,  the  fields  i\  f\  E8  ,  and  H8  obey  the  radi¬ 
ation  condition  -  with  the  result  that  the  surface  integral  over  is  zero. 

Equation  17  can  then  be  rewritten  as 

/  /  E^H^da  -  J  f  iW-dl  -  J7/v( H8*^  -  HA*MB)dV  .  (18) 

55  c  c 

The  accuracy  test  is  accomplished  by  arguing  that  the  exact  solution  to  a  dipole 
radiating  in  the  presence  of,  but  not  on,  the  perfectly  conducting  cylinder  would 
satisfy  the  boundary  condition  that  the  tangential  electric  field  is  zero  every¬ 
where  on  the  perfectly  conducting  cylinder  surface.  Taking  5  to  be  vanishingly 
small,  the  surface  Sc  almost  coincides  with  the  conducting  surface  so  that  the 

magnitude  of  the  left-hand  side  of  Equation  18  can  be  made  as  small  as  desired, 
approaching  zero  in  the  limit  as  6  goes  to  zero.  The  amount  that  the  right-hand 
side  of  Equation  18  differs  from  zero  is  termed  the  "error,"  e,  and  is  used  as  a 
basis  for  comparing  proposed  solutions  to  the  problem  embodied  in  Environment  A, 

e  ■  /_/  E8  x  H^dl  -  ///  (H8-^  -  HA*M8)dv  .  (19) 

d  V 

c 

<5-*0 

If  delta-function  type  sources  are  used  for  both  Environments  A  and  B  (and  they 
are  implied  by  the  proposed  solutions  of  Environment  A) ,  then  the  volume  integral 
of  Equation  19  reduces  to  a  sampling  operation  and  becomes 

e  ■  lsJ  E8  x  H^da  -  H8^)  +  H^M8)  (20) 

c 

6M3 


i  1  _ i  *■< 

where  the  symbol  H  (Mr)  denotes  the  operation  H  (x^ ,  y ^ ,  Zj)*MJ  in  which  the  fields 

of  Environment  i  are  sampled  at  the  position  of  the  sources  in  Environment  j ,  and 
the  dot  product  is  taken  with  the  unit  vector  parallel  to  the  "j"  source.  Now, 


if  e  is  sufficiently  small,  Equation  20  can  be  cast  into  the  form  of  an  iterative 


equation 


HA(1)(MB)  -  HB(MA)  -  /s/  E8  x  H^.da  -  H^^tM8)  -  e  .  (21) 

c 

5-*0 


Thus,  the  field  at  a  point  (the  location  of  source  M8)  can  be  updated  by  modifying 
the  proposed  approximate  solution  by  the  error  term  associated  with  that  point. 
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Observe  that  the  exact  solution  would  satisfy  e  =  0  in  Equation  20,  so  that  using 
Equation  21  to  iterate  would  not  change  the  field  value. 

In  review,  the  formulation  of  the  Integral  E-Field  Accuracy  Test  has  been  accom¬ 
plished  through  the  use  of  well-known  properties  of  electromagnetic  fields.  The 
resulting  equation  is  straightforward,  involves  known  quantities,  and,  in  general, 
consists  only  of  sampling  operations  and  numerical  integration.  In  some  cases,  the 
test  can  lend  itself  to  point-by-point  improvement  of  a  proposed  solution.  Local 
or  point  test  character  is  embodied  in  two  ways:  1)  By  the  explicit  sampling 
operation  of  the  surface  magnetic  field,  and  2)  by  the  fact  that  the  near  field  of 
the  test  dipole  tends  to  emphasize  the  local  magnetic  fields  in  the  integral  of 
Equation  20.  The  test,  in  general,  cannot  be  entirely  local,  however,  for  the 
integral  of  Equation  20  covers  the  entire  surface  of  the  cylinder.  In  particular, 
unless  the  test  electric  fields  can  be  constructed  to  be  nearly  zero  in  the  region 
around  the  asymptotic  source,  then  the  large  magnetic  fields  in  the  asymptotic 
source  region  will  certainly  contribute  to  the  integral  and  thus  affect  the  test 
results.  Thus,  one  would  expect  the  Integral  E-Field  Test  to  have  a  mixed  local/ 
global  character. 

It  is  proper  at  this  point  to  note  that  while  the  development  of  the  Integral 
E-Field  Test  has  been  carried  out  in  the  space  domain,  spectral  domain  calculations 
are  an  alternative  when  using  the  test.  Specifically,  Parseval's  Theorem  can  be 
used  to  change  the  space  integral  of  Equation  20  to  an  integral  in  the  transform 
domain.  Performing  the  integration  in  the  transform  domain  is  particularly  valu¬ 
able  if  a  proposed  solution  is  to  be  tested  at  a  large  number  of  points, for  in  that 
case,  "moving",  the  test  dipole  around  can  be  accomplished  by  adding  the  proper 
phase  shift  terms  to  the  integrand  of  Equation  20.  It  is  the  authors'  experience 
that  use  of  transform  domain  integration  results  in  a  considerable  gain  in  compu¬ 
tational  efficiency  over  spatial  integration.  To  justify  use  of  the  spectral 
domain,  though,  the  asymptotic  solution  must  be  tested  at  enough  points  to  recover 
the  expense  of  obtaining  the  spectral  domain  representation  of  the  proposed 
solution. 

Practical  Considerations  for  the  Integral  E-Field  Accuracy  Test 

While  Equation  19,  which  defines  the  test,  appears  to  lend  itself  to  direct  evalu¬ 
ation,  several  practical  aspects  of  the  evaluation  must  be  considered.  First,  an 
important  step  in  formulating  Equation  19  was  that  the  tangential  E-field  vanish 
for  a  source  radiating  in  the  presence  of  the  cylinder,  while  the  published  solu¬ 
tions  are  for  the  case  of  a  dipole  radiating  on  the  cylinder  surface.  To  perform 
the  test,  the  proposed  solutions  were  extended  to  the  case  of  a  dipole  radiating 
a  distance  A  away  from  the  cylinder  by  modifying  the  path  length  s  used  in 
determining  the  surface  field.  The  modified  path  length  s'  used  in  Equations  3-7 

2  2 

was  computed  from  s'  =  /s  +  A4,  where  s  is  the  surface  path  length.  In  addition 
to  satisfying  the  assumption  made  in  formulating  the  test,  raising  the  dipole 

allows  numerical  calculation  of  the  integral  in  Equation  20,  since  the  fields 

have  a  finite  peak  and  are  not  singular  (source  region  fields  are  singular  for 
a  dipole  located  on  the  surface) . 

Location  of  the  test  dipole (s)  with  respect  to  the  surface  coinciding  with  the 

perfectly  conducting  cylinder  (this  surface  is  denoted  Sc)  greatly  influences  the 

test  results.  A  test  dipole  placed  so  that  it  sampled  the  surface  magnetic  field 
of  the  approximate  solution  would  seem  to  lend  a  local  character  to  the  test. 

g 

However,  a  test  dipole  so  located  would  introduce  singular  E  fields,  which  makes 
numerical  integration  more  difficult.  Accordingly,  the  test  dipole  is,  in  general. 
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located  a  A  distance  away  from  the  surface  corresponding  to  the  cylinder  surface. 
The  E®  fields  on  the  surface  of  integration  are  calculated  exactly,  but  the 
field  at  M8  is  approximated  by  the  field  at  the  point  on  SB  closest  to  the 
location  of  M®.  In  other  words,  if  the  sampling  operation  H^M®)  requires  finding 
H^(R  +  A,  $t,  Zc),  this  would  be  approximated  by  H^R,  Zt) .  The  error  intro¬ 
duced  by  this  approximation  was  checked  by  applying  the  test  to  a  problem  with  a 
known  solution,  that  of  a  magnetic  dipole  radiating  over  an  infinite  ground  plane. 
For  A  equal  to  one  sixteenth  of  a  wavelength,  the  error  introduced  by  this  assump¬ 
tion  was  negligible  compared  to  e's  computed  in  the  cylinder  test. 


Observe  that  the  user  has  complete  freedom  to  place  one  or  several  test  dipoles 
in  Environment  B.  For  example,  two  test  dipoles  could  be  used,  located  at 
(R  +  A,  $TST  ZTST)  and  (R  +  A,  $TST,  “ZTSX) •  11113  would  have  the  effect  of 

creating  a  plane  of  zero  EB  fields  that  coincide  with  the  source  region. 
Evaluation  of  the  integral  of  Equation  20  shows  chat  this  would  decrease  the 

contribution  of  the  source  region  fields  (due  to  zero  EB)  and  emphasize  the 
source  region  field.  As  this  illustrates,  use  of  multiple-dipole  test  config¬ 
urations  generally  involves  a  trade-off  of  some  kind,  so  that  the  simple  single 
test  dipole  located  A  away  from  has  been  chosen  as  the  "standard"  test. 

Results  of  the  Integral  E-Field  Test 


Representative  results  of  the  Integral  E-Field  Test  are  presented  in  Figs.  6-13. 
These  represent  application  of  the  test  to  the  AS-1,  AS-2  and  AS-3  solutions  along 
theta  equal  to  ninety  degrees  and  along  theta  equal  to  zero  degrees.  A  single  test 
dipole  was  used  for  Figs.  6-8  and  11-13.  For  tests  along  0  ■  tt/2,  along  the  cylin¬ 
der  axis,  a  two-test-dipole  configuration  was  also  used  with  phi-directed  test 
dipoles  located  at  (R  +  A,  0,  Z___)  and  (R  -  A,  0,  ZT  _) .  The  test  equation  under 


these  conditions  becomes 


e  -  jy  ■  ^)da  ■  h»(mA)  +  ^(mB)  (22) 

6-0 

The  figures  present  the  H.  field  to  be  tested,  error  results,  and  H,  after  appli- 

<p  <P 

cation  of  the  iterative  equation.  Several  factors  combine  to  increase  confidence 
in  the  test  results  along  0  *  90°.  First,  the  magnitude  of  the  error  term  is 

relatively  small  with  respect  to  the  magnitude  of  (MB) ,  so  that  the  crite¬ 

rion  for  successful  iteration  is  close  to  being  met.  Second,  for  both  single-  and 
dual-dipole  tests,  the  asymptotic  source-region  field  contributes  very  little  to 
the  integral  that  makes  up  the  error  term.  For  the  single  dipole,  this  is  easily 

seen  from  the  fact  that  for  Z^g^  »  A  along  0  **  90°,  the  EB  field  evaluated  at 

(R,0,0)  will  be  primarily  p-directed  with  a  very  small  E_  or  E.  component.  At  the 

same  time,  the  test  field  directly  underneath  the  test  dipole  will  have  a  very 
large  Ez  component,  emphasizing  the  local  field.  For  two  dipoles  located  at 

(R  +  A,  0,  Z^g^) ,  the  plane  of  zero  tangential  electric  fields  is  tangent  to  the 

cylinder  at  $  ■  0,  thus  reducing  the  asymptotic  source  region  contribution.  Local 


H.  field  emphasis  does  not  occur  with  the  two-dipole  test, 
of  zero  tangential  E-fields  extends  through  Z  “  Z^g^,.  Thus 


however,  since  the  plane 
,  for  ZTST  »  A  along 
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0  »  90°,  the  Integral  E-Field  Test  should  have  a  very  strong  local  character  and 
be  almost  unaffected  by  the  source-region  accuracy  of  the  proposed  solution. 

Single-dipole  tests  along  angles  other  than  0  *  90°  will  introduce  an  asymptotic 
Si  urce  region  contribution  to  the  integral  of  Equation  20,  with  the  amount  of 
contribution  dependent  on  the  path  length  and  0-angle.  The  local  E-fields  in  the 
vicinity  of  the  test  dipole  remain  large,  so  that  it  is  expected  that  the  test  will 
display  a  mixed  local/global  character.  The  results  of  Figs.  11,  12,  and  13  reflect 
this;  for  while  the  zeroth-order  magnitudes  are  relatively  close,  there  is  a  large 
variance  in  the  associated  errors.  If  the  test  were  truly  local,  the  associated 
errors  should  also  be  relatively  close.  Examination  of  Figs.  11  and  13  reveals 
that  along  0-0°  the  iterative  equation  is  divergent  instead  of  convergent.  Close 
examination  of  the  results  of  the  evaluation  of  the  integral  of  Equation  20  reveals 
that  the  contribution  from  the  vicinity  of  the  source  dominated  the  contribu¬ 
tion  from  the  rest  of  the  surface,  including  the  region  around  the  test  dipoJe. 

The  integral  of  Equation  20,  in  turn,  is  the  highest  contributor  to  the  error,  e. 
Thus,  for  0*0®,  the  Integral  E-Field  Test  retains  local  character  only  in  the 
sampling  operation.  The  large  source-region  contribution  drives  the  error  term  up 

so  that  its  magnitude  is  not  small  compared  to  H^^(MB)  and  the  iterative  equation 
diverges , 

One  may  be  tempted  to  employ  two  dipoles  located  at  (x^  *  Rcos  <h  ,  y£^  *  R  sin  <j>  , 

(2)  (1)  (2)  Cl)  C  C  C  C 

Z£)  and  at  (x^  *  2R  -  x^  ,  yfc  *  y^  ,  Z t)  to  obtain  asymptotic  source-region 

cancellation.  This  introduces  the  problem  of  determining  the  scattered  field  at 
the  location  of  the  second  dipole.  Unfortunately,  if  surface  equivalent  currents 
are  used  to  find  the  scattered  field  at  the  test  dipole,  then  it  can  be  shown  that 
the  test  is  identical  to  a  single-dipole  test.  That  is,  the  use  of  surface  equi¬ 
valent  currents  to  find  HA(MB)  always  leads  to  the  result  that  e  =  0,  for  any 
proposed  solution  when  M  is  entirely  located  external  to  S°.  (Observe  that  for 

0  =  90°,  the  second  dipole  lies  outside  of  v,  and  this  problem  is  not  encountered.) 
Use  of  other  approximations  to  find  the  "scattered  field"  external  to  the  cylinder 
would  introduce  an  unknown  error,  so  use  of  remotely  located  dipoles  was  abandoned 
for  angles  other  than  0  »  90°. 

Thus,  the  "Integral  E-Field  Test"  displays,  in  general,  a  mixed  local/global 
character  which  changes  according  to  the  location  of  the  test  dipole.  For  ©  »  90° 
the  test  has  almost  entirely  a  local  character,  with  very  little  contribution  from 
the  asymptotic  source  region.  Under  these  conditions,  the  error  term  is  relatively 

small  compared  to  (MB)  and  the  iterative  equation  converges.  For  angles  other 

than  0  *  90°  the  asymptotic  source  region  begins  to  contribute  to  the  integral, 
resulting  in  a  mixed  local/global  nature.  At  the  same  time,  errors  in  the  source 
region  tend  to  increase  the  magnitude  of  -the  error  term,  so  that  it  is  no  longer 

small  compared  to  (MB) .  In  this  case,  the  iterative  equation  shows  less  of  a 

tendency  to  converge  and  may  diverge. 

Summary  of  Integral  E-Field  Test 

Generalized  Lorentz  Reciprocity  has  been  employed  to  formulate  an  accuracy  test 
that  can  be  used  to  check  any  proposed  solution.  •The  test  is  straightforward  in 
application  and  general  in  nature,  that  is,  not  limited  to  testing  only  cylindrical 
geometries.  The  test  is  quantitative  in  nature,  and  requires  only  numerical 
integration  for  implementation.  Either  the  spectral  domain  or  the  spatial  domain 
can  be  employed  for  computation  of  the  integral  involved.  For  testing  a  large 
number  of  points,  economics  tend  to  favor  computation  in  the  spectral  domain, 
while  for  testing  a  small  number  of  points  spatial  domain  integration  is  indicated. 
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The  integral  E-Field  Test  has  local  character  in  that  the  error  computed  is  asso¬ 
ciated  with  a  single  point,  although  the  entire  solution  contributes  to  the 
computation  of  the  error  term.  In  cases  where  the  error  is  small  compared  to  the 
value  of  the  proposed  solution,  the  test  lends  itself  to  use  as  an  Iterative 
equation. 

When  the  test  is  applied  to  the  problem  of  magnetic  dipole  radiation  in  the  presence 
of  an  infinite, conducting  cylinder,  it  was  found  that  tests  along  the  cylinder  axis 

-1/2 

lend  themselves  to  iteration.  Along  the  axis,  solutions  that  vary  as  (ks)  test 

better  than  solutions  that  vary  as  (ks)-1-  for  large  path  lengths.  Tests  at  points 
other  chan  on  the  axis  generate  error  terms  that  are  large  with  respect  to  the 
approximate  field  value,  30  that  the  iterative  equation  is  not  convergent.  The 
source  regions  of  each  of  the  proposed  solutions  were  found  to  contribute  signifi¬ 
cantly  to  the  large  error  terms  for  tests  of  points  off  the  cylinder  axis. 

OVERVIEW  OF  E-FIELD  AND  INTEGRAL  E-FIELD  TESTS 


Two  tests  based  on  satisfaction  of  the  E-field  boundary  condition  have  been  presented. 
Both  have  been  applied  to  proposed  solutions  to  the  problem  of  a  magnetic  dipole 
radiating  in  the  presence  of  an  infinitely  long,  perfectly  conducting  circular 
cylinder.  The  E-Field  Test  is  based  on  relating  the  spectral  domain  of  the  surface 
magnetic  field  to  that  of  the  surface  electric  field  and  then  evaluating  the  surface 
E-field.  The  test  is  effected  by  observing  how  well  the  resultant  E-field  satisfies 
the  surface  boundary  condition,  and,  as  such,  is  a  direct  test  of  boundary  condition 
satisfaction.  The  E-Fleld  Test  has  a  global  character  in  that  it  can  be  applied  to 
a  proposed  solution  only  once.  For  the  solutions  tested  so  far,  the  E-Field  Test 
seems  most  sensitive  to  the  source  region  of  a  proposed  solution  and  relatively 
insensitive  to  large  path  length  behavior.  One  cannot  say  that  only  the  source 
region  is  tested,  though,  because  gross  errors  in  a  proposed  solution  might  evidence 
themselves  in  the  E-Field  Test. 

The  Integral  E-Field  Test  can  be  formulated  from  Generalized  Lorentz  Reciprocity 
and  employs  "test"  dipoles  situated  in  free  space.  The  surface  electric  field 
corresponding  to  the  solution  being  tested  is  never  computed,  so  that  the  Integral 
E-Field  Test  is,  in  effect,  an  Indirect  boundary  condition  check.  It  has  local 
character  in  that  the  test  results  can  be  associated  with  the  field  at  a  partic¬ 
ular  point,  and  the  test  can  be  repeated  many  times  at  different  points  for  the 
same' proposed  solution.  Results  of  the  Integral  E-Field  Test  display,  in  general, 
a  mixed  local/global  character.  For  tests  on  or  near  the  cylinder  axis,  the  local 
character  is  very  strong;  while  for  tests  in  the  "deep  shadow"  region,  less  local 
character  is  retained  and  the  asymptotic  source  region  becomes  dominant.  Under 
some  circumstances,  including  tests  along  the  cylinder  axis,  the  Integral  E-Field 
Test  lends  itself  to  use  as  a  convergent  iterative  equation.  The  Integral 
E-Field  Test  formulation  is  quite  general,  and  application  is  not  limited  to 
cylindrical  structures. 

In  summary,  the  E-Field  and  Integral  E-Fleld  Tests  appear  to  be  complementary. 

One  is  global  and  the  other  has  a  mixed  global/local  nature.  One  test  is  highly 
source  region  sensitive  and  relatively  insensitive  to  large-path-length  behavior. 

For  the  other  test,  the  source  region  can  essentially  be  excluded  from  contrib¬ 
uting  to  the  result.  Finally,  the  possibility  of  iterative  improvement  of  a 
proposed  solution  is  offered,  if  some  relatively  stringent  conditions  can  be  met. 

ITERATIVE  ACCURACY  TEST  FOR  BOUNDARY  CONDITIONS 

Both  the  E-Field  Test  and  the  Integral  E-Field  Test  were  applied  to  asymptotic 
solutions  of  surface  magnetic  fields.  The  asymptotic  solutions  tested  predicted 
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both  the  near  field  and  long-path-length  behavior  of  a  magnetic  dipole  radiator. 

A  more  traditional  and  wide-spread  use  of  asymptotic  solutions  is  to  predict  the 
far-field  behavior  of  scattering  bodies.  For  analyzing  complex  scattering  bodies, 
the  engineer  today  can  draw  on  a  range  of  asymptotic  techniques,  including  different 
"uniform"  solutions.  In  analyzing  a  complex  body,  the  investigator  is  likely  to 
combine  contributions  from  straight  and  curved  edges,  and  possibly  diffracted  rays 
from  curved  surfaces.  A  great  deal  of  work  is  being  performed  today  to  generate 
"diffraction  coefficients"  for  the  various  diffracting  mechanics  needed  to  complete 
the  total  solution  of  the  far  field.  This  section  presents  an  iterative  method 
based  on  spectral  domain  techniques  for  solving  the  far  field  and  induced  currents 
of  a  scattering  body.  An  important  feature  of  this  method  is  that  at  each  step  of 
the  iterative  method  a  boundary  condition  check  is  incorporated  so  that  the 
accuracy  of  the  solution  can  be  evaluated.  This  boundary  condition  check  at  the 
first  iteration  also  provides  a  means  of  evaluating  the  benefit  of  a  proposed 
solution.  In  order  to  illustrate  use  of  this  test,  it  is  applied  to  check  a  vertex 
diffraction  coefficient  for  scalar-wave  incidence  that  has  been  proposed  by 
Albertsen  [12] .  Although  the  application  to  be  illustrated  is  a  scalar  problem, 
the  extension  to  vector  electromagnetics  problems  is  straightforward. 

The  Corner  Diffraction  Coefficient 


The  corner  diffraction  term  investigated  here  gives  the  field  diffracted  from  the 
vertex  when  a  scalar  plane  wave  is  incident  on  an  infinite,  acoustically  soft 
quarter-plane.  Fig.  14.  Such  a  problem  has  been  addressed  by  Kraus  and  Levine  [13], 
Keller  [14],  and  Radlow  [15].  Recently,  Albertsen  used  sequential  application  of 
the  Weiner-Hopf  technique  and  saddle-point  integration  to  extract  a  corner 
diffraction  coefficient.  Albertsen  gives  the  total  scattered  field  from  the 
quarter-plane  as 


u(x,y,0)  =  — P1  du  P  ± 

( 2n)  ' -“-Hi  .  J  -«+A , 
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The  scattered  field  due  to  the  corner  only  is  given  by 
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The  corner  diffraction  coefficient  D^  can  be  determined  from 
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The  M  functions  are  found  from 
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where 

x  -  -  ~  |  Dilog (1  -  dx)  -  DilogU  +  dx) 

+  Dilog(l  -  d2)  -  Dilog (1  +  d2)  -  iir  log(-C2) 

-  (log (™id^)  -  i  |)  log(l  +  dj_) 

+  (log (-id,)  +i  |)  log(l  -  dx) 

+  (log(id2)  -  i  j)  log(l  -  d2) 

-  dog(id2)  +  i  f)  log(l  +  d2)|  (28) 

and 


dl  "  C1K1’  d2  "  C1K2 

C,1 


1  -  i 

J  k 


X  -  V,  2  X2 
+  i  k  - 


1 

k 


iu  +  /k 


2 

u 


and  Che  Dilog  function  is  defined  by  Dilog  (z) 


'Z  Log  g 
1  5  *  1 


dC- 


In  practice,  this 


corner  diffracted  field  would  be  added  to  the  edge  diffracted  field  and  the  geo¬ 
metrical  optics  field  in  order  to  obtain  the  total  field.  It  is  desired,  then, 
that  this  test  assess  the  contribution  of  the  corner  diffraction  term  to  satis¬ 
faction  of  the  surface  boundary  condition  (total  field  equals  zero). 


Testing  Procedure 


In  order  to  assess  the  contribution  of  corner  diffraction  to  the  satisfaction  of 
the  boundary  condition,  a  procedure  introduced  by  Ko  and  Mittra  [2]  was  used.  A 

truncation  operator  0  is  employed,  which  is  defined  by  0(A)  ■  /A  5(r-rg)dr, 

r  eS,  where  6  is  Che  Dirac  delta  function  and  S  is  the  planar  scattering  surface. 

9  A  A 

The  complementary  operator  0  given  by  0(A)  *  A  -  0(A)  is  also  utilized. 


For  an  acoustically  soft  scatterer  the  boundary  condition  requires  that  the  total 
field  be  zero  on  the  scatterer  surface.  The  truncation  operators  can  be  used  to 
express  the  total  scattered  field  in  the  plane  of  the  scatterer  as  the  sum  of  a 

known  field  [0(-Ud)  to  satisfy  the  boundary  condition  which  requires  that  the 
scattered  field  exactly  equal  the  negative  of  the  incident  field  on  the  surface 
of  the  scatterer]  and  a  field  which  exists  only  outside  the  surface  and  is  estimated 

by  a  proposed  solution  (0(F)),  so  that 
US  -  8 (-CT1)  +  0(F) 


(29) 
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A  scalar  scattering  "current,"  J,  is  defined  by  J  *  ^U(x  ,y  ,0  _)  _  3U(x.  ?y_  .0  ),)  ^ 

o  Z  d  Z 

x',y'  e  S,  and  the  scattered  field  is  given  by 

J  *  G  *  US ,  (30) 

where  G  is  a  Green's  function  operator  and  *  denotes  convolution.  The  Fourier 
transform  of  the  above  equation  results  in 

J  *  G-1[0(-Ui)  +  0(F)]  (31) 

where  *  denotes  the  transform  domain.  Because  G  ^  is  known,  and  F  can  be  esti¬ 
mated  from  corner  and  edge  diffraction  terms,  a  surface  current  can  be  obtained 

from  J  =  F  ^{J},  where  F  ^  indicates  inverse  Fourier  transformation.  The  current 
J  is  then  truncated  to  the  sc atterer,  J £  =  0(J),  and  the  associated  scattered 
field  determined: 

Ut  =  F-1{G  •  Jt>  .  (32) 

Note  that  U  extends  over  a  wide  range  and  includes  fields  external  to  the  scatterer, 

while  J  has  been  truncated  to  the  scatterer  surface.  U  now  provides  a  basis  for 

C  C  i 

checking  satisfaction  of  the  boundary  condition,  for  U£  can  be  compared  to  (-U  ) 

on  the  scatterer  surface. 


This  procedure  lends  itself  well  to  iteration,  for  the  scattered  field  can  be 
updated  by  U  J'  »  0(U£  J  )  +  0(-U  ),  following  which  the  scattering  current 
associated  with  this  field  can  be  found  from 

j(j)  ,  F-1{G-1U^  } 


(33) 


Boundary  condition  satisfaction  for  this  current  can  again  be  checked  following 
truncation  of  the  scattering  current  and  determination  of  the  resulting  scattered 


field. 


The  iteration-boundary  condition  check  can  be  carried  out  by  the  following 
procedure : 


(1)  Obtain  a  first  estimate  of  the  transform  of  the  scattered  field  in  the 
plane  of  the  scatterer  from  (7)  as  ^ 


U(0)  -  e^U1)  +  0(F) 


(34) 


where  the  F  function  is  given  from  edge  and/or  corner  diffraction  terms. 

Observe  that  d(-U^)  is  exact  as  determined  by  the  surface  boundary  condition, 

while  0(F)  is  approximate,  since  it  has  been  determined  from  a  proposed  asymptotic 
solution. 


(2)  Determine  the  associated  scattering  current  from 

j(°)  _  .  j}(0)} 


(35) 


where  G  is  given  by  exp(ikR)/4i:R  and  R  is  the  distance  between  the  "source"  and 
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"observation"  points.  Note  that  in  this  application,  R  is  specialized  so  that  all 
observation  points  lie  in  the  plane  of  the  scatterer. 


(3)  Truncate  the  current  to  the  scatterer  surface 
J<0)  -  0(J(O)) 

(4)  Determine  the  scattered  field  in  the  plane  of  the  scatterer  by 

u£0)  -  F"1{G  •  j<0)}  • 


(36) 

(37) 


Satisfaction  of  the  boundary  condition  on  the  scatterer  surface  can  be  checked 
at  this  point. 


(5)  Update  the  scattered  field  so  that  the  boundary  condition  is_  satisfied. 


U(1)  -  0(-Ui)  +  0(U^O))  .  (38) 

Note  that  this  step  is  necessary  because  0(u£^)  has  been  determined  from  Jt> 

and  will  not,  in  general,  satisfy  the  boundary  condition.  This  step  is  the 
parallel  to  (12) ,  except  that  the  external  field  estimate  has  been  updated  by 
the  iteration  procedure,  replacing  the  Initial  guess. 

(6)  Continue  the  iteration  by  repeating  Steps  (2)  -  (5),  using  in 

place  of  U^. 

Obviously,  the  iteration  can  be  repeated  as  many  times  as  desired,  or  until 
convergence  of  the  scattering  current  and  scattered  field  is  obtained.  The 
accuracy  test  is  incorporated  into  Step  4  where  the  scattered  field  is  obtained 
at  the  surface  of  the  scatterer  and  can  easily  be  examined  to  determine  boundary 
condition  satisfaction.  Note  that  after  the  boundary  condition  check  has  been 
carried  out,  in  order  to  continue  the  iteration,  the  scattered  field  on  the  surface 
is  discarded  and  replaced  by  the  known,  exact  scattered  field. 

Testing  the  Corner  Diffraction  Coefficient 

In  order  to  test  the  contribution  of  corner  diffraction  to  satisfaction  of  the 
boundary  condition  on  the  surface  by  the  method  previously  described,  it  is 
necessary  to  find  the  field  exterior  to  the  scatterer  (0F)  associated  with  comer 
diffraction.  This  is  accomplished  in  the  following  manner.  The  far  field  as 
scattered  from  the  vertex  of  a  quarter-plane  is  determined  on  a  grid  of  obser¬ 
vation  points,  which  include  points  described  by  imaginary  angles.  This  effec¬ 
tively  gives  the  transform  of  the  field  in  the  plane  of  the  scatterer,  since  the 
two  are  related  by 


F{Us(x' ,y ’ ,0) } 


_ 2 _ 

cos  0 


UF 


a»sin0cos<fr 

3”sin0sin<$ 


(39) 


s  F 

where  U  (x',y',0)  is  the  scattered  field  in  the  plane  of  the  scatterer,  U  is 

the  scattered  far  field,  Q  is  a  constant,  and  0  is  a  standard  spherical  coordinate 

observation  angle.  A  Fast-Fourier  Transform  (FFT)  algorithm  is  used  to  find  the 

planar  scattered  field  by  inverting  F(Us(x' ,y' ,0) } .  The  complementary  operator 

A 

0  is  employed  to  obtain  the  scattered  field  exterior  to  the  quarter  plane.  This 


ACCURACY  TESTS  AND  ITERATIVE  PROCEDURES 


341 


is  the  "F"  function  desired.  Finally,  an  FFT  is  again  employed  to  get  9F  ,  the 
transform  of  the  F  function  due  to  the  corner;  this  term  contributes  to  the  trans¬ 
form  of  the  scattered  field  used  in  Step  (1). 


In  order  to  aid  in  evaluation  of  the  effect  of  the  corner  diffraction  coefficient 
on  boundary  condition  satisfaction,  two  error  terms  are  defined.  A  global  error 

N  i  2 

term  e  is  defined  as  e .  =  /  I, I [U .  (x  ,y  )  +  U  (x  ,y  )]|  /N  where  x  and  y  are  the 

3  n=i  j  n  n  n  n  n  n 

positions  of  the  sample  points  on  the  scatterer  and  U.  denotes  the  scattered  field 

.  J  ^ 

from  Equation  37  at  the  j —  iteration.  A  local  corner  error  term  A^  was  defined 

similarly,  differing  from  s  only  in  that  (x  ,  y  )  was  confined  to  the  0.25X  by 

th  ^  n  n  »  c 

0.25X  region  at  the  ct —  corner.  The  error  terms  that  resulted  from  using  9(F  )  =  0 
(no  corner  contribution)  were  compared  to  those  that  resulted  when  a  single  vertex 
term  was  included  and  to  error  terms  when  contributions  from  all  four  corners 
were  counted. 


The  boundary  condition  test  was  carried 'out  on  a  two  wavelength  by  two  wavelength 
plate.  The  testing  procedure  was  carried  through  three  iterations;  Figs.  15  and 
16  present  the  scattered  field  at  each  iteration  for  a  normally  incident  scalar 
wave.  Shown  is  the  scattered  field  for  a  constant  y  value  cut  through  the  plate. 
Figure  15  presents  a  cut  near  the  edge  at  y  I  0.1  wavelength,  while  Fig.  16  shows 
a  cut  near  the  plate  center  at  y  =  1.0  wavelength.  Figure  17  presents  a  repre¬ 
sentative  scattering  "current"  very  near  the  edge  at  y  I  0.03X.  Because  the 
constant  y  cuts  cannot  represent  the  behavior  of  the  total  scattered  field, 

Tables  1  and  2  present  results  of  the  "error  terms"  e  and  A.  Note  that  both 
tables  include  results  when  only  one  corner  diffraction  coefficient  was  included. 
The  comer  error  terms  of  Table  2  are  taken  at  the  comer  at  which  a  single  vertex 
diffraction  coefficient  was  included. 


TABLE  1  Total  RMS  Error,  e,  for  Normal  Incidence 


£1 

1st  Iteration 

e2 

2nd  Iteration 

e3 

3rd  Iteration 

No  Vertices 

.223 

.127 

.048 

One  Vertex 

.207 

.121 

.047 

Four  Vertices 

.156 

.103 

.043 

TABLE  2  Local  Comer  RMS 

Error,  A,  for  Normal  Incidence 

1 

1 

1 

A, 

A- 

A.. 

1 

2 

3 

1st  Iteration 

2nd  Iteration 

3rd  Iteration 

No  Vertices 

.373 

.205 

.069 

One  Vertex 

.360 

.192 

.067 

Four  Vertices 

.294 

.159 

.067 

Discussion  of  Results 


The  figures  and  tables  indicate  that  use  of  vertex  diffracted  fields  does  improve 
boundary  condition  satisfaction.  Of  greater  interest,  however,  is  the  performance 
of  the  Iterative  Accuracy  Test  for  Boundary  Conditions  procedure.  The  authors’ 
experience  is  that  both  scattering  currents  and  scattered  fields  are  well  converged 
after  three  iterations  as  illustrated  in  Figs.  15-17. 


Fig.  lb  Geometry  of  asymptotic  solutions:  Magnetic  dipole  in 

the  presence  of  a  perfectly  conducting  infinite  cylinder 
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Fig.  5  Free-space  test  environment:  Placement  of  "reciprocity 
volume"  with  respect  to  test  dipole. 
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Fig.  3  Iterated  magnitudes  of  H,  field  along  0  -  90°:  Single  test 
dipole.  * 
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Fig.  9  Results  of  Integral  E-Field  Test  along  0  *  90® :  Test  dipole 
and  planar  image  dipole. 
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Fig.  10  Iterated  magnitudes  of  field  along  0  =  90°:  Test  dipole 
and  planar  image  dipole. 
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Fig.  11  Magnitude  of  zeroth-order  field  along  0=0°. 
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In  addition,  this  procedure  seems  to  be  relatively  insensitive  to  the  initial 
approximation;  indeed,  use  of  an  identically  zero  scattered  field  external  to  the 
scatterer  is  an  acceptable  initial  approximation. 

For  use  in  electromagnetics  problems,  then,  the  Iterative  Accuracy  Test  for  Boundary 
Conditions  can  serve  a  dual  role.  The  contribution  of  a  proposed  diffraction  co¬ 
efficient  to  boundary  condition  satisfaction  can  be  determined  by  carrying  the  test 
through  one  iteration  for  two  different  cases:  First  using  the  far  field  as  given 
by  physical  optics  plus  (possibly)  other  known  diffracted  fields  (such  as  edge 
diffraction)  and,  second,  using  the  far  field  of  the  first  case  plus  that  added  by 
the  proposed  diffraction  coefficient.  Examination  of  the  surface  fields  indicates 
the  change  in  boundary  condition  satisfaction  due  to  the  solution  under  test. 
Alternatively,  the  iterative  procedure  can  be  used  to  solve  for  the  far  field  and 
scattering  currents  without  resorting  to  asymptotic  techniques.  If  the  body  is 
such  that  the  external  scattered  field  is  appreciably  different  from  zero,  then 
asymptotic  solutions  can  be  used  to  formulate  the  initial  guess,  with  a  possible 
increase  in  the  rate  of  convergence. 

It  should  be  pointed  out  here  that  solution  for  the  scattering  currents  inherent 
in  this  method  is  an  important  attribute.  Given  the  scattering  currents,  the 
engineer  is  able  to  compute  both  far  fields  and  near  fields;  and  the  fields  so 
determined  are  guaranteed  to  be  regular  and  free  of  singularities. 

SUMMARY 

Three  different  procedures  for  testing  the  effect  of  asymptotic  solutions  on  boundary 
condition  satisfaction  have  been  presented.  Two  are  formulated  entirely  using  spec¬ 
tral  domain  techniques,  while  the  third  retains  the  option  of  performing  the  test 
entirely  in  the  spatial  domain.  Two  tests  are  best  suited  for  testing  asymptotic 
solutions  to  surface  fields,  while  the  third  can  also  be  employed  to  test  asymptotic 
solutions  that  give  the  scattered  far  field.  One  of  the  tests  is  particularly 
well-suited  for  use  as  an  iterative  equation  and  seems  relatively  insensitive  to 
the  initial  approximation.  In  contrast,  the  iterative  aspects  of  the  Integral 
E-Field  Test  are  limited  to  particular  cases  where  certain  conditions  are  met. 

Two  of  the  tests  are  global  in  nature  and  test  the  entire  solution,  while  the 
"Integral  E-Field  Test"  displays  both  global  test  and  local  test  characteristics. 

With  communications,  radar,  and  missile  systems  moving  toward  use  of  higher  and 
higher  frequencies,  it  seems  certain  that  use  of  asymptotic  solutions  by  engineers 
will  increase.  The  tests  presented  here  provide  a  means  by  which  new  proposed 
solutions  can  be  evaluated. 
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APPLICATION  OF  RAY  THEORY  TO  DIFFRACTION  OF  ELASTIC  WAVES  BY  CRACKS 
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The  Technological  Institute,  Northwestern  University, 

Evanston,  Illinois  60201 

ABSTRACT 

The  field  generated  when  a  high-frequency  ultrasonic  wave  is  diffracted  by  a 
flat  crack  is  analyzed  on  the  basis  of  elastodynamic  ray  theory.  The  diffraction 
of  incident  rays  by  a  crack-edge,  as  described  by  the  geometrical  theory  of 
diffraction  (GTD)  and  its  uniform  asymptotic  extension  (UAT) ,  is  discussed. 
Particular  attention  is  devoted  to  a  method  by  which  the  crack-opening-displace¬ 
ment  is  computed  on  the  basis  of  ray  theory,  and  the  scattered  field  is  subse¬ 
quently  obtained  by  the  use  of  a  representation  integral.  Results  are  presented 
for  slits  and  penny-shaped  cracks.  These  results  are  compared  with  numerically 
computed  "exact"  results.  Good  agreement  is  already  obtained  at  moderate  values 
of  the  frequency. 


INTRODUCTION 

The  solution  to  the  direct  diffraction  problem,  that  is,  the  computation  of  the 
field  generated  when  an  ultrasonic  wave  is  diffracted  by  a  known  flaw,  is  a 
necessary  preliminary  to  the  solution  of  the  inverse  problem.  In  recent  years 
several  analytical  methods  have  been  developed  to  investigate  scattering  of 
elastic  waves  by  interior  cracks  as  well  as  by  surface-breaking  cracks,  in  both 
the  high-  and  the  low-frequency  domains.  The  appeal  of  the  high-frequency 
approach  is  that  the  probing  wavelength  is  of  the  same  order  of  magnitude  as  the 
length-dimensions  of  the  crack.  This  gives  rise  to  characteristic  interference 
phenomena . 

The  analytical  work  discussed  in  this  paper  is  concerned  with  the  direct  problem. 
Diffraction  of  time-harmonic  signals  by  cracks  is  analyzed  on  the  basis  of 
linearized  elasticity  theory  for  a  homogeneous,  isotropic  solid.  The  propagation 
of  waves  in  such  solids  is  a  classical  area  of  investigation.  The  equations 
governing  elastodynamic  theory,  and  several  pertinent  mathematical  techniques  to 
obtain  solutions,  have  been  discussed  in  detail  in  Ref.[l]. 

From  the  theoretical  point  of  view  a  flat  crack  is  a  planar  surface  across  which 
the  displacement  can  be  discontinuous.  The  exact  mathematical  formulation  of  the 
elastodynamic  field  generated  by  the  presence  of  a  crack  is  rather  complicated 
if  the  displacement  discontinuities  are  not  known  a-priori.  That  is  the  case  in 
diffraction  problems.  Diffraction  of  an  incident  wave  by  a  crack  is  a  mixed 
boundary  value  problem,  whose  exact  solution  satisfies  one  or  more  generally 
singular  integral  equations  for  the  displacement  discontinuities.  Only  for  a 
semi-infinite  crack  can  an  analytical  solution  conveniently  be  obtained,  as 
shown  by  Maue  [2]. 
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In  this  paper  we  investigate  diffraction  of  elastic  waves  by  using  elasto- 
dynamic  ray  theory.  The  approach  presented  here  is  valid  for  uia/c^  >>  1,  and 
at  points  where  S/a  >  1.  Here  ui  is  the  circular  frequency,  a  is  a  length 
dimension  of  the  crack,  c^  is  the  velocity  of  longitudinal  waves,  and  S  is  the 
distance  from  a  crack  edge. 

GEOMETRICAL  THEORY  OF  DIFFRACTION 

We  start  with  a  brief  review  of  the  Geometrical  Theory  of  Diffraction  (GTDJ  for 
e las todynamic  diffraction  of  an  incident  wave  by  a  crack.  The  theory  was 
originally  developed  by  Keller  [3]  for  acoustic  and  electromagnetic  edge  diffrac¬ 
tion.  A  qualitative  description  precedes  a  more  quantitative  one. 

A  wavefront  is  defined  as  a  surface  of  constant  phase.  In  a  homogeneous,  iso¬ 
tropic,  linearly  elastic  solid  the  rays  are  straight  lines,  which  are  normal  to 
the  wavefronts.  An  unbounded  solid  can  support  rays  of  longitudinal  and  trans¬ 
verse  wave  motion.  These  rays  are  denoted  as  L-rays  and  T-rays,  respectively. 

The  free  surface  of  a  solid  can,  in  addition,  support  rays  of  surface-wave 
motion,  which  are  denoted  as  R-rays.  The  total  field  at  an  observation  poL.t 
is  giver,  by  the  sum  of  this  fields  associated  with  all  rays  passing  through  that 
point.  Hie  theory  is  valid  for  Incident  waves  whose  wavelength  is  short  when 
compared  to  the  dimensions  of  the  crack,  but  comparisons  of  the  theory  with 
numerical  results  has  shown  that  quite  acceptable  results  are  achieved  when 
these  two  dimensions  are  of  the  same  order  of  magnitude. 

The  leading  order  term  in  the  asymptotic  expansion  of  the  total  field  is  the 
Geometrical  Elastodynamics  (GE)  field  which  consists  of  the  incident  wave  in  the 
illuminated  region  together  with  the  specular  reflections  from  the  crack  sur¬ 
face.  This  field  is  discontinuous  at  shadow  boundaries  and  at  the  boundaries 
of  zones  of  reflected  rays.  It  is  identically  zero  in  the  shadow  zone. 


Signals  in  the  shadow  zone  as  well  as  additional  signals  elsewhere  arise  from 
diffracted  body-wave  rays.  When  an  incident  ray  intersects  the  edge  of  a  crack 
it  diffracts  two  cones  of  body-wave  rays,  as  well  as  rays  of  surface  motion  which 
are  discussed  below  (see  Fig.  1).  The  inner  (outer)  cone  consists  of  infinitely 
many  rays  of  longitudinal (transverse)  motion.  The  half  angles  of  these  cones 
are  related  to  the  angle  of  Incidence  by  Snell's  law  of  edge  diffraction  (see 
Eq.(2.2)  below).  The  fields  associated  with  these  diffracted  rays  are  smaller 
than  the  incident  field  by  a  factor  proportional  to  the  square  root  of  the 
wavelength. 
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The  GTD  fields  are  singular  at  (1)  shadow  boundaries  and  boundaries  of  zones  of 
reflected  rays,  and  (2)  at  caustics  (which  are  defined  as  the  envelope  of  the 
rays).  Near  the  boundaries  of  the  shadow  zone  and  the  zones  of  specular  re¬ 
flection  the  GTD  fields  together  with  the  GE  fields  can  be  corrected  by  the 
use  of  a  Fresnel  integral  term  to  provide  a  smooth  transition  across  these 
boundaries,  see  e.g.  Refs. [4]  and  [5]. 

The  crack  edge,  where  all  the  diffracted  body-wave  rays  intersect,  is  a  caustic 
of  these  rays.  The  theory  fails  at  this  caustic,  but  the  field  near  the  crack 
edge  is  generally  .not  of  interest.  We  remark  that  Achenbach  and  Gautesen  [6] 
have  shown  how  to  modify  the  theory  to  predict  the  singular  fields  (the  stress 
intensity  factors).  For  other  caustic  surfaces  Ludwig  [7]  and  Kravstov  [8] 
have  shown  how  to  construct  uniform  corrections  near  such  surfaces. 

As  noted  above  the  incident  ray  also  diffracts  rays  of  surface  motion  (one  on 
each  face  of  the  crack)  which  propagate  at  the  speed  of  Rayleigh  surface  waves . 
The  field  associated  with  these  rays  is  of  the  same  order  of  magnitude  in  wave¬ 
length  as  that  associated  with  the  incident  wave.  The  angle  that  the  diffracted 
surface  rays  make  with  the  crack  edge  is  again  related  to  the  incident  angle 
by  Snell's  law  of  edge  diffraction,  see  Eq.(2.5)  below.  It  is  convenient  to 
consider  these  rays  in  pairs  -  one  pair  of  symmetric  and  the  other  of  anti¬ 
symmetric  rays  with  respect  to  the  plane  of  the  crack.  In  the  following  dis¬ 
cussion  no  distinction  is  made  between  these  two  pairs  of  rays,  since  both 
exhibit  the  same  phenomena. 

When  surface  rays  intersect  the  edge  of  the  crack,  they  diffract  two  cones  of 
body-wave  rays,  and  they  are  reflected  without  any  mode  conversion  between  the 
symmetric  and  antisymmetric  modes.  The  half  angles  of  the  diffracted  cones  of 
rays  are  again  related  to  the  incident  angle  by  Snell's  law  of  edge  diffraction, 
Eq.(2.10)  below.  The  fields  associated  with  these  secondary  diffracted  body-wave 
rays  are  only  singular  at  the  caustics,  and  the  remarks  made  above  about  the 
primary  diffracted  body-wave  rays  apply  here  as  well.  Also  the  angles  of 
incident  and  reflection  of  surface-wave  rays  are  equal,  and  the  reflection 
coefficient  is  independent  of  the  wave  length. 

We  now  give  a  more  quantitative  description  of  the  theory.  Further  details  as 
well  as  explicit  expression  for  all  diffraction  and  reflection  coefficients  can 
be  found  in  Achenbach  et  al  [9,10]. 

Primary  diffracted  body-wave  rays. 

We  use  the  superscript  or  ■  L  (longitudinal),  TV  (transverse-vertically  polari¬ 
zed),  TH  (transverse-horizontally  polarized)  to  denote  the  nature  of  the  motion 
on  the  incident  body-wave  ray.  Likewise,  we  use  the  subscript  5  =  L,T  to 
denote  the  nature  of  the  motion  on  the  diffracted  cone  of  body-wave  rays.  To 
the  incident  body-wave  ray  we  assign  two  angles  of  incidence  with  0^ 

being  the  angle  between  the  incident  ray  and  the  unit  tangent  t  to  the  crack 
edge,  and  9^  being  the  angle  between  the  principal  unit  normal  n  to  the  crack 

edge  and  the  projection  of  the  incident  ray  onto  the  plane  normal  to  t,  see 
Fig.  1.  The  direction  of  a  diffracted  ray  is  given  by 

e-  *  cos0Q  t  +  sin0Q  (cos9  n  +  sin9  b)  (2.1) 

v  P  “  P  —  ~ 

where  b  is  the  unit  binormal  to  the  crack  edge.  The  half  angle  0^  of  the 
diffracted  cone  of  rays  is  related  to  the  incident  angle  0q  by  Snell's  law  of 
edge  diffraction: 
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COS 


-1 


COS0 


(2.2) 


and  0  €  [0,2tt]  is  a  parameter  which  defines  the  individual  rays  and  represents 
the  angle  that  the  projection  of  the  diffracted  ray  onto  the  plane  normal  to  the 
tangent  t  makes  with  the  normal  n. 


The  displacement  fields  on  the  diffracted  body-wave  rays  are 

4  ■  4 


(2.3) 


Here  fas  well  as  below)  Ua  defines  the  amplitude  of  the  incident  wave  at  the 
point  of  diffraction  (or  reflection),  the  unit  vector  ^(or  ia)  relates  the 

directions  of  displacement  of  the  diffracted  fields  to  those  of  the  incident 

field,  D?  are  the  diffraction  coefficients,  and  SQ  are  the  distances  along  the 
P  P 


diffracted  rays  from  the  point  of  diffraction  to  the  observation  point.  Also 


caustic  in  Eq.(2.3) 


p“  *  -  a  sin20Q  [a(d0  /dS)  sin0  +  cos6  I”1  (2.4) 

p  p  p  p  P 


where  a  is  the  radius  of  curvature  of  the  edge  at  the  point  of  diffraction,  s 
is  distance  measured  along  the  crack  edge  and  6fi  are  the  angles  between  the 
relevant  diffracted  rays  and  the  normal  to  the  crack  edge,  see  Fig.  1. 


We  remark  that  for  the  fields  defined  by  (2.3)  the  caustic  surfaces  are  given 

by  S„  ■  0  (the  crack  edge)  and  SQ  ■  -p®  ,  and  that  the  diffraction  coefficients 
P  P  01 

D?  are  singular  for  those  values  of  9  for  which  a  diffracted  ray  coincides  with 
P 

an  incident  or  reflected  ray. 


Diffracted  surface-wave  rays. 

Here  we  use  the  subscript  0  ■  RS(RA)  to  denote  the  symmetric  (antisymmetric) 
surface-wave  rays.  The  angle  0R  that  the  surface-wave  rays  make  with  the  tangent 

t  to  the  crack  edge  is  related  to  the  incident  angle  0^  by  Snell's  law  of  edge 

diffraction 

c  1  cos0_  »  c  ^  cos0  (2.5) 

R  R  a  a 


The  displacements  on  the  diffracted  surface  wave  rays  are 

\  *  *1*SR/CR  D“<V9L>  3%  0*  <2-6> 

where  the  distance  to  the  caustic  is 


pR  *  -  a  sin0R  (a  d0R/ds  +  1)  1  (2.7) 

-k 

The  principal  difference  between  Eq.(2.3)  and  Eq.(2.6)  is  in  the  factor 

which  reflects  the  three-dimensional  (spherical)  growth  and  decay  in  Eq.(2.3) 
versus  two-dimensional  (cylindrical)  growth  and  decay  in  Eq.(2.6). 

Reflection  of  surface-wave,  rays ■ 

Here  a  ■  RS,  RA  defines  the  motion  on  the  incident  surface-wave  rays  as  well  as 
on  the  reflected  rays,  since  there  is  no  mode  conversion.  In  addition,  the 
angles  of  incidence  and  reflection  are  the  same.  The  incident  field  is  defined 
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by  Eq.(2.6).  The  fields  on  the  reflected  rays  are  given  by 
a 


u 

-a 


e^V  R  (14Sr/ pR)~^  R iV 


a'  R 


where  R  (0„)  is  the  reflection  coefficient  and 
ct  R 


(2.8) 


pR  =  -  a  sin0R  (a  d0R/ds  +  1)  1  (2.9) 

This  last  formula  is  the  same  as  that  given  by  Eq.(2.7),  but  here  0R(s)  is  the 

given  angle  of  incidence  while  in  Eq.(2.7)  0  is  computed  from  Eq.(2.5). 

K  * 


Body-wave  rays  generated  by  diffraction  of  surface-wave  rays. 

Here  we  use  o  =  RS,  RA  to  denote  the  nature  of  the  incident  surface-wave  rays  and 

3  ■  L,  T  to  denote  the  nature  of  the  motion  on  the  diffracted  body-wave  rays. 

The  direction  of  a  diffracted  ray  is  again  given  by  Eq.(2.1)  with  the  half  angle 

0Q  of  the  diffracted  cone  of  rays  related  to  incident  angle  0_  by  Snell's  law 
B  K- 

of  edge  diffraction 


= 


COS0R 


(2.10) 


We  remark  that  if  the  angle  0Q  is  imaginary,  then  the  corresponding  cone  of 

P 

diffracted  rays  is  absent.  The  displacement  fields  are  given  by 


a 


i cuS„/c  i 

e  “  3  [Sa(l+S0/P®)]“%  D®(0;0d)  i?  Ua 


S' 


'S' 


R 


(2.11) 


The  distances  to  the  caustics  are  given  by  Eq.(2.4)  where  here  0Q  is  determined  by 

P 

Eq.(2.10)  instead  of  Eq.(2.2).  We  remark  that  in  Eq.(2.11)  the  diffraction 
coefficient  is  continuous  in  0,  but  the  caustic  surfaces  remain. 

We  briefly  summarize  how  the  diffraction  and  reflection  coefficients  have  been 
obtained.  We  consider  the  canonical  problem  of  incidence  of  a  plane  wave  of  type 
a  *  L,  TV  or  TH  upon  a  plane  semi- infinite  crack.  Ihe  solution  is  obtained  by 
using  Fourier  transforms  and  the  Wiener-Hopf  technique,  see  [9].  The  exact 
solution  is  expanded  asymptotically  for  large  distances  from  the  crack  edge. 

This  solution  is  then  compared  to  that  predicted  by  Eq.  (2.3)  and  (2.6)  with 

o“  *  p  *  «  (since  a  =  «  and  0  is  constant).  This  yields  explicit  expressions 

'SR  3 

for  the  diffraction  coefficients  for  incidence  of  body-wave. rays .  The  remaining 
coefficients  are  associated  with  incidence  of  surface-wave  rays.  These  co¬ 
efficients  are  obtained  in  the  same  manner  by  changing  the  incident  wave  in  the 
canonical  problem  to  i  Rayleigh  surface  wave.  Details  can  be  found  in  Ref. 

[10]. 


In  Figs.  2  and  3  the  absolute  values  of  the  diffraction  coefficients  D^  and 

L  Li 

are  plotted  for  0^  =  n/2.  It  is  noted  that  DL  is  singular  at  0  =  ©L  ,  i.e., 
at  the  shadow  boundary. 


•] 


180 


•180 


Fig.  2  Absolute  value  cf  the  diffraction  coefficient  for  v  »  0.25 

L 


Fig.  3  Absolute  value  of  the  diffraction  coefficient  for  v  »  0.25 


Fig.  4  Scattered  longitudinal  x^-displacement  for  normal  incidence  of  a 

longitudinal  wave;  r/a  =  10,  k^a  =  5; - GTD,  A  hybrid  theory,  O  exact 

results. 


e 


Fig.  5  Scattered  longitudinal  X2_displacement  for  normal  incidence  of  a 

longitudinal  wave;  r/a  =  10,  k  a  *  5;  -  GTD,  A  hybrid  theory,  c  exact 

results . 
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A  HYBRID  METHOD 

In  this  section  a  hybrid  method  is  discussed.  In  this  method  the  crack-opening 
displacement  (COD)  is  computed  on  the  basis  of  elastodynamic  ray  theory,  and 
the  diffracted  field  is  subsequently  obtained  by  the  use  of  a  representation 
theorem.  The  advantage  of  -.his  approach  is  that  the  trouble  with  ray  theory  at 
shadow  boundaries  and  boundaries  of  zones  of  specular  reflection  is  eliminated, 
and  caustics  only  need  to  be  dealt  with  on  the  faces  of  the  crack. 


Ela3todynainic  representation  theorem 

The  field  generated  by  scattering  of  incident  waves  by  an  obstacle  with  surface 
S  can  be  expressed  in  terms  of  a  representation  integral  over  S.  For  a  stress- 
free  crack  with  plane  faces  A+  and  A"  the  representation  integral  can  be 
.  simplified.  If  the  total  field  is  written  as  uc  -  u*n  +  usc  ,  where  u*n  is  the 
incident  field  and  usc  is  the  scattered  field,  then  at  an  arbitrary  field  point 
x  the  latter  can  be  expressed  in  the  form 


u®C(x)  -  J  t^3.j(x-X)  Au®C(X)  dA(X) 


(3.1) 


Here  the  crack  is  in  the  X^^-plane  and  the  positive  X^-axis  is  pointing  into 

the  material  at  the  A+  crack-face.  Also  Au^(X)  is  the  crack-opening  displace¬ 
ment  defined  by 


.  sc._.  ,  sc. A  .  sc. A 

Aut  (X)  -  (ut  )  -  (ut  ) 


(3.2) 


and 


13;  j 


tensor  of  rank  three  , 


(3.3) 


which  represents  the  stress-components  at  X^ 
direction  at  the  point  defined  by  X  =  x. 


0  due  to  a  unit 


load  in  the 


X 


j 


Provided  that  the  crack-opening  displacement  can  be  adequately  approximated, 
Eq.(3.1)  may  be  expected  to  give  a  good  approximation  to  the  scattered  field. 
In  this  section  we  employ  GTD  to  compute  an  approximation  to  the  COD. 


Crack-opening  displacement 

Four  principal  difficulties  must  be  overcome,  in  the  hybrid  method  presented 
here.  First,  GTD  predicts  unbounded  COD's  at  the  crack  edge.  It  is  however, 
seen  below  by  comparison  with  exact  numerical  results  that  this  effect  is 
negligible;  if  necessary,  the  results  of  Ref. [6]  can  be  used  to  correct  in  part 
for  this  singularity.  Secondly,  caustics  remain,  although  they  are  reduced  by 
one  dimension.  In  GTD  caustic  surfaces  occur.  To  compute  the  COD,  only 
caustic  curves  which  are  confined  to  the  crack  faces  are  encountered.  Thirdly 
Eq. (3.1)  must  be  numerically  integrated  which  becomes  progressively  more  diffi¬ 
cult  with  decreasing  wave  lengths.  Finally,  the  computation  of  the  COD  becomes 
more  complicated  if  "boundary- waves"  are  included  to  achieve  the  desired 
accuracy . 

We  now  give  a  brief  description  of  the  terms  included  in  the  CCD,  with  emphasis 
on  the  boundary-wave  terms .  The  COD  can  be  represented  by 

AUj  -  AUj  +  AUj  +  AUj  +  AUj  +  Au^  (3.4) 

The  first  term  is  the  geometrical  elastodynaraics  (GE)  contribution  to  the  COD. 
On  the  illuminated  crack  face  it  consists  of  the  incident  wave  and  the  specular 
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reflections.  The  GE  contribution  vanishes  on  the  crack  face  at  the  shadow  side. 
The  second  term  consists  of  the  diffracted  and  reflected  surface  waves  which 
have  been  described  in  the  previous  section.  This  term  is  of  order  one  in 
wavelength  with  respect  to  the  incident  wave.  The  third  term  is  the  contribution 
to  the  COD  from  the  diffracted  body  waves.  It  includes  only  horizontally  polar¬ 
ized  transverse  rays,  and  it  is  of  order  the  square  root  in  wavelength  with 
respect  to  the  incident  wave.  We  note  that  the  longitudinal  diffraction  co¬ 
efficients  and  those  parts  of  the  transverse  diffraction  coefficients  which  give 
rise  to  vertically  polarized  waves  vanish  on  the  crack  faces.  The  last  two 
terms  are  the  boundary-wave  contributions  to  the  CCD.  In  principle  they  are  of 
order  three  halves  power  in  wavelength  with  respect  to  the  incident  wave.  How¬ 
ever,  at  moderate  wave  numbers,  their  amplitude  can  be  large. 

Boundary-waves  occur  because  the  diffracted  body  waves  do  not  satisfy  the  bound¬ 
ary  conditions  of  vanishing  traction  on  the  crack  faces.  The  transverse  boundary- 
wave  (which  is  generally  known  as  the  "head-wave")  and  the  diffracted  longitudi¬ 
nal  body-wave  combine  to  satisfy  the  boundary  condition  of  vanishing  tangential 
tractions  on  the  crack  faces.  The  longitudinal  boundary-wave  and  the  diffracted 
transverse  body-wave  combine  to  satisfy  the  boundary  condition  of  vanishing 
normal  tractions  on  the  crack  faces.  More  details  can  be  found  in  a  paper  by 
Gautesen  [ll].  From  the  mathematical  point  of  view,  boundary-waves  represent 
branch-point  contributions  to  the  inverse  Fourier  transforms  of  the  displacement 
fields.  The  amplitude  of  the  longitudinal  boundary-wave  is  large  at  moderate 
wave  numbers  due  to  the  proximity  of  the  Rayleigh  pole  to  the  branch  point.  The 
amplitude  of  the  transverse  boundary-wave  is  large  at  moderate  wave  numbers 
because  the  branch  point  is  close  to  the  extraneous  roots  of  the  rationalized 
Rayleigh  function. 

The  canonical  problem  for  boundary -waves  is  again  the  one  of  incidence  of  a  plane 
wave  upon  a  semi-infinite  crack.  To  simplify  the  discussion,  we  take  the  inci¬ 
dent  angle  0q  *  rr/2,  where  0q  is  defined  in  Fig.  1. 

Me  first  discuss  the  longitudinal  boundary-wave.  The  COD  can  be  expressed  as 


ik, 


Au, 


1*1  f  ikTTlxl 


U.  01) 


+  B  01) 


A 


01 


•o5 


-1 


dll 


(3.5) 


where  A  (T|)  and  B.(T1)  are  analytic  in  a  neighborhood  of  T|  ■  0,  s  ■  c  /c  *  1, 
j  J  o  r  r 

and  kT  *  ui/c^.  The  integrand  in  (3.5)  without  the  exponential  term  is  closely 

related  to  the  Fourier  transform  of  the  COD.  Fo£  incidence  of  a  longitudinal 
wave,  it  is  given  explicitly  in  Ref.  C.9 1  by  <u  Uj(§)/(  ttc^)  with  %  related  to  T1 

by  l  *  -01+l)cT. 


As  Poisson's  ratio  v  varies  from  0  to  0.5,  the  parameter  s  decreases  raono- 
tonically  from  0.160  to  0.047.  For  the  standard  asymptotic  analysis  about  the 
branch  point  T1  *  0  to  be  valid  it  is  required  that  s  >  >  1.  However  a 

more  careful  asymptotic  evaluation  yields 


dUj  ~  Au^  +  &UjL  +  0(CkTx13-5/2) 


(3.6) 


where 


or  ik_x1  o  ,  ik  Tlx 

Au®L  -  e  1(-2so1Bj(0)  j  Tl*  e  T  1  dTl  + 


KS(So>  JV'V’o)'1 


ik_T|x, 
T  '  1 


e 


dTl}  (3-7) 


364 


J.D.  Achenbach,  A.K.  Gautesen  and  H.  McMaken 


The  firsC  term  in  Eq.(3.6)  which  arises  from  Che  pole  at  T\  ■  sQ,  in  Che  Rayleigh 
surface-wave  contribution  to  the  COD,  while  the  second  term  is  the  modified 
contribution  from  the  longitudinal  boundary- wave. 


Performing  the  integration  in  Eq.(3.7)  yields 

ikT*l  i  -1  ‘iTT/4  V2  It 

l”  sq  e  Bj(0)(k^1)  J/  +  s^Bj (sq)  F^k^)}  (3.8) 


*  BL 
AUj  ■  e 


where 


F(t)  -  tt*  e‘ifr/4  [  2it'*  -  t"3/2  +  4  elC  J 


e  is  ds] 


(3.9) 


The  first  term  in  Eq.(3.8)  is  the  standard  boundary-wave  contribution.  The 
second  term  in  Eq.(3.8)  is  0([k^x^"5/2)  for  SQkT  >  >  1.  In  the  limit  as 

sq  —  0  with  fixed  Eq.(3.8)  reduces,  however,  to 


Au®L~  A‘iTT/4  [2i(kT>t1)'%  B j ( 0)  -  (k^)*372  B' (0)1 


(3.10) 


It  is  then  clear  that  for  sq  sufficiently  small  the  amplitude  of  the  longi¬ 
tudinal  boundary-wave  is  0([k^^]  ^). 


The  Rayleigh-wave  speed  is  the  reciprocal  of  the  positive  zero  of  the  Rayleigh 
function,  R+(s), 

_  ,  .  2  -2.2  ,  .  2.-2  2.%,  -2  2.%  ,, 
R±(s)  *  (2s  -cT  )  ±  4s  (cL  -s  )’(cT  -s  )’  (3.11) 

The  rationalized  Rayleigh  function  R+(s)R  (s)  is  a  sixth-degree  polynominal 
which  factors  as 


R+(s)  R_(s)  -  -  16(c’2-c^2)(s2-c^2)(s2-c‘2)(s2-c'2)  (3.12) 

where  c^  and  C2*  are  the  extraneous  roots  with  positive  real  parts  that  cause 

difficulty  in  computing  the  transverse  boundary-wave  because  their  magnitudes 
are  close  to  the  speed  of  longitudinal  waves. 

To  study  the  contribution  from  the  transverse  boundary-wave  we  express  the  CCD 
as 

ik  x  ik  "Hx-  2  ,  1 

Au  -  e  I  e  L  2  {A  (11)  +  B  01)  Tp} fll-s  )'  dll  (3.13) 

J  "«  i-i  1 

where  ^ (T| )  and  B^d)  are  analytic  in  a  neighborhood  of  T1  ■  0,  s^  *  c^/c^  ~ 

and  k^  *  <u/c^.  For  incidence  of  a  longitudinal  wave,  the  integrand  without  the 

exponential  term  is  given  explicitly  in  Ref. [9]  by  m  U*(§)/(  rrc  )  with  ? 

-1  J  L 

related  to  T1  by  %  *  -  (Tl+l)c^  .  This  integral  is  similar  to  the  one  in  Eq.(3.5), 

with  an  analogous  difficulty  occuring  when  s  is  small.  The  important  differ¬ 
ence  in  this  case  is  that  the  apparent  pole  at  T1  ■  s^  is  absent,  since 

Aij(si)  +  Bij(3i)  3i  "  0  •  (3’14) 

The  branch  point  at  T1  ■  0,  then  yields  the  transverse  boundary-wave  contribution 
to  the  CCD  (usually  called  the  head-wave)  as 
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BT  ikLXl  2 
Au.  ~  e  l 


[n%sj1e“lTT/4  Bi.(0)(kLXl)'3/2+sjBij(si)F(sikLx1)}  (3.15) 


EXACT  ANALYSIS  IN  2-D  GEOMETRY 

To  check  the  accuracy  of  the  approximate  methods  described  in  the  previous 
sections  we  compute  exact  numerical  results  for  the  two-dimensional  problem 
shown  in  Fig.  6  .  '  The  angle  of  incidence  of  the  plane  incident  wave  is  0^  , 

where  a  is  either  L  or  T.  We  follow  as  closely  as  possible  the  notation  of 
Mai  [12],  who  treated  the  case  of  normal  incidence  of  a  longitudinal  wave.  The 
integral  equation  given  by  Eq.(30)  of  Ref.  [l2],  which  Mai  solved  numerically, 
is  of  the  same  general  form  as  Eq.(4.18)  below,  except  for  the  forcing  function 
which  depends  on  the  angle  of  incidence.  It  should  be  noted  that  there  are 
several  misprints  in  the  development  of  Ref.[l2]  leading  to  the  integral 
equation  stated  in  Eq.(30),  but  the  equation  is  correct. 


z 


Fig.  6  Plane  wave  incident  on  a  slit 


The  incident  wave  of  amplitude  A^  is  defined  by 

uia-  A  d  exp  [ik  P  .x]  (4.1) 

-o  of  -a  a  x0f  - 

where 

p  *  cos9  i  +  sin0  i  (4.2) 

a  — X  ct  — 2 

while 

-L  "  £L  ’  and  X  ^  (4.3a,b) 

for  incident  longitudinal  and  incident  transverse  waves  respectively.  The 
tractions  generated  by  the  incident  wave  at  the  crack  faces  are 

T«)  “  (P0.T0)exp(ikaxcos9a)  .  (4.4) 

where  for  a  *  L 

Po  -  iyAjk^  (c2/c2  -  2cos20L)  (4.5) 

t  ■  ipA  k  sin29  ,  (4.6) 

O  L  L  L 


and  for  ot  *■  T 
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p  *  sin29 

o  II  T 


cos29. 


(4.7) 


(4.8) 


In  Eqa.  (4.1)-(4.8)  kL  *  u>/cL  and 


t  t  in  sc 

As  usual,  we  express  the  total  field  u  as  u  «  u  +  u  ,  where  the  tractions 
corresponding  to  the  scattered  field  uSc  on  the  crack  faces  cancel  the  tractions 
generated  by  the  incident  field.  The  scattered  field  is  expressed  as 


U  -  wp  +  21 


(4.9) 


where  cp  and  f  satisfy  the  reduced  wave  equation  with  wavenumber  k^  and  k^, 

respectively.  The  boundary  value  problem  for  the  scattered  field  is  divided 
into  two  parts,  with  the  following  conditions  on  z  *  0,  |x|  <  1: 


Symmetric  problem:  t 


Antisymmetric  problem:  t 


(4.10a) 

(4.10b) 

(4.11a) 

(4.11b) 


We  first  solve  the  symmetric  problem.  Following  Mai  [l2],  we  take 
cp  ■  -  J  (k2--|k^)  P(k)  v’1  exp[ikx  -  |z|]dk 


(4.12) 


t  *  i  sgnz  j  k  P(k)  exptikx  -  v  (z|]  dk 


(4.13) 


2  2  % 

where  v  ■  (k  -  k  )  .  Here  P(k)  is  an  unknown  function  which  can  be  written 
a  a 


P(k)  -  P  (k)  +  P  (k) 
e  o 


(4.14) 


where  P  (P  )  is  an  even  (odd)  function  of  k.  Upon  application  of  the  boundary 
conditions  and  separation  of  the  even  and  odd  functions  of  x,  we  then  arrive 
at  the  following  two  pairs  of  equations: 


j  Pe(k)  coskx  dk  -  0,  x  >  1 


(4. 15a) 


Fg(k)  P@(k)  coskx  dk  •  -(4p)  pQ  cos(ka  x  cos9a)  ,  0  <  x  <  1  (4.15b) 


J  PQ(k)  sinkx  dk  *  0,  x  >  1  (4.16a) 

o 

OB 

F  (k)  P  (k)  sinkx  dk  ■  -  (%)  1  p  sin(k  x  cos9  ),  0  <  x  <  1  (4.16b) 

J  S  O  O  Of  Qt 
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2  2  12 

where  F  (k)  =  k  v  -  (k  k_)/v  .  Equations  (4.15a)  and  (4.16a)  insure  that  the 
s  T  2  T  L 

displacements  are  continuous  in  the  plane  2=0  for  |x|  >  1. 

We  first  reduce  (4.15)  to  an  integral  equation  of  the  second  kind.  Following 
Mai  [12]  we  set 

pe(k)  -  -  P0[2*(k*  -  k*)]'1  J  SP(S)  J0(k5)  d$.  (4.17) 

O 


This  leads  to  the  integral  equation 

P(5)  +  J  71Fs(5,n)p(T|)  dll  =  Jo(ka  5  cos0a),  0  S  ?  S  1 

o 


where 


FS(?,T1)  -  -  J  [k  -  2  Fs(k)/(k*-k*)]  J0(k?)J0(kTl)  dk 


(4.18) 


(4.19) 


It  has  been  shown  in  Ref.[l2]  that  ( § , TJ )  can  also  be  expressed  as  an  integral 
over  a  finite  interval.  For  normal  incidence  cos©^  ■  0  ,  and  Eq.(4.18)  reduces 
to 

P1 

Pn(S)  +  T1F  C%,v  ?n01)  d]  =  1,  0  s  j  s  l  (4.20) 

n  j  s  n 

o 

which  is  the  equation  solved  numerically  in  Ref.  [l2]. 

The  solution  to  Eqs . (4. 16a, b)  is  now  related  to  the  solutions  to  Eqs.(4.18)  and 
(4.20).  Integration  of  Eqs . (4. 16a, b)  with  respect  to  x  yields 


k  Po(k)coskx  dk  =  0,  x  >  1 


(4.21a) 


as 

F(k)  k  *  Po(k)coskx 


p  [cos(k  x  cos0_)  -  CJ 
ro  g _ or _ _ 

4uk  cos© 

a  a 


0  <  x  <  1 


(4.21b) 


where  C  is  an  arbitrary  constant  of  integration.  In  Eq. (4.21a)  the  arbitrary 
constant  vanishes  since  the  integral  vanishes  as  x  approaches  infinity.  It  is 
noted  that  the  first  term  on  the  right-hand  side  of  Eq. (4.21b)  is  proportional 
to  the  right-hand  side  of  (4.15b),  and  that  the  second  term  is  proportional  to 
the  right-hand  side  of  (4.15b)  for  0  *  tt/2.  Thus  we  conclude  from  Eqs. 

(4.15),  (4.17),  (4.18)  and  (4.20),  that  “ 


k  po 

P  (k)  * - 5 — 5 - 

2*VkT-VCO30a 


f  S[p(5) 


cPn(?)l  JQ(k§)  d? 


(4.22) 


Finally,  p(?)  and  p  (5)  are  related  to  the  crack  opening  displacement  defined  by 
s  ^  ^ 

2u  (x,0  )  =  U  (x) ,  and  C  is  determined.  Substitution  of  Eqs. (4. 17)  and  (4.22) 

2  Z 

into  Eq.(4.14)  and  subsequently  into  Eqs. (4  12)  and  (4.13)  yields  from  Eq.(4.9) 
that 


»,<*> 


__I° _  I  f 

“<i-y>4>  w 


i  [« p«> 


k  cos© 
a  a 


Cp'W-cp^S)]] 


_ 

2  2 
a -x) 


V%  tp(l>  -  Cpn(l)]},  |x|  <  1  (4.23) 


’  k  cos©  ..  2,%  *n  JJ  ’ 

a  a  (1-x  ) 

where  a  prime  denotes  differentiation  with  respect  to  ?.  By  requiring  that 
Uz(±l)  ■  0,  we  see  that 


C  -  p(l)/pn(l). 

For  the  anti-symmetric  problem,  we  take 

GO 

cp  *  i  sgnz  j  kQ(k)  expLikx  -  v  |z|]  dk 
-00  ^ 

00 

+  ■  J  (k2-|k^)  Q(k)  expCikx  -  vT|z|]  dk 


(4.24) 


(4.25) 


(4.26) 


Upon  setting 


Q(k)  -  Qe(k)  +  Qo(k) 


(4.27) 


and  applying  the  boundary  conditions,  two  pairs  of  integral  equations  similar 
to  Eqs.(4.15)  and  (4.16)  are  obtained.  Proceding  as  before,  we  find  an  ex¬ 
pression  for  the  crack  opening  displacement (defined  by  2u  (x,0+)  s  U  (x)) 

similar  to  Eq.(4.23).  The  result  is 

..  ,  V  To _ r1  ix  _ dE 


To  r1  r  ix  r  ,  qCOq./ 

V*> '  I  [5,<5>  •  r^TT  Ct>  -  tu) 

p,(l-kL/kT)  x|  a  a  Mnv 

Here  q(s)  and  q  (?)  satisfy  the  integral  equations 
1  n 

q(S)  +  j  T)Fa(?,Tl)  qOl)  dll  -  JQ(ka?  cos©^) ,  0  s  ?  s  1 
o 

qn(5)  +  J1  TlFa(5,Tl)  qn(Tl)  •  1,0  «  5  M 


2  2  % 

(5  -x  )  (4.28) 


(4.29) 


(4.30) 


where 


00 

Fa(5»"n)  -  -  J  Ck  -  2Fa(k)/(k2-k2)]  Jo(k?)  Jo(kTl)  dk 


(4.31) 


Fa(k)  -  k\  -  (k2  -  ±  k2)2/vT 


(4.32) 


After  some  manipulation  Fa ( 5 ,TJ )  can  be  expressed  as  an  integral  over  a  finite 
interval. 


The  Fredholm  integral  equations  of  the  second  kind  given  by  Eqs.(4.18),  (4.20), 

(4.29)  and  (4.30)  were  solved  numerically.  Since  only  the  forcing  function 

changes  for  oblique  incidence,  the  same  technique  was  used  as  described  in  Ref. 

[5]  for  the  case  of  normal  incidence.  This  technique  employs  infinite  series 

for  F  (5,7])  and  F  (5,7]),  whose  n-th  terms  are  of  order  n"2(k  5/4n)^n  exp(2n). 
s  a  d 

The  integral  equations  were  solved  by  partitioning  the  interval  [0,1]  into  N 

equal  sub-intervals.  The  unknown  functions  p(5),  Pn(?),  q(S)  and  9n(?)  were 

taken  as  constants  over  these  sub- intervals.  Substitution  of  the  step-function 
approximations  into  the  pertinent  integral  equations  resulted  in  a  system  of 
linear  algebraic  equations  which  was  solved  numerically. 

The  crack  opening  displacements  were  subsequently  obtained  from  Eqs.(4.23)  and 
(4.28)  by  numerical  integration.  Finally,  the  displacement  fields  were  cal¬ 
culated  by  substitution  of  the  CCD's  into  the  representation  integral  (3.1). 

In  the  latter  integral  an  integration  by  parts  was  performed  on  those  terms  in 
the  crack  open  displacements  which  are  odd  functions  of  the  integration  variable 
This  was  followed  by  an  integration  by  parts  with  respect  to  5  in  the  integrals 
(4.23)  and  (4.28)  defining  the  CCD’s.  In  this  manner  numerical  differentiation 
of  the  function  p(?),  p  (?),  q(§)  and  q  (|)  was  avoided. 


Figures  7  and  8  show  the  exact  crack-opening  displacements  for  normal  incidence 
of  longitudinal  and  transverse  waves  respectively.  Clearly,  as  k^a  =  u>a/cL 

increases  waveforms  develop  on  the  crack  faces.  The  methods  developed  in  the 
third  section  of  this  paper,  provide,  however,  a  very  good  approximation  to  the 
COD’s. 


Fig.  7  COD  for  normal  incidence  of  a  longitudinal  wave 
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THE  UNIFORM  GEOMETRICAL  THEORY  OF  DIFFRACTION  AND  ITS 
APPLICATION  TO  ELECTROMAGNETIC  RADIATION  AND  SCATTERING 


R.G.  Kouyoumjian,  P.H.  Pathak,  and  W.D.  Burnside 
The  Ohio  State  University  ElectroScience  Laboratory 
Department  of  Electrical  Engineering 
Columbus,  Ohio  43212 

I.  INTRODUCTION 

When  a  radiating  object  is  large  in  terms  of  a  wave length,  the  scattering  and 
diffraction  are  found  to  be  essentially  a  local  phenomenon  associated  with 
specific  parts  of  the  object,  e.g.,  specular  reflection,  shadow  boundaries,  and 
edges.  The  high-frequency  approach  to  be  described  in  these  notes  employs  rays 
in  a  systematic  way  to  describe  this  phenomenon.  It  was  originally  developed 
by  Keller  and  his  associates  at  the  Courant  Institute  of  Mathematical  Sciences 
[1,2,3]  and  is  referred  to  as  the  geometrical  theory  of  diffraction  (GTD).  The 
GTD  is  an  extension  of  geometrical  optics  in  which  rays  diffracted  from  edges, 
vertices  and  convex  surfaces  are  introduced  through  a  generalization  of  Fermat's 
Principle.  In  its  original  form,  the  GTD  fails  in  the  transition  regions  adja¬ 
cent  to  shadow  and  reflection  boundaries.  About  fifteen  years  ago  work  began 
at  The  Ohio  State  University  [4]  to  overcome  this  and  other  limitations  in  the 
GTD.  The  result  today  is  the  new  uniform  GTD  (UTD)  which  provides  expressions 
for  the  diffracted  field  so  that  the  total  high-frequency  field  is  continuous 
at  shadow  and  reflection  boundaries.  Uniform  expressions  have  been  found  for 
electromagnetic  fields  diffracted  from  edges  and  vertices  in  perfectly-conduct¬ 
ing  surfaces  and  for  the  diffracted  fields  due  to  sources  either  on  or  off  per¬ 
fectly-conducting  convex  surfaces.  These  solutions  have  greatly  enhanced  the 
accuracy  and  utility  of  the  method,  which  can  be  readily  demonstrated  in  the 
treatment  of  a  number  of  simple  shapes.  In  many  cases  the  method  works  sur¬ 
prisingly  well  on  radiating  objects  as  small  as  a  wavelength  or  so  in  extent. 

II.  FORMULATION  OF  THE  THEORY 

The  treatment  of  high-frequency  radiation  to  follow  is  for  the  most  part  re¬ 
stricted  to  perfectly -conducting  objects  located  in  isotropic,  homogeneous  and 
anisotropic  media.  The  method  presented,  however,  can  be  extended  to  objects 
with  impedance  surfaces  or  penetrable  surfaces  in  inhomogeneous  and  anisotropic 
media. 


Geometrical  Optics 


The  geometrical  optics  field  is  the  leading  term  in  the  asymptotic  high-frequency 
solution  of  Maxwell's  equations,  and  so  it  not  unexpectedly  provides  the  leading 
term  in  the  GTD  (and  UTD)  high-frequency  approximations.  Let  us  begin  by  ex- 
•  amining  this  field  and  how  it  is  used  in  these  theories.  The  geometrical  optics 
field  is  the  sum  of  the  leading  terms  in  the  incident  and  reflected  fields. 

These  fields  can  be  expanded  in  Luneberg-Kl ine  series  for  large  u  of  the  form 


r  -v  exp (- j kip ) 


(2.1) 


where  an  exp(jwt)  time  dependence  is  assumed  and  k  is  the  wavenumber  of  the  medi¬ 
um.  Substituting  the  preceding  expansion  into  the  vector  wave  equation  for  the 
electric  field  and  integrating  the  resulting  transport  equation  for  m=0  [5],  [6], 
the  leading  term  in  (2.1)  is  found  to  be 
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E(s)^exp[-jk*(s)]r0(s)  =  ro(0)exp[-jk*(0)]  ex p(-jks)  (2.2) 

in  which  s=0  is  taken  as  a  reference  point  on  the  ray  path,  and  p,,  p~  are  the 
principal  radii  of  curvature  of  the  wavefront  at  s=0  as  shown  in  Fig/l. 

Equation  (2.2)  is  commonly  referred  to  as  the  geometrical -optics  field,  because 
it  could  have  been  determined  in  part  from  classical  geometrical  optics. 
Specifically,  the  quantity  under  the  square  root,  the  divergence  factor,  follows 
from  conservation  of  power  in  a  tube  of  rays;  in  addition,  we  note  that  the 
eikonal  equation  could  have  been  deduced  from  Fermat's  principle,  a  fundamental 
postulate  of  classical  geometrical  optics.  As  is  well  known,  classical  geo¬ 
metrical  optics  ignores  the  polarization  and  wave  nature  of  the  electromagnetic 
field;  however,  the  leading  term  in  the  Luneberg-Kl ine  asymptotic  expansion  is 
seen  to  contain  this  missing  information. 


Fig.  1.  Astigmatic  tube  of  rays. 

It  is  apparent  that  when  s—p,  or  -p2  (2.2)  becomes  infinite  so  that  it  is  no 
longer  a  valid  approximation.  The  intersection  of  the  rays  at  the  lines  1-2 
and  3-4  of  the  astigmatic  tube  of  rays  is  called  a  caustic.  As  we  pass  through 
a  caustic  in  the  direction  of  propagation,  the  sign  of  p+s  changes  and  the  cor¬ 
rect  phase  shift  of  +ir/2  is  introduced  naturally. 

From  VE=0,  one  obtains 

s  •  Eg  =  0  ,  (2.3) 

so  that  the  electric  vector  of  the  geometrical  optics  field  is  perpendicular  to 
the  ray  path.  Next,  employing  the  Maxwell  curl  equation  v  x  E"  =  -jwyH,  it  fol¬ 
lows  from  (2.1)  that  the  leading  term  in.  the  asymptotic  approximation  for  the 
magnetic  field  is 

HUcsxf  (2.4) 

where  Y  =  /e/y  is  the  characteristic  admittance  of  the  medium,  s  is  a  unit  vec¬ 
tor  in  the  direction  of  the  ray  path,  and  E  is  given  by  (2.2). 

Let  a  high-frequency  electromagnetic  wave  be  incident  on  a  smooth  curved  per¬ 
fectly-conducting  surface  S  as  depicted  in  Fig.  2.  The  geometrical -optics 
electric  field  reflected  at  Q„  on  S  (see  Fig.  2)  has  the  form  given  by  (2.2). 
Choosing  QR  to  be  the  reference  point,  it  follows  from  the  boundary  condition 
for  the  total  electric  field  on  S  that 
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Ej(0)exp[-jk/(0)]  =  r'(QR)-R  =  ^HeX-e/eJ  (2.5) 

in  which  ^(QR)  is  the^electric  field  incident  at  Qp  and  ^  is  the  dyadic  reflec¬ 
tion^  cop^ ficient  with  ex  the  unit  vector  perpendicular  to  the  plane  of  incidence 
and  e^,  e[j  the  unit  vectors  parallel  to  the  plane  of  incidence  as  shown  in  Fig.  2. 


Fig.  2.  Reflection  at  a  curved  surface. 


1  1 
~r  2 
p2 


(2.9) 


Expressions  for  f^  and  f ^  are  given  in  [7], 

In  principle,  the  geometrical-optics  approximation  can  be  improved  by  finding  the 
higher  order  terms  FV(R),  ^(R),  in  the  reflected  field,  but  in  general  it 
is  not  easy  to  obtain  these^from  the  higher  order  transport  equations.  Further¬ 
more,  these  terms  do  not  correct  two  serious  defects  of  the  geometrical  optics: 

a)  the  zero  field  in  the  shadow  region, 

b)  the  discontinuity  in  the  field  at  the  shadow  and 
reflection  boundaries. 

At  the  present  time  additional  postulates  are  required  to  remove  these  limitations. 
They  are  given  in  the  next  subsection. 


B.  Postulates 

To  overcome  limitation  (a)  of  the  geometrical -optics  field  pointed  out  at  the  end 
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of  the  last  subsection,  it  is  necessary  to  introduce  an  additional  field,  the 
diffracted  field.  Keller  [1,2,3]  has  shown  how  the  diffracted  field  may  be  in¬ 
cluded  in  the  high-frequency  solution  as  an  extension  of  geometrical  optics.  The 
postulates  of  Keller’s  theory,  commonly  referred  to  as  the  geometrical  theory  of 
diffraction  (GTD),  are  summarized  as  follows. 

(1)  The  diffracted  field  propagates  along  rays  which  are  determined 
by  a  generalization  of  Fermat's  principle  to  include  points  on  the  boundary 
surface  in  the  ray  trajectory. 

(2)  Diffraction  like  reflection  and  transmission  is  a  local  phenomenon 
at  hi gh  frequencies-. 

(3)  The  diffracted  wave  propagates  along  its  ray  so  that 

(a)  power  is  converved  in  a  tube  (or  strip  of  rays), 

(b)  the  phase  delay  along  the  ray  path  equals  the  product 
of  the  wave  number  of  the  medium  and  the  distance. 

The  rays  diffracted  from  an  opaque  object  such  as  that  depicted  in  Fig.  3  and 
which  pass  through  the  field  point  P  or  P*  are  found  from  the  generalized  Fer¬ 
mat's  principle.  The  notion  that  points  on  the  boundary  surface  may  be  included 
in  the  ray  trajectory  is  not  new.  Imposing  the  condition  that  a  point  Q„  on  a 
smooth  curved  surface  be  included  in  the  ray  p?*h  between  the  source  andKobser- 
vation  point  is  a  time-honored  method  for  deducing  the  reflected  ray  and  the  law 
of  reflection.  It  seems  reasonable  to  extend  the  class  of  such  points  as  KELLER 
has  done.  Diffracted  rays  are  initiated  at  points  on  the  boundary  surface  where 
the  incident  geometrical-optics  field  is  discontinuous,  i.e.,  at  points  on  the 
surface  where  there  is  a  shadow  or  reflection  boundary  of  the  incident  field. 
Examples  of  such  points  are  edges  Qc>  vertices  and  points  Q,  at  which  the  ray 
incident  from  0  is  tangent  to  the  curved  surface.  Note  that  a  surface  ray  also 
may  be  excited  at  the  edge  Qr.  These  diffracted  rays  like  the  geometrical -optics 
rays  follow  paths  which  make  the  optical  distance  between  the  source  and  field 
points  an  extremum,  usually  a  minimum.  Thus  the  portion  of  the  ray  path  which 
traverses  a  homogeneous  medium  is  a  straight  line,  and  if  a  segment  of  the  ray 
path  lies  on  a  smooth  surface,  it  is  a  surface  extremum  or  geodesic. 


m  -  «*»««  ovmcna  *ay  £3*.  £i  +  gr 


Fig.  3.  Rays  reflected  and  diffracted 
from- an  opaque  object. 
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It  is  apparent  that  the  rays  provide  a  natural  coordinate  system  for  calculating 
the  field;  furthermore,  the  total  high-frequency  field  at  an  observation  point 
is  synthesized  from  the  fields  of  all  the  rays  passing  through  that  point. 

Postulate  2  is  essential  for  the  method  to  be  valid,  i.e.,  the  frequency  must  be 
sufficiently  high  that  the  complex  radiation  problem  breaks  down  into  a  number  of 
simple  problems  associated  with  specific  parts  of  the  object. 

The  uniform  GTD(UTD)  unlike  the  GTD  requires  that  the  diffracted  -field  compensate 
the  discontinuity  in  the  geometrical  optics  field  at  a  shadow  or  reflection 
boundary  so  that  the  total  high-frequency  field  is  everywhere  continuous  away  from 
the  radiating  body.  Thus  the  UTD  diffracted  fields  assume  their  largest  values 
at  and  near  these  boundaries,  where  their  strength  is  comparable  with  the  geo¬ 
metrical  field. 

III.  EDGE  DIFFRACTION 
A.  Curved  Wedge 

at  us  consider  the  field  radiated  from  a  point  source  at  0  and  observed  at  P  in 
the  presence  of  a  perfectly-conducting  curved  wedge,  as  shown  in  Fig.  3.  Apply¬ 
ing  the  generalized  Fermat's  principle,  the  distance  along  the  ray  path  OQr-P 
between  0  and  P,  which  includes  the  edge  point  Qr-  on  its  path,  is  a  minimum  and 
the  law  of  edge  diffraction 

s'  •  e  =  s  •  e  (3.1) 

results-  Here  e  is  a  unit  vector  directed  along  the  edge,  and  s'  and  i  are  unit 
vectors  in  the  directions  of  incidence  and  diffraction,  respectively.  The  above 
equation  also  follows  from  the  requirement  that  the  incident  and  diffracted  fields 
be  phase  matched  along  the  edge.  If  the  incident  ray  strikes  the  edge  obliquely, 
making  an  angle  3  with  the  edge,  as  shown  in  Fig.  4a  the  diffracted  rays  lie  on 
the  surface  of  a  cone  whose  half  angle  is  equal  to  3  .  The  position  of  the  dif¬ 
fracted  ray  on  this  conical  surface  is  given  by  the  angle  $,  and  the  direction 
of  the  ray  incident  on  the  edge,  by  the  angles  and  3  ;  these  angles  are  de¬ 
fined  in  Fig.  4a  and  b. 


Fig.  4.  Diffraction  at  a  curved  edge. 
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The  expression  for  the  electric  field  of  the  edge-diffracted  ray  is  given  by 

Fkj)  •  r'(QE)-ff(», ♦';!!•) (3.2) 

The  dyadic  diffraction  coefficient  for  a  perfectly-conducting  wedge  has  been  ob¬ 
tained  by  Kouyoumjian  and  Pathak;  their  work  is  described  in  [7.8J  and  will  only 
be  sumnarized  here.  The  dyadic  diffraction  coefficient  is  found  from  the  asymp¬ 
totic  solution  of  canonical  problems,  which  in  this  case  involves  the  illumina¬ 
tion  of  the  wedge  by  plane,  cylindrical,  conical  and  spherical  waves.  The 
solution  of  these  canonical  problems  serves  as  a  basis  for  deducing  the  dyadic 
diffraction  coefficient  for  arbitrary  wavefront  illumination  and  for  the  more 

?eneral  case  where  there  are  curved  edges  and  curved  surfaces.  It  is  shown  in 
7,8]  that  the  caustic  distance  p  in  (3.2)  is 


ry(s'-s) 
a  sin4e^ 


(3.3) 


in  which  is  the  radius  of  curvature  of  the  incident  wavefront  in^the  plane 
which  contains  s’  and  e  the  unit  vector  tangent  to  the  edge  at  QE;  n  is  the  unit 
vector  normal  to  the  edge  at  Qr  and  directed  away  from  the  center  ofecurvature; 
a  is  the  radius  of  curvature  of  the  edge  at  QE,  a>0. 


Let  us  introduce  an  edge-fixed  plane  of  incidence  containing  the  incident  ray 
and  the  edge  and  a  plane^of  diffraction  containing  the  diffracted  ray  and  the 
edge.  The  unit  vectors  V  and  5)  are  perpendicular  to  the  edge-fixed  plane  of 
incidence  and  the  plane  of  diffraction,  respectively.  The  unit  vectors  £’  and 
6  are  parallel  to  the  edge-fixed  plane  of  incidence  and  the  plane  of  dif2 
fraction,  respecti vely,  and 


*o  s  5' 


X 


S  X  <t> 


Thus  the  coordinates  of  the  diffracted  ray  (s ,B  ,4>)  and  incident  ray  (s' , B '  ,4> ' ) 
are  spherical  coordinates  except  that  the  Incident  (radial)  unit  vector  points 
toward  the  origin  QE  as  shown  in  Fig.  4. 

For  each  type  of  edge  illumination  mentioned  previously,  it  is  shown  in  [8]  that 
the  dyadic  diffraction  coefficient  can  be  represented  simply  as  the  sum  of  two 
dyads,  in  the  ray-fixed  coordinates  as 

CU,*';Sg)  =  -  6qB0Ds(<J>,<>'  ;B^)  -  *'*Dh(*,*,;B^)  ,  (3.4) 

where  D$  is  the  scalar  diffraction  coefficient  for  the  acoustically  soft  (Diri- 
chlet)  boundary  condition  at  the  surface  of  the  wedge,  and  D,  is  the  scalar 
diffraction  coefficient  for  the  acoustically  hard  (Neumann)  Boundary  condition. 

Expressions  for  the  scalar  diffraction  coefficients  which  are  valid  at  all  points 
away  from  the  edge  (excluding  $'=0  or  nir)  are 
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o) 


2n\‘2~k  sinp'o 

k  [ cot  (  n  +  ^  f  [fc £  a*  (*  -  *')] 


(3.5) 


+  cot  F  ~  W 

=  jcot  JiL±ii±£I)  F  [k  L"  a*  (4>  +  fill 
+  cot  .j  f[fcLr"  a*  ( <t>  +  0') 


where 


F(X)  =  2j  vT  ejX  J  e'jT  dr  . 

/X 

Let  $±<t>,=8>  then 

.*(•)  *  2C0S2  (l!2p£\ 

in  which  N*  are  the  integers  which  most  nearly  satisfy  the  equations 

2iTnN+  -  8  =  ir  . 

2  nN”  -  8  =  -ir  . 


(3.6) 


(3.7) 

(3.8) 

(3.9) 


Note  that  N  and  N'  each  have  two  values.  For  exterior  edge  diffraction  (l<n<2), 
the  value  of  N+  or  N”  at  each  boundary  is  included  in  Table  1  for  convenience; 
these  values  can  be  used  throughout  their  respective  transition  regions. 


Table  I 

The  cotangent  is  singular  when 


value  of  S  at  the  boundarv 


’  * + ta  -  a-)  \ 

a  »  a’ — *.  *  sb 

Nt 

-0 

l  2n  1 

surface  4-0a  shadowed 

O-O+s.  a  SB 

N~ 

-  0 

i  2  n  ’ 

surface  a  -  nit  is  shadowed 

f  n  +  \0  $’)  ^ 

0  -  (2n  -  l)s  -  a',  a  RB 

N* 

a  j 

W/l  ( 

2n  1 

reflection  from  surface  a  -  nr. 

ftt-(a  +  a')\ 

0  *  k  —  4> .  a  RB 

V* 

_  A 

COI  | 

^  2n  j 

reflection  from  surface  0-0 

—  V 

At  a  shadow  or  reflection  boundary  one  of  the  cotangent  functions  in  the  expres¬ 
sion  for  D  given  by  (3.5)  becomes  singular;  the  other  three  remain  bounded. 

Even  though  the  cotangent  becomes  singular,  its  product  with  the  transition 
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function  can  be  shown  to  be  bounded.  The  location  of  the  boundary  at  which  each 
cotangent  becomes  singular  is  given  in  Table  1.  The  distance  parameters  are 
given  by 

L1  =  s(p^s)pgp1i  sin2e; 

pg(pl+s)(p2+s) 


r  s(pr+s)p2p]  sin2S^ 
pr(p!j+s)(p£+s) 

where  pT  and  p£  are  the  principal  radii  of  curvature  of  the  reflected  wavefront 
at  Qr,  and  pris  the  distance  between  the  caustics  of  the  diffracted  ray  in  the 
direction  of  reflection.  It  may  be  found  from  (3.3)  with  s=s'-2(n*s' )n.  The 
additional  superscripts  o  and  n  on  L  in  (3.5)  denote  that  the  radii  of  curvature 
(and  caustic  distance  p)  are  calculated  at  the  reflection  boundaries  and 
(2n-l  )n-<p 1 ,  respecti vely. 

Grazing  incidence,  where  $'=0  or  nir  must  be  treated  separately.  Only  the  ordin¬ 
ary  wedge  is  considered  here.  In  this  case  V  =0,  and  the  expression  for  V. 
given  by  (3.5)  is  multiplied  by  a  factor  of  1/2.  The  need  for  the  factor  of  1/2 
may  be  seen  by  considering  grazing  incidence  to  be  the  limit  of  oblique  incidence. 
At  grazing  incidence  the  incident  and  reflected  fields  merge,  so  that  one  half 
the  total  field  propagating  along  the  face  of  the  wedge  toward  the  edge  is  the 
incident  field  and  the  other  half  is  the  reflected  field.  Nevertheless,  in  this 
case  it  is  clearly  more  convenient  to  regard  the  total  field  as  the  "incident" 
field. 


(3.10) 


(3.11) 


B.  Slope  Diffraction 

It  is  assumed  in  (3.2)  that  the  incident  field  ^(Q^)  has  a  slow  spatial  varia 
tion  (except  for  the  phase  along  the  incident  ray).  If  this  is  not  the  case, 
Kouyoumjian  and  Hwang  [9,10]  have  shown  that  a  higher-order  term  must  be  in¬ 
cluded  in  the  UTD  expression  for  the  edge  diffracted  field.  Employing  matrix 
notation  the  expression  for  the  edge  diffracted  field  then  becomes 


where 

d  -  1  3  n 

s,h  jksin8Q  TV  s,h 


(3.13) 


The  partial  derivative  with  respect  to  the  distance  n'  is  taken  in  the  direction 
$'  normal  to  the  edge  fixed  plane  of  incidence.  The  first  term  in  (3.12)  Is 
just  (3.4)  combined  with  (3.2)  in  matrix  form;  It  makes  the  total  high-frequency 
field  continuous  at  shadow  and  reflection  boundaries.  The  second  term,  referred 
to  as  the  slope  diffraction  term,  makes  the  first  derivatives  of  the  total  high- 
frequency  field  continuous  (or  nearly  so)  at  these  boundaries.  Thus  if  this  term 
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is  omitted,  a  "kink"  may  appear  in  the  calculated  pattern  at  a  shadow  or  reflec¬ 
tion  boundary.  A  discontinuity  of  this  type  is  evidence  that  the  slope  diffrac¬ 
tion  term  should  be  included  in  the  UTD  solution. 

The  above  formula  has  been  used  to  calculate  the  far-zone  pattern  of  a  slot 
directed  perpendicular  to  the  edge  as  shown  in  Fig.  5;  in  this  case  p=s'=d,  the 
distance  of  the  slot  from  the  edge.  It  is  seen  that  the  pattern  calculated  from 
the  UTD  solution  is  in  excellent  agreement  with  that  calculated  from  the  eigen¬ 
function  solution,  even  though  the  slot  is  only  x/8  from  edge.  For  comparison, 
in  Fig.  6  the  far-zone  pattern  is  shown  for  the  case  where  the  axis  of  the  slot 
is  parallel  to  the  edge,  and  again  the  UTD  pattern  is  seen  to  be  in  excellent 
agreement  with  the  eigenfunction  pattern,  even  though  d=x/8. 

i?  fiiiiliiiifiniliii'l'i'il-*-  '  1  n  1 1  *  •  •  i  ■  ^  .  •  1 1  mi  it  i ;  !i  t:  1 1  >  ■  i  ■  <  •  •  »•  I* 
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ig.  -.  Diffraction  of  the  field  of  an  infinitesimal 
slot  by  a  right-angle  wedge. 
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Fig.  e.  Diffraction  of  the  field  of  an  infinitesimal  slot 
slot  by  a  right-angle  wedge. 
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C.  Vertex  Diffraction 

The  diffraction  at  a  vertex  formed  by  two  intersecting  edges  is  shown  in  Fig.  7; 
it  will  be  referred  to  as  the  corner  diffraction  problem.  It  is  included  in  the 
section  on  edge  diffraction  because  the  corner  is  treated  as  a  terminated  edge 
here  (just  as  an  edge  can  be  regarded  as  a  surface  termination). 

A  diffraction  coefficient  is  needed  that  is  numerically  efficient  in  order  for 
the  corner  effect  to  be  of  any  practical  use  in  complicated  modeling  problems. 

A  solution  has  been  proposed  which  is  based  on  the  asymptotic  evaluation  of  the 
radiation  integral  which  employs  the  equivalent  edge  currents  that  would  exist 
in  the  absence  of  the  corner  as  developed  by  Burnside  and  Pathak  [11].  The 
corner  diffraction  term  is  then  found  by  appropriately  (but  at  present  empiri¬ 
cally)  modifying  the  asymptotic  result  for  the  radiation  integral  which  is 
characterized  by  a  saddle  point  near  an  end  point.  This  diffraction  coefficient 
is  still  in  the  initial  stages  of  its  development.  However,  it  has  been  shown 
to  very  successfully  predict  the  corner  effect  for  numerous  plate  structures. 

For  this  reason,  it  is  discussed  here  as  a  good  engineering  approximation  to  the 
problem. 


The  corner  diffracted  fields  associated  with  one  corner  and  one  edge  in  the  near 
field  with  spherical  wave  incidence  are  given  by 


and 


The?function  F(x)  was  defined  earlier,  a(s)=2cos ^(e/2)  where  8±s<f>±(j)'  and  L^s's11 
sin^  3/(s 1 +s 1 1 )  and  L  *s  s/(s  +s)  for  spherical  wave  incidence.  The  function 
D  h(qF)  is  a  modified  version  of  the  diffraction  coefficient  for  the  half-plane 
ci$e  (n*2) .  The  modification  factor. 


RELATIVE  POWER  (dB)  RELATIVE  POWER  (dB) 


Uniform  Geometrical  Theory  of  Diffraction 


Figure  7.  Geometry  for  corner 
diffraction  problem. 


.  Without  corner 
diffraction . 


With  corner 
diffraction . 


Fig.  8.  Comparison  of  measured  and  calculated  Eg  radiation 
pattern  for  a  dipole  near  a  box  in  the  indicated 
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is  an  empirically  derived  function  that  insures  that  the  diffraction  coefficient 
will  not  change  sign  abruptly  when  it  passes  through  the  shadow  boundaries  of  the 
edge.  There  is  also  a  comer  diffraction  term  associated  with  the  other  edge 
forming  the  corner  and  is  found  in  a  similar  manner. 

If  the  vertex  involves  three  intersecting  edges,  as  at  the  corner  of  a  cube,  a 
third  term  associated  with  the  third  edge  must  be  added.  In  addition  the  pre¬ 
ceding  expressions  for  the  half-plane  edge  must  be  generalized  to  the  wedge. 

The  utility  of  the  present  result  is  evident  in  Fig.  8,  where  the  pattern  of  an 
electric  dipole  radiating  in  the  presence  of  a  cube  is  presented. 

IV.  SURFACE  DIFFRACTION 


When  an  incident  ray  system  emanating  from  a  source  strikes  a  smooth,  perfectly- 
conducting  convex  surface  as  shown  in  Fig.  9,  it  produces  a  system  of  rays 
reflected  from  that  surface;  at  grazing,  i.e.,  at  Q-j ,  the  incident  ray  merges 
with  the  reflected  ray  giving  rise  to  a  surface  ray  which  propagates  into  the 
shadow  region  along  a  geodesic  on  the  convex  surface  according  to  the  general¬ 
ized  Fermat's  principle.  The  field  associated  with  the  surface  ray  exhibits  an 
exponential  decay  in  the  deep  shadow  region  due  to  the  continual  leakage  of 
energy  along  the  surface  ray  resulting  from  diffracted  rays  sheding  tangentially 
from  the  surface  ray.  One  notes  that  surface  rays  can  be  excited  by  sources 
which  are  located  either  on  or  off  a  smooth  convex  surface;  they  can  also  be 
excited  by  the  illumination  of  an  edge,  or  other  geometrical  or  electrical 
discontinuities  in  an  otherwise  smooth  convex  surface. 


This  section  will  focus  on  recently  developed  UTD  solutions  for  calculating  the 
electromagnetic  fields  excited  by  sources  which  lie  either  off  or  on  a  jsmooth 
convex  surface.  In  all  of  the  UTD  solutions  for  convex  surfaces  presented  below, 
it  will  be  assumed  that  the  principal  radii  of  curvature  of  the  surface,R.  and 

/  kp  y;3  1 

Rg  are  large  in  terms  of  a  wavelength  so  that  the  parameter  m=l  J  is  large 

at  all  points  on  the  surface  ray;  in  addition  it  is  assumed  that  m  is  slowly 
varying  along  the  ray  path.  Here  p  is  the  surface  radius  of  curvature  along 
the  surface  ray.  These  UTD  solutions  for  the  arbitrary  convex  surface  all 
employ  GTDrays,  and  they  have  been  deduced  from  the  asymptotic  solutions  to 
appropriate  canonical  problems  as  employed  in  the  GTD  procedure. 


A. 


Both  Source  and  Observation  Points  are  off  the  Smooth  Convex  Surface 


i 


»  <  P1KL0  POINT  IN  SHAOOW  ZONC 

Fig.  9.  The  rays  and  regions  associated  with  scattering 
by  a  smooth  convex  surface. 
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The  geometrical  configuration  of  this  problem  is  as  hhown  in  Fig.  9.  The  details 
of  the  construction  of  this  solution  together  with  some  experimental  verification 
are  discussed  in  [12].  The  final  results  for  the  total  electric  field  which 
existsin  the  presence  of  a  convex  surface  illuminated  by  an  incident  ray  optical 
field  E1  are  as  follows: 


E(Pl)  %  E1  (PL)  +  E1  (Qr)  -  [RseAeA  +  R^.elj 


>-jksr. 


(4.1) 


(oi;+sr)(^+sr) 


for  in  the  1 i t  region. 


... 
n,  n„]  /  • 


E(Ps)^1(Q1)-[0sb1b2+0hn1n2]  /-I-H-7)  e  ^  ;  for  Ps  in  the 

^  2  shadow  region . 


The  quantities  within  brackets  involving  R  in  equation  (4.1)  and  D  in  (4.2) 

h  h 

may  be  viewed  as  generalized,  dyadic  coefficients  for  surface  reflection  and 
diffraction,  respectively.  It  is  noted  that  (4.1)  and  (4.2)  are  expressed  in- 
variantly  in  terms  of  the  unit  vectors  fixed .in^the  reflected  and  surface  dif¬ 
fracted  ray  coordinates.  The  unit  vectors  e 1 ,  er,  and  e  in  (4.1)  have  been 
defined  in  Section  IIA.  At  Q,  let  t.  be  the  unit  vector  in  the  direction  of 
incidence,  n,  be  the  unit  outward  normal  vector  to  the  surface,  and  6.=t,xn.; 
at  Q-  let  a  Similar  set  of  unit  vectors  be  defined  with  t2  in  the  direction  of 
the  diffracted  rav.  In  the  case  of  surface  rays  with  zero  torsion,  b,=&2.  "^e 

distancessr  and  sa  along  the  reflected  and  surface  diffracted  ray  paths  are 
shown.in  Fig.  9.  It  is  noted  that  p-j  and  p2  have  been  defined  in  Section  IIA, 
and  pS  is  the  wavgfront  radius  of  curvature^of  the  surface  diffracted  ray 
evaluated  in  the  b2  direction  at  C)2.  The  R  and  V  in  (4.1)  and  (4.2)  are 
given  by  h  « 


5  e-j(’L)3/12  Js-^r-  [1-F(Xl)]  +  P  (cL) 
5L  2/^L  R 


(4.3) 


'for  the  lit  region 


[l-F(Xd)]  +  P,Ud) 


“"‘V 

smCT  c  -i4-41 


for  the  shadow  region 

The  function  F  appearing  above  has  been  introduced  in  Section  IIIA  dealing  with 


edge  diffraction  (see  (3.6)).  The  Fock  t^pe  surface  r 
related  to  the  (?f*;h  Pekeris  function  (£*)  by  [13,14] 


reflection  function  P. 


h  [q*(5)J  2/ff6 


(Note  that  5=0  at  SB). 


(4.5a) 

(4.5b) 
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It  is  shown  in  [12]  that  exterior  to  the  SB  transition  region,  the  F  function 
approaches  unity  so  that  only  P  in  (4.3)  and  (4.4)  dominates  allowing  (4.1)  and 

(4.2)  to  reduce  uniformly  to  the  GO  and  Keller's  surface  diffracted  fields, 
respectively  of  the  GTD  solution  [3,4,6].  Near  and  at  the  SB,  the  F  function 
dominates;  it  is  entirely  responsible  for  ensuring  the  continuity  of  (4.1)  and 
(4.2)  at  the  SB.  Finally,  this  UTD  result  remain^  accurate  outside  the  para¬ 
xial  regions  of  cylindrical  or  elongated  type  surfaces:  a  different  solution  is 
required  for  handling  the  paraxial  regions.  A  typical  example  showing  the  ac¬ 
curacy  of  this  UTD  solution  is  illustrated  in  Fig.  10. 


A 


Figure  10.  Radiation  patterns  of  an 
electric  dipole  near  the 
frustum  of  a  cone. 


+  -1MSLC  lOMKEESI 


+  -4NGI.J  tOEGRESS) 


B.  Source  Point  on  but  Observation  Point  Off  the  Convex  Surface 

In  this  configuration  as  shown  in  Fig.  11,  the  source  is  located  on  the  surface; 
whereas,  the  observation  point  is  located  at  least  a  few  wavelengths  from  the 
surface  even  though  it  may  be  in  the  near  zone  of  that  surface.  This  radiation 
problem  is  directly  related  by  reciprocity  to  the  problem  of  calculating  the 
fields  induced  on  the  convex  surface  by  a  source  which  is  located  off  the  sur¬ 
face. 

The  high-frequency  electric  field  is  given  by  dF  *ndE^+bdE^  for  points  away  from 

Jthe  convex  surface  in  both  the  shadow  and  lit  regions.  Expressions  for  the  above 
n  and  b  directed  electric  field  components  have  been  deduced  from  a  careful  study 
of  the  cylinder  and  sphere  canonical  problems  in  which  higher  order  terms  are  re¬ 
tained  in  the  asymptotic  solutions;  in  addition,  experimental  results  for  sources 
on  a  spheroid  were  helpful  in  the  generalization  to  the  convex  surface.  An  im¬ 
portant  step  in  the  present  generalization  of  the  canonical  solutions  to  treat 
the  arbitrary  convex  surface  is  based  on  the  observation  that  the  effect  of  sur¬ 
face  ray  torsion  is  localized  to  the  source  region  at  least  to  first  order,  and 
its  effect  on  the  radiation  fields  in  both  the  shadow  and  the  shadow  boundary 
transition  regions  can  be  described  explicitly  in  terms  of  a  torsion  factor  T 
at  the  source.  The  torsion  factor  thus  affects  only  the  launching  of  the  surface 
ray  field  at  Q';  whereas,  the  diffraction  of  the  surface  ray  at  Q  is  not  affected 
by  surface  ray  torsion  to  first  order.  Expressions  for  the  fields  dE  radiated 
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(a)  FiElO  POINT  IN 
SHAOOW  REGION 


Figure  11.  Rays  emanating 


(b)  FIELD  POINT  IN 
LIT  REGION 


from  a  source  on  a  convex  surface. 


by  dp  are  developed  in  detail  in  [15];  the  final  results  are  presented  below. 

It  is^noted  that  the  form  of  the  generalized  dyadic  launching  coefficient  ”  can 
be  immediately  deduced  from  these  expressions. 


(a)  magnetic  current  moment,  dpm(Q‘)  case: 


-jks 


dE"(PL)  =  C[dpm-b,)(Hi+T2Fcosei)+(dpm-t')T0Fcos9i]  +  0[m‘2]  , 


for  P=PL  in  the  l_rt_  region 


(4.6) 


dE°(PL)  =  C[(dpm- b 1 )TQF+(dpm- t ' ) (n  COS91 +F) ] 


i..,..ai.1.r\i  e  iil  +  0[m“2,m"^].  (4.7) 


and 


dOPS>  "  C ( d?m * b '  )H  e 


■jkt 


'Pg(Q')' 

-,/6pr ;/■ 

Pg(Q) 

V  dn(Q)>/ 

d 

°2 


dED(Ps)  =  C[(dpm-S,)T  S+(dpm-t')S]e 
m 


.  d  x  e'Jks  +  0[m-2], 
s  p9+s) 

2  (4.8) 

for  P=Pj  in  the  shadow  reoion 

(Q-)  |-1/6 

(4.9) 


L  9 


5  n*, 

V  d 


m 


— = - e*^ks  +  0[rrf2,nf3]. 

s(p^+s) 
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(b)  electric  current  moment,  dpg(Q')  case: 


n  ,  V+TVcose1"  -jks  , 

<(pi>  -  czodpe«nsme'  V-  +  • 

-  0  J 


(4.17) 


for  P=PL  in  the  1  it  region 


dE^(PL)  »  CZ^p^Q'Jsine1'  TqF 


and 


„-Jks  _2 


<<PS>  ■  e^kt  /-!§_  e-Jks  -  0[m"2] 

L  9  J  Vs<<>2  s;  (4.13) 


(4.12) 


for  P=P<-  in  the  shadow  region 


dEp(ps)  ■  >v  e'Jkt;^wr!  JSrjifa  *'jks  *  «"'2’ 

”  ~  2  (4.14) 


The  previous  expressions  reduce  to  the  geometrical  optics  field  in  the  deep  lit 
region  and  to  the  GTD  field  in  the  deep  shadow  region.  The  expressions  for  the 
lit  and  shadow  regions  join  smoothly  at  the  shadow  boundary.  As  expected,  they 
reduce  to  the  asymptotic  solutions  for  the  circular  cylinder  and  sphere  cases, 
but  the  higher  order  terms  in  m  must  be  retained  to  pass  smoothly  to  these  two 
limiting  cases.  As  the  radii  of  curvature  of  the  surface  become  infinite  T  -0, 
and  (4.6),  (4.7),  (4.11.)  and  (4.12)  simplify  to  the  field  of  magnetic  and 
electric  current  moment  sources  on  a  ground  plane. 


In  addition,  this  solution  has  been  tested  by  applying  it  to  calculate  the  radi¬ 
ation  from  slots  and  monopoles  on  perfectly-conducting  circular  and  elliptic 
cylinders,  cones,  and  spheroids  [15].  In  Fig.  12,  the  patterns  of  a  circum¬ 
ferential  slot  and  a  monopole  are  calculated  and  measured  in  the  plane  tangent 
to  the  spheroid  at  the  source  location.  Note  that  the  E.  component  is  due  to 
the  spheroidal  surface;  it  would  vanish  if  the  source  were  on  a  ground  plane: 


C.  Both  Source  and  Observation  Points  on  the  Convex  Surface 


In  this  problem,  the  observation  point  of  Fig.  11  is  moved  to  the  point  Q  on 
the  perfectly-conducting  convex  surface,  with  the  source  still  being  positioned 
at  Q'  on  that  surface.  This  problem  is  of  interest  in  the  calculation  of  the 
mutual  coupling  between  a  pair  of  antennas  on  a  convex  surface.  For  convex  sur¬ 
faces,  the  mutual  coupling  calculation  reduces  to  finding  the  electromagnetic 
surface  fields  at  Q  which  are  excited  by  a  source  at  Q'  on  the  surface. 


The  details  of  the  construction  of  this  solution  are  given  in  [16];  the  final 
results  are  presented  below  for  the  surface  magnetic  and  electric  fields  dTT _(Q) 

and  dF  (Q)  at  Q,  respectively  due  to  sources  p"  ( Q 1 ) .  It  is  noted  that  the  e 

dH"  (Q)eand  dF  (Q)  are  expressed  invariantly  in®terms  of  the  unit  vectors  which  are 
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Figure  12a.  Radiation  patterns  of  a  half-wavelength  circumferential 
slot  in  a  prolate  spheroid  calculated  and  measured  in 
the  shadow  boundary  plane. 


9  (OEGREES  ) 

Figure  12b  Radiation  patterns  of  a  quarter-wavelength  monopole 
on  a  prolate  spheroid  calculated  and  measured  in 
the  shadow  boundary  plane. 
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fixed  in  the  surface  ray  coordinates  at  Q'  and  Q  as  in  Fig.  11,  and  these  fields 
remain  uniformly  valid  along  the  ray  including  the  immediate  vicinity  of  the 
source. 


(a)  d pm ( Q 1 )  case: 

dHm(Q)  =  Cd?m(Q')-  [b'b  ( ji  -  jL]  »(«)  )ZCAsa<e )*ACV ( e ) 3-^1  fe  [8(0 

2  v 

-»(«)])  ♦  t't  (o2  jL»U)  +  feBU)  .  2(-L)  [jstl(E)+Ac4(EH) 

+  (Vb+b't)  Ij-  CtfU)-V(c)])J  o  S(kt)  .  (4  ,5, 

dE„(Q)  •  cz0dp„(Q')  •  [b'S(  [l  -  k]  fe  Ctt(5)-»(e)]) 

+  (t0  4'[»(S)-i),(5n)]o  S(kt)  .  (4-16) 

In  the  above  equations,  D  and  G(kt)  are  defined  by 


t  d*0 
dn(Q) 


G(kt)  =  2(Zq)' 


(4.17) ; (4.18) 


The  T  is  defined  by 
o 


T0  3  ±  T0(Q')T0(Q)|  ,  (4.19) 

where  the  minus  (-)  sign  in  (4.19)  is  chosen  if  T  (Q* )<0  and/or  T  (Q)<0;  other 
wise  the  positive  (+)  sign  is  chosen.  The  generalized  soft  and  hard  Fock  func 
tions  U(c)  and  v(e)  are  defined  as 


-  ,3/2  e 


_  1 

nr  J »  e 


d  ^2^  -JEt 

-j27r/3dl  W^TT 


(4.20a); (4.20b) 


*  ^2m(Q‘  MQJe) 


V(e)  3  e1/2  - 


W2(t)  -JEt 

s-j2*/3dr  rre 

C4.21a);C4.2Ihi 


The  Fock  functions  U(e)  and  7(e)  are  tabulated  in  [13];  a  useful  summary  of  the 
large  and  small  argument  approximations  for  these  functions  is  found  in  [17]. 

In  order  to  interpolate  smoothly  between  the  canonical  cylinder  and  sphere  solu¬ 
tions,  the  weight  factors  A,  and  A,  have  been  introduced  heuristically  into  the 
solution  for  the  arbitrary  convex  surface.  These  weight  factors  must  be  such 
that  Asa1  and  A,a0  for  a  sphere;  whereas,  A.=G  and  a.=1  for  a  cylinder.  An 
initfar  choice  for  A^  and  Ac  appears  to  be:5 
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A 


S 


,R2(Q')R2(Q) 

R-,  CQ’  )R-,  (Q)  ; 


(4.22a); (4.22b) 


where  R1  and  R2  are  the  principal  surface  radii  of  curvatures. 


(b)  dpe(Q')  case: 


dHg(Q) 

dfe(q) 


-CZ0dpe(Q' )-  ■  n'b 
+  n't 


r, .  l 


kt 


»(s)*t|  ^  [S(0-»(5)] 


(To  fe 


D  G(kt) 


-  CZ^dpe(Q').n'n 


(?<«>-  fe  + 

*  1  k  °  G(kt)  • 


(4.23) 

.(4.24) 


It  may  be  easily  verified  from  the  property  ty(£)-*-1  and  &(s)-*-l,  as  C-+0,  that  the 
above  results  for  dH  and  dr  reduce  in  the  limit  of  vanishing  surface  curvature 

to  the  known,  exact  results  for  the  fields  on  a  planar,  perfectly-conducting  sur¬ 
face.  Some  typical  results  indicating  the  accuracy  of  the  above  solution  are 
presented  in  Fig.  13  for  a  cone  geometry;  it  is  seen  from  these  calculations  that 
the  solutions  indeed  agree  well  with  both  the  eigenfunction  (modal)  series  solu¬ 
tion  and  with  measurements  available  in  [18],  In  these  calculations,  the  present 
solution  is  referred  to  as  the  OSU  solution;  whereas,  those  in  [18]  and  [19]  are 
referred  to  as  the  UI  and  the  G-S-PB  solutions,  respectively* 


Figure  13.  Coupling  coefficient  S,-  between 
two  circumferential  slot.s  on  a  con^  vs.  fre¬ 
quency.  The  radial  separation  between  the 
slots  is  C-,-C2  and  angular  separation  is  <j>  . 
The  cone  hdlf^angle  is  e  . 
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In  the  previous  sections,  the  UTD  solutions  for  the  general  wedge  and  convex 
curved  diffraction  solutions  were  presented.  These  solutions  provide  the  basic 
building  blocks  from  which  one  can  simulate  much  more  complex  structures.  The 
concept  applied  here  is  that  all  scattered  fields  can  be  treated  as  ray  optical. 
This  being  the  case  one  can  obtain  the  scattered  field  from  a  convex  surface  in 
terms  of  a  ray  optical  field  which  in  turn  can  diffract  from  a  curved  edge,  for 
example.  Recall  that  the  UTD  solutions  for  the  wedge  and  curved  surface  are 
expressed  in  terms  of  general  incident  ray  optical  wavefronts.  This  concept  allows 
one  to  develop  high  frequency  numerical  solutions  for  very  complex  electromagnetic 
problems.  However,  one  must  approach  this  panacea  with  caution.  First,  one  can¬ 
not  always  assume  that  the  scattered  field  from  one  structure  which  illuminates 
another  is  ray  optical.  Such  a  case  is  the  double  diffraction  problem  where  the 
source,  receiver,  and  two  edges  align.  Second,  one  must  be  aware  of  the  limita¬ 
tions  of  the  UTD  and  limited  number  of  UTD  diffraction  solutions.  This  problem 
area  manifests  itself  in  terms  of  the  UTD  model  used  to  simulate  the  actual 
structure.  Since  one  does  not  have  a  UTD  solution  for  all  possible  problems, 
he  must  attempt  to  approximate  a  given  structure  by  a  simpler  UTD  model  which 
can  be  analyzed  efficiently.  This  leads  to  two  questions: 

1)  can  one  accurately  analyze  the  simpler  UTD  model? 

2)  does  the  simpler  UTD  solution  accurately  model 
the  actual  situation? 

From  our  point  of  view,  the  second  question  is  all  important  and  must  normally 
be  answered  through  an  experimental  verification  process.  In  fact,  the  experi¬ 
mental  verification  actually  answers  both  questions. 

Based  on  our  fifteen  years  experience  in  this  area,  one  can  approach  the  develop¬ 
ment  of  UTD  solutions  iii  a  preferred  manner.  First,  one  should  start  with  a 
UTD  model  which  is  known  to  be  valid  for  a  similar  problem  or  with  a  simpler  two- 
dimensional  model  in  order  to  examine  the  significant  features  of  the  problem. 

One,  then,  proceeds  to  more  complex  configurations  until  he  is  satisfied  that 
the  UTD  model  resembles  the  actual  situation.  This  is  normally  done  in  terms  of 
critical  comparisons  with  experimental  results.  One  thing  to  keep  in  mind  is 
that  the  UTD  is  a  high  frequency  solution  and  will  begin  to  fail  as  critical 
dimensions  approach  a  wavelength.  Thus,  one  can  make  critical  tests  of  the  solu¬ 
tion  at  the  lower  frequency  limit  which  simultaneously  verifies  the  model  repre¬ 
sentation  and  the  UTD  approximations. 

In  order  to  illustrate  the  above  approach,  let  us  consider  the  pattern  analysis 
of  airborne  antennas  realizing  that  most  antennas  are  mounted  along  the  fuselage 
center-line.  With  this  in  mind,  a  simple  two-dimensional  UTD  model  can  be 
developed  to  study  roll  plane  patterns.  Using  this  model,  the  effect  of  the 
fuselage  shape,  engines,  and  wings  were  examined.  As  a  result  of  that  study  it 
was  ascertained  that  one  must  treat  the  fuselage  cross-section  in  terms  of  an 
elliptic  shape,  the  engine  effects  were  minimal,  and  the  three-dimensional  out¬ 
line  of  the  wing  was  very  significant.  At  this  point,  the  UTD  model  was  extended 
by  simulating  the  fuselage  with  an  elliptic  cylinder  and  wings  by  finite  flat 
plates.  Thus,  our  UTD  solution  was  extended  to  three  dimensions  as  shown  in 
Fig.  14.  With  the  development  of  this  model,  the  UTD  solution  was  compared  with 
scale  model  aircraft  measurements  such  as  shown  in  Fig.  15.  Based  on  numerous 
comparisons  with  various  aircraft,  antennas,  and  frequencies,  the  wing  curvature 
did  not  play  a  significant  role  and  the  jet  engine  scattering  was  minimal  for 
center-line  antenna  locations.  This  resulted  in  the  basic  roll  plane  aircraft 
model  shown  in  Fig.  16a.  A  similar  approach  was  used  to  analyze  the  elevation 
pattern  with  the  resulting  model  shown  in  Fig.  16b.  As  presented  in  [19]  these 
two  models  were  used  to  develop  a  full  volumetric  pattern  analysis  for  airborne 
antennas.  Some  of  the  results  of  that  solution  are  presented  in  Fig.  15. 
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Figure  14.  Dominant  rays  used  in  radi¬ 
ation  pattern  computation. 


Figure  15.  Radiation  patterns  of  Lind- 
berg  crossed-slot  antenna  mounted  at 
Station  470  on  KC-1 35  aircraft,  (a) 
Roll  plane  pattern  (E  ).  (b)  Roll 
plane  pattern  (E  ).  (c)  Elevation 
plane  pattern  (E*).  (d)  Elevation 
plane  pattern  (E“).  (e)  Azimuth  plane 
pattern  (E_ ) .  (fj  Azimuth  plane  pat¬ 
tern  (Ej.9 
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Figure  16.  (a)  Illustration  of  roll  plane  model, 

(b)  Illustration  of  elevation  plane  model. 
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One  should  realize  that  he  must  study  the  simpler  geometries  and  build  to  the 
more  complex  in  that  he  cannot  solve  the  problem  exactly.  If  one  starts  with  a 
complex  model,  he  is  most  likely  going  to  pay  a  premium  for  a  given  result 
especially  if  a  far  simpler  model  can  solve  the  same  problem.  The  costs  of  com¬ 
plex  solutions  are  rather  obvious: 

1)  large  complex  codes 

2)  inefficient  solutions. 

Given  that  one  has  found  a  simple  UTD  model  to  represent  a  given  situation,  how 
can  he  develop  an  efficient  solution  to  such  a  problem?  The  efficiency  for  most 
three-dimensional  problems  is  dictated  by  the  speed  at  which  one  computes  the  vari¬ 
ous  ray  paths.  As  an  example  of  an  efficient  ray  path,  one  can  refer  to  Ref.  [20] 
for  the  ray  path  from  a  source  on  an  elliptic  cylinder,  along  a  surface  geodesic, 
subsequently  diffracted  from  the  curved  surface,  where  it  is  finally  edge  dif¬ 
fracted  to  the  receiver. 

Another  aspect  of  efficiency  improvement  has  to  do  with  the  structure  of  the  pro¬ 
gram.  Considering  the  constraints  of  small,  medium,  and  large  computers,  it  is 
very  advantageous  to  write  computer  codes  which  do  not  hop  back-and-forth  through 
the  whole  program.  This  is  necessary  in  small  computers  because  one  must  overlay 
various  sections  of  the  code  into  a  small  amount  of  memory.  It  is  important  in 
medium  computers  because  they  usually  use  paging  algorithm  which  only  allocate 
a  certain  number  of  pages  per  program.  For  big  computers,  they  employ  cache 
memory  which  is  small  but  extremely  fast.  This  implies  the  following  for  large 
UTD  numerical  solutions: 

1)  define  all  fixed  geometry  aspects  associated  with  the 
problem  at  the  outset  and  store  it  in  "COMMON", 

2)  define  bounds  on  various  terms  such  that  complete  ray 

paths  do  not  have  to  be  found  before  one  decides  to 
include  a  term  or  not,  \ 

3)  use  a  single  array  to  store  the  pattern  data  which  is 
updated  each  time  a  new  term  is  added,  and 

4)  have  the  code  compute  each  UTD  term  (such  as  plate 
reflected  field)  for  the  complete  pattern  before  go¬ 
ing  to  the  next  term. 

Using  this  structure,  significant  computations  will  be  performed  within  smaller 
portions  of  the  total  code  before  proceeding  to  the  next  portion.  This  will  re¬ 
duce  the  amount  of  overlaying,  decrease  the  amount  of  paging,  and  utilize  cache 
memory  to  its  fullest  potential. 

Let  us  consider  a  second  major  code  development  being  done  at  the  Ohio  State 
University  ElectroScience  Laboratory.  This  code  allows  one  to  treat  an  antenna 
in  the  presence  of  a  set  of  plates  and  a  finite  elliptic  cylinder.  This  is  a 
very  general  code  such  that  one  can  model  a  wide  variety  of  scattering  problems. 

For  example,  it  has  been  used  to  study  wing  mounted  airborne  antenna  problems, 
a  ship  mounted  antenna  configuration,  a  communication  van  antenna  farm,  a  radar 
antenna  system  mounted  on  a  tank,  etc. 

The  code  is  divided  into  three  large  sections.  The  first  section  contains  the 
major  scattered  fields  associated  with  the  individual  flat  plates  and  the  inter¬ 
actions  between  the  different  plates.  These  Include  the  direct  field,  the  singly 
reflected  fields,  doubly  reflected  fields,  the  single  diffracted  fields,  the 
reflected-diffracted  fields,  and  the  diffracted-reflected  fields.  The  diffracted 
fields  Include  the  normal  diffracted  fields  as  well  as  slope  diffraction,  a  newly 
developed  heuristic  corner  diffracted  field  and  slope-corner  diffracted  field. 

The  double  diffracted  fields  are  not  Included  at  present,  but  a  warning  is  pro¬ 
vided  wherever  this  field  component  might  be  Important.  This  is  usually  only  a 
small  angular  section  of  space.  This  field  may  be  included  later  whenever  time 
and  effort  permit.  The  second  section  contains  the  major  scattered  fields  asso- 
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dated  with  the  elliptic  cylinder.  This  includes  the  direct  field,  if  not  already 
computed  in  the  plate  section,  the  reflected  field,  the  transition  field,  the  deep 
shadow  fields,  the  reflected  field  from  the  end  caps,  and  the  diffracted  field 
from  the  end  cap  rims.  The  diffracted  field  from  the  end  cap  rim  is  not  at  pre¬ 
sent  corrected  in  the  Dseudo  caustic  regions.  This  is  where  three  diffraction 
points  on  the  rim  coalesce  into  one.  This  is  only  important  in  small  angular 
regions  in  space  and  is  not  deemed  appropriate  to  be  included  at  the  present  time. 
An  equivalent  current  method  could  be  used  for  this  small  region  but  it  is  rather 
time  consuming  to  use  for  the  benefits  derived  from  it  for  such  a  general  code. 

The  third  section  contains  the  major  scattered  fields  associated  with  the  inter¬ 
actions  between  the  plates  and  cylinder.  This  includes,  at  present,  the  fields 
reflected  from  the  plates  then  reflected  or  diffracted  from  the  cylinder,  the 
fields  reflected  from  the  cylinder  then  reflected  from  the  plates,  and  the  fields 
diffracted  from  the  plates  then  reflected  from  the  cylinder.  These  terms  have 
been  found  to  be  sufficient  for  engineering  purposes  when  analyzing  wing-mounted 
aircraft  antennas  as  well  as  many  other  structures. 

The  subroutines  for  each  of  the  scattered  field  components  are  all  structured  in 
the  same  basic  way.  First,  the  ray  path  is  traced  backward  from  the  chosen  ob¬ 
servation  direction  to  a  particular  scatterer  and  subsequently  to  the  source  using 
either  the  laws  of  the  reflection  or  diffraction.  Each  ray  path,  assuming  one  is 
possible,  is  then  checked  to  see  if  it  is  shadowed  by  any  structure  along  the  com¬ 
plete  ray  path.  If  it  is  shadowed  the  field  is  not  computed  and  the  code  proceeds 
to  the  next  scatterer  or  observation  direction.  If  the  path  is  not  interrupted 
the  scattered  field  is  computed  using  the  appropriate  UTD  solutions.  The  fields 
are  then  superimposed  in  the  main  program.  This  shadowing  process  is  often 
speeded  up  by  making  various  decisions  based  on  bounds  associated  with  the 
geometry  of  the  structure.  This  type  of  knowledge  is  used  wherever  possible. 

The  shadowing  of  rays  is  a  very  important  part  of  the  UTD  scattering  code.  It  is 
obvious  that  this  approach  should  lead  to  various  discontinuities  in  the  resulting 
pattern.  However,  the  UTD  diffraction  coefficients  are  designed  to  smooth  out  the 
discontinuities  in  the  fields  such  that  a  continuous  field  is  obtained.  When  a 
scattered  field  is  not  included  in  the  result,  therefore,  the  lack  of  its  presence 
is  apparent.  This  can  be  used  to  advantage- in  analyzing  complicated  problems. 
Obviously  in  a  complex  code  the  importance  of  the  neglected  terms  are  determined 
by  the  size  of  the  so-called  gliches  or  jumps  in  the  pattern  trace.  If  the 
gliches  are  small  no  additional  terms  are  needed  for  a  good  engineering  solution. 
If  the  gliches  are  large  it  may  be  necessary  to  include  more  terms  in  the  solu¬ 
tion.  In  any  case  the  user  has  a  gauge  with  which  he  can  examine  the  accuracy 
of  the  results  and  is  not  falsely  led  into  believing  a  result  is  correct  when 
in  fact  there  could  be  an  error. 

There  have  been  many  codes  developed  at  the  ElectroScience  Laboratory  over  the 
past  fifteen  years  using  the  UTD,  two  of  which  have  been  briefly  described  here. 
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RESONANCE  SCATTERING  PREDICTIONS  AND  MEASUREMENTS 


Louis  R.  Dragonette  and  Lawrence  Flax 
ABSTRACT 

The  major  features  of  the  acoustic  scattering  function  (i.e.  pressure  amplitude  vs  frequency)  for  metal  spheres 
and  cylinders  in  water  are  related  to  the  free  modes  of  vibration  of  the  body.  This  well  founded  observation 
was  mathematically  formalized  by  separating  the  normal  mode  series  expression  for  the  scattering  function 
into  rigid  body  terms  and  resonance  terms,  and  an  explicit  expression  for  the  resonance  widths  was  obtained. 
The  frequency  position  and  amplitude  of  the  scattering  features  related  to  resonances  having  broad  widths  can 
be  accurately  measured,  and  can  be  utilized  to  determine  the  geometric  and  elastic  properties  of  submerged 
targets.  A  direct  relationship  between  the  individual  circumferential  waves  predicted  by  creeping  wave  theory 
and  resonances  has  been  estabished,  and  this  association  is  especially  useful  in  determining  the  properties  of 
the  leaky  Rayleigh  surface  wave. 

The  acoustic  scattering  by  simply  shaped  metal  objects  in  water  can  be  described  in  terms  of  the  free  body 
resonances  of  the  target  (Ref.  1).  Scattering  curves  can  be  used  to  predict  resonances  and  resonances  can  be 

(utilized  to  predict  scattering  behavior.  The  geometry  of  the  problems  considered  here  is  described  in  Fig.  1, 
which  shows  an  infinitely  long  cylinder  illuminated  by  a  plane  incident  wave  traveling  in  a  direction  perpendic¬ 
ular  to  its  axis.  As  will  be  demonstrated  later,  the  theoretical  solution  to  the  infinite  cylindrical  problem  given 
an  excellent  description  of  the  reflection  from  a  finite  cylinder  in  this  geometry.  The  simple  shapes  discussed 

(here  will  include  both  cylindrical  and  spherical  targets,  and  all  problems  considered  will  involve  targets  sub¬ 
merged  in  water. 
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Fig.  1.  The  geometry  of  the  problem.  A  plane  wave  illuminates  a  cylinder 
whose  central  axis  is  perpendicular  to  the  direction  of  the  incoming  wave. 
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It  has  been  demonstrated  (Ref.  1)  that  the  reflection  from  a  solid  metal  target,  whose  density  and  sound 
speeds  are  larger  than  the  density  and  speed  of  sound  in  water,  can  be  described  in  terms  of  a  rigid  body 
reflection  term  and  a  resonance  term.  A  thin  hollow  metal  target,  on  the  other  hand  can  at  low  ka  be 
described  in  terms  of  a  soft  background  on  to  which  the  resonances  are  superimposed.  The  familiar  rigid  and 
soft  scattering  solutions  for  an  infinite  cylinder  are  seen  in  Fig.  2.  The  quantity  plotted  in  Fig.  2  is  the  form 
function  /„  iir.ka),  which  is  the  normalized  far  field  backscattered  pressure.  Equations  (1)  and  (2)  define 
fm  for  cylinders  and  spheres  respectively. 

/«,  ( ir,ka )  -  (a/2r)[n(pr/p„)  (1) 

/„  (ir.ka)  -  (a Ur)  ( pjp„ )  (2) 

In  Eqs.  1  and  2,  a  is  the  radius,  r  is  the  range  between  target  and  field  point  p„  is  the  amplitude  of  the 
incident  plane  wave  and  p,  is  the  amplitude  of  the  backscattered  reflection.  The  k  is  the  wavenumber  of  the 
incident  sound  wave  in  water  (k  —  2ir/X). 
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Fig.  2.  The  backscattered  form  function  vs  ka  for  soft  (top) 
and  rigid  (bottom)  cylinders. 

The  form  functions  seen  in  Fig.  2  are  the  result  of  the  interference  of  specular  reflection  and  the  diffracted  or 
creeping  wave.  As  seen  in  the  figure,  the  creeping  wave  is  much  larger  for  the  rigid  case  than  for  the  soft 
case.  Figure  2  shows  a  steady  state  backscattered  result.  It  is,  of  course,  possible  to  compute  the  response  of 
the  cylinder  to  a  short  incident  pulse,  (Refs.  2-4)  and  it  is  possible  to  solve  the  problem  at  all  scattering  angles 
(Refs.  5-8). 

The  computed  response  of  a  rigid  cylinder  to  a  two  cycle  incident  pulse,  at  a  center  dimensionless  frequency 
kaa  —  10,  is  seen  in  Fig.  3.  The  response  at  scattering  angles  of  45°  and  75°  is  shown.  The  scattered  echo  is 
made  up  of  the  specular  reflection  and  a  creeping  wave  whose  relative  amplitude  and  position  are  functions  of 
the  scattering  angle.  The  echoes  computed  in  Fig.  3  are  obtained  from 

g,(ka,  0)  -  la /2rVnfmUca,  9)g,(ka)  U) 


In  Eq.  (3)  that  g,  is  the  Fourier  transform  of  the  incident  time  pulse  and  g,  is  the  transform  of  the  scattered 
echo.  The  scattered  time  pulse  p,(r)  seen  in  Fig.  3  was  obtained  by  computing  the  transform  of  Eq.  (3) 
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Fig.  3.  The  computed  response  of  a  rigid  cylinder  to  a 
two  cycle  incident  pulse  (far  left)  at  scattering  angles  of 
45°  (center)  and  75°  (right).  The  center  frequency  is 
k0a  -  10. 


using  fast  Fourier  transform  techniques.  The  quantities  ka  and  r  are  dimensionless  frequency  and  dimension¬ 
less  time  transform  pairs. 

r  -  (cr  -  a)/r  (4) 


By  definition  (Eq.  4),  r  is  equal  to  0  when  the  incident  pulse  reaches  the  position  of  the  center  of  the  target. 
References  2-4  discuss  this  approach  in  detail. 

A  measurement  made  on  a  metal  cylinder  in  air  with  k0a  —  10  is  seen  in  Fig.  4.  Theory  and  experiment  are 
in  excellent  agreement  as  expected,  since  the  impedance  difference  between  air  and  aluminum  closely  approx¬ 
imate  rigid  boundary  conditions.  Cylindrical  results  are  seen  in  Figs.  2-4  but  the  descriptions  are  much  the 
same  for  solid  spheres  (Refs.  2-5). 


Fig.  4.  The  measured  response  of  an  aluminum  cylinder  in 
air  at  a  center  frequency  k„a  “  10.  The  incident  pulse  and 
the  responses  at  scattering  angles  of  45°  and  75°  are  given 
from  left  to  right  respectively. 
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For  targets  in  water,  rigid  boundary  conditions  are  never  satisfied.  The  form  function  for  a  tungsten  carbide 
sphere  in  water  is  given  in  Fig.  5.  This  is  about  as  close  to  a  rigid  reflection  as  can  be  found  in  water.  For 
ka  <  7.4,  the  form  function  curve  closely  approximates  that  of  a  rigid  sphere.  At  ka  —  7.4  a  null  occurs  in 
/„  and  this  null  is  related  to  the  (2,1)  resonance  of  a  tungsten  carbide  sphere.  In  general  the  form  function 
curves  for  all  solid  metal  spheres  and  cylinders  whose  densities  and  velocities  are  greater  than  that  of  water 
will  satisfy  the  rigid  cylinder  curve  closely  until  the  ka  value  is  reached  at  which  the  (2,1)  resonance  is 
excited.  Experimentally  it  has  been  determined  that  elastic  effects  related  to  resonances  having  broad  reso¬ 
nance  widths  can  be  accurately  measured  both  as  regards  amplitude  and  position.  The  points  in  Fig.  5  are 
quantitative  measurements  made  on  a  tungsten  carbide  sphere  and  the  accuracy  with  which  the  frequency 
(ka)  position  of  the  resonance  effects  can  be  measured  permits  the  prediction  of  material  velocities  to  within 
0.5%. 


SPHERE  SIZE- PARAMETER  (ka) 


Fig.  5.  The  backscattered  form  function  for  a  tungsten  carbide  sphere  in  water. 
The  solid  curve  is  computed,  the  points  are  experimental  measurements. 


Equation  (5)  gives  the  essence  of  the  resonance  formalism. 


fn  (©) 


2 If'  2,<.[  1/2  (r„) 

(iirka)'12  Z„  -  Z  -  l/2(/T„) 


+  e  f"sinf„  cos(nQ) 


(5) 


In  Eq.  (5)  /„  is  an  individual  partial  wave,  i.e.,  a  single  term  of  the  form  function  series.  The  is  the 
scattering  phase  shift  for  a  rigid  cylinder;  the  T„  is  the  resonance  width,  Z  -  ka\  and  Z„  is  the  ka  value  at 
resonance. 


Equation  (5)  is  derived  and  discussed  completely  in  (Ref.  1).  The  significant  point  is  that  the  second  term  in 
the  bracket  belongs  solely  to  the  rigid  boundary  conditions  and  the  first  term  contains  the  resonance  informa¬ 
tion.  Reference  1  also  contains  the  formulas  for  computing  resonance  widths. 

The  form  function  for  an  aluminum  cylinder  is  given  in  Fig.  6.  In  this  figure  the  major  features  of  the  form 
function  are  identified  with  the  free  body  resonances  by  the  labels  (n,l).  Here  n  is  the  normal  mode  number 
and  /  is  the  eigenfrequency.  The  curve  for  aluminum  varies  widely  from  the  rigid  body  solution  (Fig.  2)  for 
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Fig.  6.  The  computed  form  function  for  an  aluminum  cylinder  in  water.  The  effects 
of  free  body  resonances  are  identified  by  the  labels  (n.D. 


ka  >  4.7;  however,  as  will  be  demonstrated  below  in  Figs.  7  and  8,  the  resonance  formalism  gives  an  accurate 
description  of  the  physics  of  scattering  from  aluminum  even  though  the  aluminum  response  varies  more  sub¬ 
stantially  from  the  rigid  than  the  response  of  tungsten  carbide  (Fig.  5). 


Figure  7  compares  the  n  -  2  and  n  -  3  terms  (i.e.  /2  and  f} )  from  the  normal  mode  series  describing  the 
rigid,  the  soft,  and  the  elastic  aluminum  form  functions.  Note  the  similarity  between  the  rigid  and  the  elastic 
curves.  These  curves  are  identical  except  in  the  ka  ranges  where  the  normal  mode  resonances  are  excited. 


Fig.  7.  A  comparison  of  single  terms  n  -  2  and  n  -  3  in  the  normal 

mode  series  solutions  for  aluminum  (—  —  — ),  rigid  ( - ),  and 

soft  (— •— )  cylinders. 


406 


Louis  R.  Dragonette  and  Lawrence  Flax 


0.0  2.0  4.0  6.0  8.0  10.0 


12.0 


ka 


14.0  16.0 


18.0  20.0 


Fig.  8.  The  n  —  2  term  in  the  rigid  cylinder  solution  is  subtracted  from  the 
n  —  2  term  in  the  aluminum  solution  isolating  the  (2,1),  (2,2),  and  (2,3) 
resonances. 


The  curve  seen  in  Fig.  8  shows  a  plot  of  the  n  -  2  term  for  the  rigid  normal  mode  series  solution  substracted 
from  the  n  —  2  term  for  the  solution  describing  aluminum,  i.e.,  /f1"51"  ( n,ka )  -  /fl,Kl  ( ir.ka ).  The  plot  seen 
in  Fig.  8  shows  that  the  amplitude  is  nearly  zero  except  in  regions  where  the  (2,1),  (2,2)  and  (2,3)  reso¬ 
nances  are  excited.  Figures  7  and  8  also  demonstrate  that  the  (2,1)  and  (3,1)  resonances  have  broad  reso¬ 
nance  widths  and  effect  /„  over  a  larger  frequency  range,  then  the  other  modes  identified  in  Figs.  7  and  8. 

The  relationship  between  the  circumferential  waves  predicted  by  creeping  wave  theory  and  the  resonances 
identified  in  Figs.  6-8  adds  some  insight  into  the  physical  mechanisms  involved  in  the  excitation  of  the  reso¬ 
nances  (Ref.  9).  In  (Ref.  9),  it  was  established  that  resonances  having  the  same  eigenfrequency,  /,  belonged 
to  families,  and  that  these  familites  could  each  be  identified  with  an  individual  elastic  circumferential  wave  as 
enumerated  by  Doolittle  et  al.  (Ref.  10).  All  resonances  having  a  particular  eigenfrequency  lable  /  are  associ¬ 
ated  with  the  R,'h  circumferential  wave.  Explained  in  terms  of  circumferential  waves,  resonances  occur  at  fre¬ 
quencies  for  which  the  circumference  of  the  cylinder  (or  sphere)  is  an  integer  number  of  circumferential 
wavelengths.  Thus,  the  (2,1)  mode  occurs  when  the  cylinder  circumference  is  exactly  two  wavelengths  of  the 
R[  circumferential  wave,  the  (3,1)  mode  when  the  circumference  is  3  wavelenths  etc.  A  similar  description 
applies  to  the  (n,  2)  resonances,  which  are  related  to  the  R2  circumferential  wave,  etc.  The  n  is  related  to  the 
number  of  circumferential  nodes  while  the  I  is  related  to  the  number  of  radial  nodes.  The  (w,  1)  resonances 
are  of  special  interest;  these  are  related  to  the  R  \  circumferential  wave  or  leaky  Rayleigh  surface  wave  (Ref. 
11).  This  relationship  and  an  examination  of  Fig.  6  indicate  that  the  Rayleigh  circumferential  wave  contribu¬ 
tion  to  backscattering  is  significant  only  for  ka  values  below  ka  —  15.  Previous  attempts  to  isolate  this  wave 
had  been  made  at  much  higher  ka  values  (Refs.  12,  13).  Experimental  isolation  of  the  Rayleigh  surface 
wave  was  attempted  based  on  the  predictions  discussed  above,  and  Fig.  9  and  10  show  the  detection  of  the 
wave  at  k0a  values  of  10.4  and  13.5.  In  both  figures  the  backscattered  specular  reflection  from  the  solid 
aluminum  cylinder  is  followed  by  the  echo  radiated  by  the  Rayleigh  surface  wave.  At  k0a  —  10.4  two  circum¬ 
ferential  transits  are  observed  whereas  at  k0a  —  13.5  the  attenuation  is  already  large  enough  that  only  the  sin¬ 
gle  transit  of  the  wave  can  be  seen.  The  Rayleigh  wave  is  seen  to  be  180°  out  of  phase  with  the  specular 
reflection  as  observed  (Ref.  14)  and  predicted  (Ref.  15)  previously.  In  this  ka  range  the  velocity  of  the  Ray¬ 
leigh  wave  is  a  function  of  frequency  (Refs.  16,  17)  which  leads  to  a  distortion  in  pulse  shape.  Reference  18 
describes  the  conditions  in  which  Figs.  9  and  10  are  observed. 

The  Rayleigh  surface  wave  is  most  strongly  observed  over  the  frequency  range  which  includes  the  (2,1)  and 
(3,1)  resonances.  It  is  attenuated  by  radiation  into  the  water  (Ref.  19)  and  as  frequency  increases  the 
cylinder  circumference  becomes  larger  with  respect  to  a  wavelength  and  the  Rayleigh  wave  ceases  to  give  a 
major  contribution  to  the  backscattered  form  function.  Likewise,  the  penetration  depth  of  the  Rayleigh  wave 
into  the  cylinder  is  a  function  of  frequency.  As  frequency  is  increased,  the  cylinder  radius  changes  from  a 
fraction  of  the  Rayleight  wavelength  to  multiples  of  wavelengths.  Thus,  it  should  be  possible  to  screen  out 
the  the  presence  of  flaws  and  also  to  obtain  information  on  their  position,  by  observing  the  shifts  in  the  (n,l) 
resonances  caused  by  the  existance  of  a  flaw.  Figure  11  shows  an  overlay  of  the  form  function  for  a  solid  iron 
cylinder  and  a  hollow  iron  cylinder  with  a  central  cavity  equal  to  0.1a,  (i.e.,  b/a  «■  0.1)  where  b  is  the  radius 
of  the  inner  air  core.  The  frequency  position  of  the  (2,1)  resonance  effect  is  seen  to  shift  significantly  while 
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Fig.  9.  The  experimental  observation  of  backscattering  due  to  Rayleigh  surface 
wave  on  an  aluminum  cylinder  at  k0a  —  10.4. 


Fig.  10.  The  experimental  observation  of  backscattering  due  to  the  Rayleigh 
surface  wave  on  an  aluminum  cylinder  at  k0a  —  13.5. 
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EFFECT  OF  A  CYLINDRICAL  CAVITY 
ON  THE  ACOUSTIC  RESPONSE  OF  AN  ELASTIC  CLYINDER 


Fig.  11.  Computation  of  the  form  function  for  a  solid  iron  cylinder 
and  an  iron  cylinder  with  a  hollow  core  of  radius  b/a  —  0.1. 

the  (3,1)  resonance  effect  changes  in  amplitude  but  not  in  frequency  position.  If  the  hole  were  closer  to  the 
surface  the  (3,1)  resonance  should  be  shifted.  Calculations  such  as  that  set  forth  in  Fig.  11  showed  measur¬ 
able  shifts  for  b/a  >  0.05.  No  off  axis  computations  were  attempted. 

It  was  stated  earlier  that  the  infinite  cylindrical  theory  describes  the  results  for  a  finite  cylinder  in  the 
geometry  described  in  Fig.  1.  This  is  demonstrated  by  the  results  seen  in  Fig.  12,  which  compares  infinite 
theory  for  an  elastic  aluminum  cylinder  and  experimental  values  obtained  from  short  aluminum  cylinders. 
The  experimental  method  and  conditions  are  delineated  in  detail  in  Reference  20.  In  Fig.  12  the  theoretical 
curves  are  plotted  with  a  grid  ka  —  0.05  which  is  the  limit  of  the  experimental  method  utilized  in  these  meas¬ 
urements. 


REFLECTION  FROM  SOLID  ALUMINIUM  CYLINDER 
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Fig.  12.  Comparison  of  the  computed  form  function  for  an  infinite  aluminum 
cylinder  and  experimental  measurements  on  short  cylinders. 
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Resonances  on  thin  air  filled  metal  cylindrical  shells  have  also  been  investigated  (Ref.  21).  For  a  thin  alumi¬ 
num  shell  the  geometric  background  term  passes  from  a  soft  background  at  low  ka ,  through  a  transition 
region,  to  a  rigid  region  which  extends  to  ka  —  «>.  The  extent  of  the  soft  and  transition  regions  depends  on 
the  shell  thickness  and  material.  A  particular  example  is  seen  in  Fig.  13  which  gives  the  form  function  for  an 
aluminum  shell  with  b/a  —  0.99  over  the  ka  range  0.2  <  ka  <  50.  In  this  case  the  soft  background  region 
extends  from  0  <  ka  <  25;  the  transition  region  from  25  <  ka  <  35;  and  the  rigid  region  encompasses 
ka  >  35.  *'■  ~ 


ka 

Fig.  13.  The  form  function  for  a  hollow  air  filled  cylindrical  shell  with  b/a  —  0.99. 

Over  the  soft  background  region  the  specular  reflection  from  the  shell  is  180°  out  of  phase  with  the  incident 
wave  and  in  the  rigid  region  the  specular  reflection  is  in  phase  with  the  incident  wave.  The  resonances  are 
described  in  terms  of  circumferential  waves,  and  all  the  resonances  observed  in  Fig.  13  are  related  to  a  single 
circumferential  wave.  As  in  the  case  of  the  Rayleigh  wave  on  a  solid  cylinder,  the  resonances  occur  when  the 
circumference  is  an  integral  number  of  wavelengths.  Thus,  the  speed  of  the  circumferential  wave  involved  in 
the  form  function  given  in  Fig.  13  can  be  obtained  directly  from  the  figure  as 

c*/c  \ka  -  3.7  (6) 

Here  c*  is  the  phase  velocity  of  the  circumferential  wave,  c  is  the  speed  of  sound  in  water  and  Ika  is  the 
spacing  between  resonances.  A  computation  of  the  backscattered  echo  reflected  when  a  two  cycle  pulse 
(center  frequency  k„a  —  10)  illuminates  the  sheel  described  in  Fig.  13  is  given  in  Fig.  14.  The  incident  wave 
is  at  the  right,  and  the  specular  reflection  (out  of  phase  with  the  incident)  and  the  successive  transits  of  the 
single  circumferential  are  observed. 


Fig.  14.  The  computed  backscattered  response  of  an  aluminum  shell  with 
b/a  —  0.99.  The  incident  pulse  is  seen  at  the  right  k0a  —  10). 
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The  resonance  theory  gives  an  excellent  descriptive  and  predictive  tool  in  dealing  with  the  scattering  by  sub¬ 
merged  solid  and  hollow  objects  with  material  properties  as  described.  Its  usefulness  in  problems  where  the 
scatterer  is  made  of  materials  whose  density  or  sound  speed  (shear  or  compressional)  is  lower  than  that  of  the 
surrounding  fluid  is  open  to  question. 
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ABSTRACT 


We  have  studied  resonance  effects  in  the  scattering  of  acoustic  waves  from  sub¬ 
merged  elastic  objects,  and  of  elastic  waves  from  cavities  and  elastic  inclusions. 
In  this  contribution,  we  present  some  results  on  the  scattering  of  compressional 
and  shear  waves  from  fluid-filled  spherical  cavities,  on  acoustic  scattering  from 
air- filled  elastic  cylindrical  shells  coated  with  absorbing  material,  and  on 
acoustic  scattering  from  air  bubbles  in  water. 


INTRODUCTION 


The  resonance  theory  of  acoustic  and  elastic-wave  scattering,  patterned  after  the 
earlier  theories  of  nuclear  resonance  scattering  (ref.  1,2),  has  recently  been 
applied  to  classical  scattering  problems,  such  as  the  scattering  of  sound  waves 
from  elastic  bodies  (refs.  3-6)  or  from  air  bubbles  in  water  (ref. 7),  and  the 
scattering  of  elastic  waves  (of  both  compressional  and  shear  type)  from  fluid- 
filled  cavities  in  solids  (refs. 8-13),  as  well  as  the  reflection  of  acoustic  waves 
from  layers  (refs.  14,15).  The  success  of  resonance  theory  consists  in  its  capa¬ 
bility  of  explaining  a  usually  very  involved  frequency  dependence  of  the 
scattering  cross  section  in  terms  of  a  geometrical,  non-resonant  background 
contribution  in  each  partial  wave  (or  normal  mode) ,  together  with  a  series  of 
resonance  contributions  in  each  partial  wave  which  interfere  with  the  background; 
in  addition,  all  these  normal  modes  interfere  with  each  other  in  the  total  or 
differential  cross  section.  Besides  this  practical  achievement  of  the  resonance 
theory  in  analyzing  and  labeling  these  resonances,  it  also  furnishes  a  theoretical 
explanation  of  the  physical  origin  of  the  resonances,  It  shows  them  to  be  caused 
by  a  phase-matching  of  repeatedly  circumnavigating  surface  waves  (for  the  case  of 
finite  or  semi-infinite  bodies) ,  these  waves  being  analogous  to  the  Regge  coles  of 
Nuclear  Physics  (ref. 2),  and  manifesting  themselves  by  the  recurrence  of  resonances 
at  different  frequencies  in  the  successive  partial  waves.  In  the  case  of 
resonances  in  elastic-layer  transmission  and  reflection,  these  are  caused  in  the 
usual  way  (ref. 16)  by  the  coincidence  of  the  trace  velocity  of  the  incident  wave  . 
with  the  characteristic  waves  propagating  in  the  free  plate;  but  for  the  case  of 
finite-body  resonances,  these  can  likewise  be  formulated  in  terms  of  a  Dhase- 
velocity  coincidence  argument  (ref. 17). 


In  the  present  review,  we  would  like  to  outline  recent  progress  in  our  studies  of 
resonance  scattering,  mainly  on  the  topic  of  elastic-wave  scattering  from  fluid- 
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filled  spherical  cavities  imbedded  in  non-absorptive  or  in  viscous  media,  but  also 
on  some  effects  of  sound  scattering  from  air  bubbles,  or  from  air-filled  elastic 
cylindrical  shells  coated  with  absorbing  material. 


THEORY 


The  theory  of  resonance  scattering  has,  e.g.  for  the  case  of  elastic-wave 
scattering  from  spherical  fluid-filled  cavities,  been  outlined  elsewhere  (ref.  8), 
with  the  following  results.  If  the  scalar  potential  of  the  incident  plane 
compressional  wave  is  expanded  in  the  form 


*inc  =  nIo  in  (2n+U  jn(^Pn(cosQ) 


(1) 


then  the  scattered  congressional  wave  is  given  by 

$  *  I  inA  (2n+l)h  C1)(Kr)P  (cos0),  (2) 

vsc  n=o  n  n  n 

K  being  the  compressional  wave  number  in  the  elastic  medium.  We  may  introduce  the 
corresponding  element  of  the  S-matrix  by 


S  =  1  ♦  2 A 
n  n 


(3) 


which  in  resonance  theory  has  the  form 


S  =  exp(2i4  )  ? 

n  n  2=1 


x  ♦  h  ir'  „ 
ni. _ 1  ni. 

x  +  h  ir 

n  l  ni. 


(4) 


Here,  x  =  Ka  where  a  is  the  radius  of  the  cavity,  x  is  the  ith  resonance 
frequency  of  the  nth  partial  wave,  and  T  are  nS>  corresponding  widths.  The 
S-matrix  element  of  scattering  from  an  n*  evacuated  cavity  has  the  form 


§  ^  *  exp  (2i$  ) ,  (5) 

n  n 


and  appears  here  as  a  factor  of  S^;  accordingly,  the  scattering  amplitude  in  Eq. 
(2)  is  given  by 


A  =  S  C°) 
n  n 


H  M 

ao  ni  -i$ 

£  - ♦  ie  n  sinrt 

2*1  x  -  x  ♦  4  ir  n 


ni 


ni 


(6) 
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Modulus  of  partial  wave  P-*P  scattering  amplitudes  (left  column),  and  of 
nonresonant  background  (right  column)  for  partial  waves  n  =  0  (top)  and 
n  =  1  (bottom),  for  congressional  waves  scattered  from  a  water-filled 
spherical  cavitiy  imbedded  in  an  aluminum  matrix,  plotted  vs.  Ka  (ref.R). 
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Fig.  lb.  Modulus  of  resonance  amplitudes  for  P~wave  scattering  from  a  water-filled  spherical 
cavity  in  al  aluminum  matrix;  P-»  P  resonances (left  column)  and  P— >  S  resonances 
(right  column)  are  plotted  vs.  Ka,  for  partial  waves  n  =  0,  top,  and  n  =  1,  bottom 
(ref.  9). 
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demonstrating  that  the  nth  partial  wave  amplitude  consists  of  a  geometrical  non¬ 
resonant  background  contribution,  given  by  the  second  term  in  parentheses  in  Eq. 
(6) ,  with  a  series  of  superimposed  (and  interfering)  resonances  given  by  the  sum 
in  that  same  equation.  Numerical  illustrations  of  these  anplitudes  will  be  given 
in  the  following. 


VISCOELASTIC  SCATTERING  FROM  A  FLUID-FILLED  CAVITY 


The  scattering  of  elastic  compressional  (P)  waves  from  a  spherical  fluid-filled 
cavity,  generating  scattered  P  waves,  or  scattered  shear  (S)  waves  (mode  con¬ 
version),  has  been  dealth  with  by  us  on  the  basis  of  resonance  theory  (refs.S-12), 
as  well  as  the  scattering  of  shear  waves  which  also  may  mode-convert  into  P  waves 
(ref. 13) . 

Figure  la  presents  the  modulus  of  the  partial-wave  scattering  amplitude  An  (left 
column)  for  P-wave  scattering  without  mode  conversion  from  a  water-filled 
spherical  cavity  in  an  aluminum  matrix,  for  n  =  0  (top)  and  n  =  1  (bottom), 
showing  resonances  interfering  with  the  smooth  background.  The  right  column  of 
that  figure  presents  the  background  alone,  which  was  obtained  by  considering  an 
evacuated  cavity.  The  curves  are  plotted  vs.  x  =  Ka.  When  that  background  is 
subtracted  from  the  total  partial  wave  amplitude  before  taking  the  modulus,  the 
resonances  alone  are  left  over;  they  are  shown  in  Fig.  lb  without  mode  conversion 
(left  column),  and  with  mode  conversion,  i.e.  P-»  S  scattering  (right  column). 

This  figure  demonstrates  that  in  these  two  cases,  the  resonance  freauencies  are 
the  same  (since  they  always  originate  from  the  dgenvib  rations  of  the  fluid  filling 
the  cavity),  but  that  the  resonance  amplitudes  have  different  heights  since  the 
excitation  mechanism  is  different.  It  is  seen  that  corresponding  resonances 
appear  in  different  partial  waves  (labeled  correspondingly  in  Fig.  lb'),  but  shift 
to  higher  frequencies  as  n  increases.  As  we  shall  see  later,  these  "Regge 
recurrences"  (Ref. 2)  are  the  manifestations  of  families  of  surface  waves  that 
circumnavigate  the  cavity,  and  that  cause  the  resonances  at  the  integer  values  n 
where  they  constructively  interfere  by  phase  matching. 

The  effect  of  absorption  present  in  the  matrix  medium  is  exhibited  in  Fig.  2  where 
the  n  =  1  partial  wave  amplitude  modulus  is  plotted  for  an  air-filled  cavity  in 
rubber.  The  resonances  are  here  very  narrow.  The  absorption  (described  by 
imaginary  parts  in  the  Lame  constants  of  the  rubber)  is  taken  to  increase  when 
proceeding  from  top  to  bottom  of  Fig.  2  It  is  seen  that  the  resonances  are  little 
affected  by  increasing  absorption,  but  that  the  diffraction  minima  of  the 
background  are  successively  filled  in.  This  is  to  be  expected  since  the  background 
depends  on  the  (absorptive)  matrix  material  while  the  resonances  depend  on  the 
(non- absorptive)  cavity  filler. 

The  elastic-wave  backscattering  cross  section  is  proportional  to  the  squared 
modulus  of  the  stun  in  Eq.  (2),  so  that  here,  all  the  modes  interfere.  We  have 
plotted  this  quantity  vs.  Ka  up  to  10  at  0  =  180°  in  the  far  field,  summing  over 
n  from  n  *  0  up  to  15  in  Fig.  3.  While  earlier,  the  seemingly  irregular 
structure  of  this  plot  would  have  been  hard  to  interpret,  our  analysis  aids  in 
locating  the  resonances  which  remain  quite  distinct  in  this  plot  (as  labeled). 

The  plot  again  refers  to  a  water-filled  cavity  in  aluminum.  We  have  demonstrated 
(ref. 12)  that  an  acquisition  of  the  resonance  spectrum  from  the  analysis  of  the 
scattered  echoes  will  allow  an  identification  of  the  fluid  filler  in  the  cavity 
(by  its  density  and  sound  speed),  and  further  analysis  will  also  identify  geo¬ 
metrical  shapes  of  cavities  and  complex  compositions  of  cavity  fillers. 


Modulus  of  summed  (n  =  0 _ IS)  P— >S  (too)  and  P— >  P  (bottom)  scattering 

amplitude  for  a  spherical  water-filled  cavity  in  an  aluminum  matrix. 
Resonances  are  identified  and  labeled  (ref.  9). 
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It  has  been  shown  (refs.  5,9,18)  that  if  in  the  scattering  amplitude  coefficient 
(x)  both  n  and  x  are  considered  continuous  (complex)  variables,  then  <&sc  of  Eq. 
(2)  may  be  represented  in  terms  of  a  series  of  circumferential  waves  (labeled  by 
t) ,  propagating  over  the  surface  of  the  scattering  object  with  phase  velocity 
ratios 


cl  (x)/cd  =  x/Re  (n£  +  H)  (7) 

where  cd  is  the  compressional-wave  speed  in  the  matrix,  and  n^  are  the  resonance 
positions  in  |An  (x)  |  if  x  is  held  fixed,  and  n  is  considered  the  variable. 

Equation  (7)  describes  the  dispersion  curves  of  the  cirfumferential  waves,  which 
are  shown  in  Fig.  4  for  1=1  through  12.  The  quantities  n^  will  depend  on  the 
frequency  x,  and  every  time  the  latter  coincides  with  a  resonance  frequency, 

Re  n^  will  coincide  with  an  integer  n  so  that  (see  Eq.  7)  a  half-integer  number 
n  +  h  of  circumferential  wavelengths  will  fit  over  the  circumference  of  the 
spherical  cavity.  This  leads  to  perfect  phase  matching  (and  hence  to  a  resonant 
reinforcement  of  the  surface  wave  during  its  repeated  circumnavigations,  i.e.  to 
the  excitation  of  the  resonances)  since  it  can  be  shown  that  upon  passage  of  the 
surface  waves  through  the  convergence  points  of  the  sphere,  a  quarter-wavelength 
phase  jump  takes  place  (refs.  9,18-20). 

As  just  mentioned,  the  scattering  amplitudes  An  (x)  may  be  considered  functions  of 
two  continuous  variables  x  (frequency) and  n  (mode  number).  In  Fig.  5,  we  present 

|An(x)  -  An  (backg.)|  in  the  form  of  three-dimensional  plots  for  P-+P 
(Fig.  5a,  top),  P-?S  (Fig.  5a,  bottom),  S-»P  (Fig.  5b,  top)  and  S-*S  (Fig.  5b, 
bottom)  scattering,  plotted  vs.  x  increasing  towards  the  lower  right,  and  n 
increasing  towards  the  upper  rear.  The  same  resonances  (with  different  amplitudes) 
occur  in  all  these  plots,  manifesting  themselves  as  parallel  ridges  (see 
especially  Fig.  5b)  that  are  inclined  to  either  axis.  (The  jagged  nature  of  the 
ridges  is  due  to  the  unitarity  property  of  the  S-matrix  which  causes  zeroes  in 
addition  to  the  resonance  poles).  If  these  surfaces  are  sliced  at  constant  n,  the 
frequency  resonances  of  Figs.  1,2  are  obtained.  If  the  surfaces  are  sliced  at 
constant  frequency  x,  the  same  ridges  give  rise  to  resonances  n^  in  the  mode 
number  variable  which  determine  the  propagation  constants  and  dispersion  curves 
(Fig.  4)  of  the  circumferential  waves  (refs.  5,  9,  18). 

For  air-filled  spherical  cavities  in  lossless  rubber.  Fig.  6  presents  (a)  the  total 
neonopole  (n  =  0)  scattering  amplitude,  (b)  the  isolated  resonances,  and  (c)  the 
background  (ref.  11).  Note  that  the  background  here  contains  the  "giant  monopole 
resonance"  which  is  due  to  the  presence  of  the  shear  modulus  in  the  rubber  matrix, 
as  discussed  earlier  (ref.  21);  it  is  therefore  not  a  resonance  in  the  sense  we 
usually  employ  here,  i.e.  being  due  to  oscillations  of  the  cavity  filler.  However, 
a  small  portion  of  the  monopole  fundamental  resonance  (left  most  spike  in  Fig.  6b) 
indeed  is  due  to  the  compressibility  of  the  air-filler,  as  are  also  all  the 
overtones. 

The  effect  of  an  absorptive  (imaginary)  part  in  the  shear  modulus  of  the  matrix 
manifests  itself  in  a  very  interesting  manner,  as  shown  in  Fig.  7.  This  figure 
plots  the  normalized  resonance  half-width  T0  0f  the  resonance  vs.  the  resonance 
frequency  f  (refs.  10,11)  resulting  in  a  sloping  straight  line  which  fits  the 
data  (ref. 21)  very  well,  while  the  neglect  of  shear  absorption  would  lead  to  the 
frequency-independent  value  cs/cd  ,  i.e.  the  ratio  of  S  and  P  waves  speeds.  A 
measurement  of  the  monopole  resonance  widths  will  thus  constitute  a  means  of 
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Fig.  S.b  Three  dimensional  plot  of  KCx)  |  (after  removal  of  background)  vs. 
variables  x  and  n,  for  S— >P,  top  and  S — scattering,  bottom 

(ref.  13). 
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determinig  the  shear  absorption  of  the  matrix  material. 


ACOUSTIC  SCATTERING 


In  conclusion,  we  shall  discuss  some  examples  of  acoustic  scattering  that  were 
considered  by  us  recently.  A  very  simple  example  is  that  of  sound  scattering  from 
air  bubbles  in  water  (ref. 7).  Figure  8  shows  the  target  strenght  (backs cattering 
cross  section)  of  a  1000-micron  radius  air  bubble  plotted  vs.  frequency  f, 
exhibiting  the  giant  monopole  resonance  (which,  in  contrast  to  the  case  of  an 
air-filled  cavity  in  rubber,  stems  entirely  from  the  compressibility  of  the  air 
content  of  the  bubble.  Hence  it  is  a  genuine  resonance,  in  our  sense,  and  not  a 
part  of  the  background).  In  addition,  one  sees  the  higher  resonances  which  are 
both  overtones  of  the  giant  monopole,  or  are  higher-multipolarity  (dipole, 
quadrupole. . .)  resonances  and  their  overtones  (ref. 11). 

Our  other  example  of  acoustic  scattering  is  that  of  sound  normally  incident  upon  ar 
air-filled  elastic  cylindrical  shell  which  has  an  exterior  rubber  coating.  Fig. 9 
presents  the  partial-wave  amplitudes  n  ■  0  through  3  (from  top)  for  an  air-filled 
aluminum  shell  of  outer  radius  26.59cm,  a  thickness  of  7.98cm,  coated  by  layer  of 
rubber  0.08cm  thick.  The  left  column  shows  the  total  amplitudes,  and  the  right 
column  the  resonances.  The  latter  are  largely  the  same  as  those  of  a  similar 
aluminum  shell  without  coating,  as  given  by  us  earlier  (ref. 4),  but  extra  spikes 
at  the  values  k.a  =  33,  for  n  =  1  through  3  (k  ■  2wf/c,  c  =■  sound  velocity  in 
water,  a  =  outer  radius  of  coating)  now  appear  in  Fig.  8  which  are  due  to  the 
coating. 

CONCLUSIONS 


We  have  reviewed  some  recent  progress  in  the  scattering  of  elastic  and  acoustic 
waves  from  obstacles  in  solid  and  in  fluid  media.  The  analysis  is  based  on  the 
resonance  theory  of  acoustic  and  viscoelastic  wave  scattering,  with  The  latter 
bein?  now  extended  to  also  account  for  incident  shear  waves.  We  recently  also 
used  the  theory  in  the  resonance  scattering  analysis  of  sound  waves  interacting 
with  gas  bubbles  in  water,  and  with  air-filled  submerged  cylindrical  shells 
covered  with  layers  of  viscoelastic  materials.  In  all  these  situations,  it  is 
possible  to  isolate,  display  and  analyze  the  scatterer's  resonances  in  either  the 
frequency  or  in  the  mode  order  domains.  These  resonances  have  a  physical  inter¬ 
pretation  in  terms  of  surface  waves  circumnavi gating  the  scatterers,  and  the 
parameters  that  describe  the  isolated  resonances  also  describe  the  complete  behavi  c 
of  the  creeping  waves  including  the  angular  decay  rate,  Regge  trajectories,  and 
dispersion  curves.  On  the  other  hand,  the  creeping  waves  traveling  around  the 
obstacle  provide  a  physical  explanation  of  the  very  origin  of  the  resonance,  and 
the  general  interplay  between  creeping  waves  and  resonances  is  a  cause-effect 
relation.  This  work  finds  many  applications  in  geophysics,  medical  ultrasonics 
and  oil  prospecting,  as  well  as  in  acoustic  target  discrimination  problems. 
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Monopole  scattering  amplitude  from  an  air-filled  cavity  in  lossless  rubber 
(a)  total  amplitude,  (b)  isolated  resonances  of  air  filler,  and  (c) 
background  containing  the  giant  monopole  resonance  of  the  cavity  wall 
oscillations  ( ref .  11). 


Plot  of  scattering  amplitudes  n  *  0  through  3  (from  top) ,  for  an 
air-filled  cylindrical  aluminum  shell  coated  with  rubber.  Le  t  column 
modulus  of  total  amplitudes;  right  column:  resonances  of  shell  and 
coating,  after  subtraction  of  background. 
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THE  SINGULARITY  AND  EIGENMODE  EXPANSION  METHODS  WITH 
APPLICATION  TO  EQUIVALENT  CIRCUITS  AND  RELATED  TOPICS 


Carl  E.  Baum  and  B.  K.  Singaraju 

Air  Force  Weapons  Laboratory,  Kirtland  AFB,  NM  87117 


ABSTRACT 

Broadband  transient  electromagnetic  problems  have  been  of  great  interest  in  the 
last  few  years  primarily  because  of  nuclear  electromagnetic  pulse  (EMP)  interaction 
and  radar  identification  problems.  Singularity  expansion  (SEM)  and  Eigenmode 
Expansion  Methods  (EEM)  are  new  trends  in  solving  transient  electromagnetic  coupl¬ 
ing  problems. 

In  this  paper  we  present  some  of  the  rudimentary  concepts  of  SEM  in  the  form  of 
very  simple  formulae.  Techniques  for  obtaining  the  SEM  parameters,  such  as:  the 
natural  frequencies,  natural  modes  and  coupling  coefficients,  from  the  frequency- 
domain  integral -equation  formulation,  the  time-domain  integral -equation  formulation 
and  from  measured  data  are  discussed. 

An  exciting  and  very  new  application  of  the  SEM  as  applied  to  an  electromagnetic 
scattering  problem  is  the  construction  of  single  port  equivalent  circuits  for  the 
scatterer/antenna  using  the  SEM  parameters.  Although  both  open-circuit  and  short- 
circuit  boundary  value  problems  can  be  formulated,  we  discuss  the  short-circuit 
boundary  value  problem  in  this  paper.  We  define  the  short-circuit  boundary  value 
problem,  show  some  representations  for  the  driving  point  admittance  in  the  form  of 
pole  (taken  in  conjugate  pairs)  admittances  and  modified  pole  admittances  and 
define  the  source  terms  associated  with  these  formulations.  We  discuss  some  rea¬ 
lizability  considerations  for  the  pole  and  modified  pole  admittances. 

In  order  to  exhibit  our  technique,  we  consider  a  thin  linear  dipole  antenna  and 
derive  simple  analytical  formulae  for  the  short-circuit  current  and  the  driving- 
point  admittance.  By  considering  the  pole  and  modified  pole  admittances,  we  show 
the  realizability  of  the  driving  point  pole. admittances  and  thereby  show  a  repre¬ 
sentation  for  the  driving  point  pole  admittance  in  terms  of  inductors,  capacitors 
and  resistors. 

Equivalent  circuits  can  also  be  constructed  from  SEM  parameters  that  are  numeri¬ 
cally  calculated  or  calculated  from  frequency  domain  or  time  domain  measured  data. 
We  discuss  some  of  these  procedures. 


INTRODUCTION 


This  paper  deals  with  some  of  the  applications  of  the  Singularity  Expansion  Method 
(SEM)  and  the  Eigenmode  Expansion  Method  (EEM).  Over  the  last  few  years,  there  has 
been  an  increasing  interest  in  transient  electromagnetic  scattering  problems. 
Principal  reasons  for  this  new  interest  has  been  due  to  the  nuclear  electromagnetic 
pulse  (EMP)  interaction  problems  and  radar  classification,  identification  problems. 
These  are  wideband  phenomena  in  which  a  significant  number  of  resonant  frequencies 
of  the  scatterer  could  be  excited  by  the  incident  electromagnetic  pulse. 
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The  singularity  expansion  method  is  a  procedure  for  finding  the  response  of  a  scat- 
teTer  to  an  incident  electromagnetic  pulse  in  terms  of  the  resonant  frequencies  or 
poles  of  the  scatterer  and  their  associated  residues.  Since  the  advent  of  SEM  [1] 
in  1971,  there  has  been  a  literal  explosion  in  the  numerical  and  analytical  work 
dealing  with  the  applications  of  SEM  to  transient  electromagnetic  problems.  This 
broad  spectrum  of  applications  includes  EMP  interaction  problems,  simulator  design 
and  radar  identification,  to  name  a  few.  In  this  paper  we  will  confine  ourselves 
to  a  discussion  of  some  of  the  applications  of  SEM  and  EEM  with  the  principal 
emphasis  on  single  port  equivalent  circuits. 


We  define  a  bilateral  Laplace  transformed  quantity  f(s)  (indicated  by  a  -  over  the 
quantity)  of  f(t)  as 


L[f(t) ]  =  f(s)  = 


f(t)  e'st  dt 

-  -00 


CD 


f(t)  =  L*1 [f  (s) ] 


rft  +  i® 
o 


f(s) 


St 

e 


ds 


(2) 


where  s  is  the  complex  frequency  defined  as 
s  =  ft  +  ju 


(3) 


The  bilateral  Laplace  transform  is  assumed  to  converge  in  the  strip  i  —  —  ^2 

Analytic  continuation  of  the  function  can  be  made  for  values  outside  the  strip 
except  at  the  singularities.  For  the  inversion  integral,  the  Bromwich  contour  is 
chosen  such  that  ftj  £  ftQ  £  ft ^  • 

In  terms  of  the  bilateral  Laplace  transformed  quantities.  Maxwell's  equations  in 
free  space  can  be  written  as 

7  x  t(r,s)  =  -suQ  H(r,s)  -  Jm(r,s) 


7  x  ft(r,s)  =  seQ  l(r,s)  +  J(r,s) 

7  •  t(r,s)  =  7  •  (uoH(r,s))  =  Pm(r.s) 

■** 

7  •  fi(r,s)  =  7  •  (e0E(r,s))  =  p(r,s) 


(4) 


We  also  define 


Y  =  =  complex  propagation  constant 


Z  =  / —  =  wave  impedance  of  free  space 


c  =  speed  of  light  (in  free  space) 
=  permeability  of  free  space 


(5) 


eQ  =  permittivity  of  free  space 
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We  write  the  general  integral  equation  for  an  antenna  or  scatterer  as 


(r.r'js) 


J  (r 1 


,s)^>  =  f(r, 


s) 


(6) 


where  J(r',s)  is  the  current  distribution  (volume,  surface  or  line  as  the  case  may 

be)  on  the  scatterer,  ?(T,T';s)  is  the  dyadic  kernel  associated-with  the  integral 
equation  and  is  related  to  the  Green's  function  G0C?,r';s)  and  ?(r,s)  is  the  inci¬ 
dent  (for  a  scattering  problem)  or  source  (for  an  antenna  problem)  field.  In  (6) 
<,>  indicates  integration  over  common  coordinates  in  a  volume,  surface  or  line 
integral  as  the  case  may  be;  the  symbol  above  the  comma  indicates  the  type  of 
multiplication  specified. 


BASIC  THEORY  OF  SEM 


In  this  section,  we  present  some  rudimentary  concepts  pertaining  to  SEM.  For  a 
more  detailed  discussion,  the  readers  are  referred  to  some  of  the  original  reports 
and  review  papers  [1-6] . 


Basics  of  SEM 


SEM  can  be  viewed  as  a  generalization  of  some  circuit  concepts  to  an  electromagnetic 
scattering  problem,  where  the  response  function  is  expanded  in  terms  of  the  singu¬ 
larities  of  the  scatterer  along  with  the  natural  modes  and  coupling  coefficients. 

The  singularities  of  the  scatterer  include  in  general  the  poles  (natural  or 
resonant  frequencies),  essential  singularities,  branch  cuts  and  singularity  at 
infinity  (entire  function)  [4] .  Although  both  electric  and  magnetic  field  integral 
equations  can  be  expanded  in  terms  of  the  SEM  parameters,  we  will  confine  our  pre¬ 
sent  discussion  to  the  electric  field  or  impedance  integral  equation  given  by 

;  j(?',s?>  =  i<inc)C?.s)  (7) 

where  the  dyadic  impedance  kernel  ?(r,r';s)  is  defined  via  the  free*space  dyadic 
Green’s  function  [7]  as 


Zfi 


=  syQ(f  -  -j  W)  GQ(r,r';s) 

with  the  scalar  free-space  Green's  function  Go(r,r';s)  defined  as 


Go(r,r';s)  = 


-Y|r-r'( 


r-r' 


? 


and  1  is  the  identity  dyadic. 


(8) 


(9) 


In  SEM  or  EEM  applications,  a  more  convenient  form  of  representation  of  (7)  is  for 
a  delta  function  excitation  !(?, s)  with  the  impulse  response  being  represented  by 
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r,r’;s)  ;  U(r- 


(10) 


It  is  clear  that  once  the  impulse  response  of  the  scatterer  is  known,  the  response 
for  an  arbitrary  excitation  can  be  easily  determined. 


In  finding  the  "standard"  solution  [8]  (non-SEM  type),  one  either  solves  (7)  or 
(10)  with  known  analytic  techniques  or  casts  these  equations  in  the  moment  method 
(MoM)  formulation  [9,10]  for  a  numerical  solution.  In  general,  if  the  incident 
pulse  shape  or  direction  is  changed,  we  will  have  to  again  solve  the  integral  equa¬ 
tion  for  each  pulse  shape  or  direction  of  incidence.  In  the  singularity  expansion 
method,  we  calculate  the  natural  or  free  characteristics  of  the  scatterer  and 
express  the  solution  as 


#(?.•)  =  I  Vh'Sa)  ^)(s  *  sa)  +  dD 

a 

where  sa  is  the  ath  complex  natural  frequency  (a  pole  of  the  response)  of  the 
scatterer.  The  natural  frequencies  are  a  characteristic  of  the  shape  of  the 
scatterer  and  are^not  dependent  upon  the  incident  field,  m^  is  the  multiplicity 
of  the  ath  pole,  va(r)  is  the  natural  mode  of  the  scatterer  corresponding  to  the 
natural  frequency  sa.  The  natural  mode  is  a  description  of  the  current  or  charge 
distribution  (or  any  other  electromagnetic  response  quantity)  associated  with  the 
scatterer  in  the  natural  state  and  is  independent  of  the  forcing  function, 
nodi, 8)  is  the  ath  coupling  coefficient  corresponding  to  the  natural  frequency  sa 
and  natural  mode  va;Ti  is  the  direction  of  the  incident  wave.  The  coupling  coeffi¬ 
cient  evaluated  at  s  =  s^  represents  the  strength  of  the  natural  oscillations  in 
terms  of  the  object  and  incident  wave  parameters;  it  is  not  a  function  of  the 
spatial  coordinates.  Note  that  fia  is  the  only  quantity  that  is  a  function  of  the 
incident  field.  W(r,s)  represents  singularities  other  than  poles,  such  as  essen¬ 
tial  singularities  and  branch  points.  Nature  of  W(r,s)  for  an  arbitrary  scatterer 
has  not  been  established  in  any  general  way.  For  finite  size  perfectly  conducting 
scatterers  of  sufficiently  simple  description,  it  has  been  shown  that  W(r,s)  is  an 
entire  function,  i.e.,  has  no  singularities  in  the  finite  s  plane  [2].  For  the 
remainder  of  this  paper,  we  will  confine  our  discussions  to  poles  of  multiplicity 
one,  i.e.,  mQ  *  1  in  (11). 

Natural  modes  and  natural  frequencies  are  the  solutions  of  the  homogeneous  integral 
equation 


</(r,r’;s0)  ;  .  S,  <§,(?•);  ?(?,?'!•„)>  =  J  (12) 


or  in  the  MoM  formulation 


Crn,mCsa» 


C°n>- 


<rn,m(sa» 


(V 


(13) 


I  -V  -► 

^  (r,r';sa)  is  not  defined.  This  trans¬ 

lates  in  MoM  formulation  to  those  sa  for  which  the  determinant  det(fn  m(sa))  =  0. 
Over  the  last  few  years,  a  number  of  techniques  [6,11,12]  including  Newton-Raphson 
and  contour  integration  have  been  developed  in  finding  the  locations  of  sa.  Once 
the  natural  frequencies  are  located,  natural  modes  are  found  from  (13)  by  way  of 
standard  matrix  solution  techniques. 


Coupling  coefficients  are  classified  according  to  whether  they  are  obtained  by  a 
series  expansion  of  the  response  (class  I)  or  from  the  inverse  kernel  (class  II). 
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Class  I  coupling  coefficients  are  given  by 

<V*> : 


na(1l's)  * 


(14) 


;  It  (^';s)  : 

s'sct 


with  tQ  (the  tum-on  time)  potentially  a  function  of  position.  Class  II  coupling 
coefficients  are  given  by 


VVs) = 


<e"  S"Sa  tQ  Wg(r)  I  !(?,)> 

’  £■?(?,?•  ;s)  I  va(r>r> 


a 


(15) 


with  tQ  potentially  dependent  on  both  r,r'.  More  details  on  these  basic  SEM  quan¬ 
tities  can  be  found  in  cited  references. 


A  question  which  naturally  arises  at  this  juncture  is,  which  coupling  coefficients 
should  one  use?  Basic  problem  with  the  coupling  coefficients  is  the  convergence  of 
the  time  domain  waveforms  at  early  times.  No  satisfactory  explanation  exists  at 
the  present  time  that  will  conclusively  give  preference  to  one  class  of  coupling 
coefficients  over  the  other  for  a  general  problem. 

Natural  Frequencies,  Natural  Modes  and  Coupling  Coefficients  from  Time  Domain 
Solutions 


We  have  discussed  procedures  for  obtaining  the  natural  frequencies,  natural  modes 
and  coupling  coefficients  from  the  frequency  domain  integral  equations.  We  now 
discuss  a  procedure  for  finding  the  natural  frequencies,  natural  modes  and  coupling 
coefficients  from  the  time  domain  integral  equation  solutions. 

In  this  procedure,  we  calculate  the  time  domain  response  of  the  scatterer  to  an 
incident  pulse.  The  incident  pulse  rise  time  is  chosen  such  that  a  large  number  of 
the  resonant  frequencies  of  the  scatterer  are  excited.  Note  that  not  all  resonant 
frequencies  of  the  scatterer  may  be  excited  for  a  given  angle  of  incidence  of  the 
excitation  pulse.  To  compensate  for  this  deficiency,  the  angle  of  incidence  will 
have  to  be  varied  over  a  wide  range  of  angles  and  the  response  calculated  at  a 
large  number  of  points  on  the  scatterer.  This  later  requirement  is  important  if 
we  want  to  find  the  natural  mode  distribution  on  the  body.  Having  found  the  time 
domain  response  at  various  points  on  the  scatterer,  the  technique  of  Prony  [13]  is 
used  to  find  the  natural  frequencies  and  coupling  coefficients  and  thereby  the 
natural  mode.  We  will  briefly  discuss  the  classical  Prony's  method  and  discuss  an 
example  of  a  time  domain  thin  wire  integral  equation  problem. 

Classical  Prony's  technique  is  simply  an  approach  to  fitting  some  time  domain  data 
f(t)  with  damped  exponentials.  Let  g(t)  be  the  time  domain  approximation  resulting 
from  the  model 


N  s  t 

«(*)  *  l  Rn  e  u(t  -  tQ) 


(16) 


r 


j 

. 
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We  enforce  the  condition  that  the  model  g(t)  equal  f(t)  at  2N  equidistant  sample 
points  (with  t0  usually  taken  as  0) 

g(mT)  *  f(mT)  m  »  1,2,...,2N  (17) 


where  T  is  the  sampling  interval.  We  also  define  a  complex  variable  z^  such  that 


z. 

i 


*  e 


siT 


i 


1,2,  ...,N 


(18) 


It  can  be  shown  that  Zj,  j»l,2,...,N,  are  the  roots  of  a  polynomial  whose  coeffi¬ 
cients  an  are  given  by  the  solution  to  the  set  of  linear  equations 


N 

l,  fn+ian  *  "fn+i 
n*i 


i-l,2,...,N 


(19) 


Having  found  the  polynomial  coefficients,  z^  are  found  resulting  in 


si 


2.n  z^ 


(20) 


R^  are  now  calculated  with  the  knowledge  of  Zj  and  the  use  of  (17),  (18),  and  (19). 


The  classical  Prony's  technique  works  reasonably  well  in  determining  the  natural 
frequencies  and  coupling  coefficients  in  the  absence  of  noise  in  the  data.  A  host 
of  iterative,  least  squares  and  z  transform  procedures  have  been  proposed,  with 
limited  success,  to  alleviate  the  problems  with  the  classical  Prony's  technique  in 
the  presence  of  noise  [14,15,16,17].  Readers  are  referred  to  extensive  references 
on  this  subject  [18] . 


The  time  domain  response  of  the  thin  wire  geometry  shown  in  Fig.  1  is  calculated 
using  the  time  domain  integro  differential  equation  (Pocklington  type).  Using 
Prony's  technique,  the  natural  frequencies,  natural  modes  and  coupling  coefficients 
are  calculated.  Shown  in  Table  1  are  the  comparisons  of  the  natural  frequency 
locations  calculated  by  three  different  techniques  [19].  Exhibited  in  Figs.  2,  3, 
and  4  are  the  real  and  imaginary  parts  of  the  natural  modes  and  the  coupling  coef¬ 
ficients,  respectively.  Comparing  these  with  the  direct  frequency  domain  technique 
calculations  indicates  that  the  accuracy  is  reasonably  good. 


TABLE  1  Comparison  of  the  Natural  Frequencies  Calculated 


by  Three  Different  Techniques  [19 


N 

Contour  Integration 
Technique  [11] 

Newton-Raphson 
Technique  [6] 

Time -Domain  Integral 
Equation  Technique  [19] 

1 

- .0828±j .9251 

-.082+j .926 

-.0819+j.919 

2 

- .1212±j 1.9117 

- .  120ij 1.897 

- . 121±j 1 .896  1 

3 

- ,1491±j2 .8835 

- .  147±j  2 .874 

-.149+j2.879 

4 

-.1713±j3.8741 

-.169+j3.854 

—  .1717 ± j  3 .866  | 

5 

-.1909±j4.8S36 

-.188+j4.835 

-.1916±j4 .852 

6 

-.2080±jS.8453 

-.20S+j5.817 

- .2093±j5 .839 

7 

- .2240±j6 .8286 

- .220±j6 .800 

-.2256±j6.821 

8 

- ,2383±j  2 . 8212 

- .234±j7. 783 

-.2386+j7.794 

9 

-.2S22+j8.8068 

- ,247±j8 . 767 

-.2S75+j8.775 

10 

-.2648+j9.8001 

-.260+j9.752 

-.2951±j9.735 
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Fig.  1.  Thin  wire  geometry 


Fig.  3.  Imaginary  part  of  the  normalized 
natural  model  [19] 


Fig.  2.  Real  part  of  the  normalized 
natural  mode  [19] 


Theta 

Fig.  4.  Real  and  imaginary  parts  of 
normalized  coupling 
coefficients  [19] 
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However,  this  technique  has  some  drawbacks  compared  to  the  direct  frequency  domain 
techniques.  The  principal  problem  has  been  that  no  second  layer  natural  frequencies 
have  yet  been  found  by  this  technique.  It  has  been  observed  that  the  higher  order 
layer  natural  frequency  contribution  is  important  in  assuring  convergence  at  early 
times.  Since  these  natural  frequencies  are  highly  damped  (compared  to  the  first 
layer),  extraction  of  these  natural  frequencies  and  coupling  coefficients  from  the 
time  domain  data  is  difficult  if  not  impossible.  Nevertheless,  this  is  a  useful 
technique  in  obtaining  the  SEM  parameters  from  the  time  domain  integral  equation 
approach.  This  technique  can  also  be  used  in  calculating  the  natural  frequencies, 
natural  modes  and  coupling  coefficients  from  measured  transient  data.  For  scat- 
terers  that  are  too  complicated  to  accurately  calculate  the  response  of,  this 
appears  to  be  an  important  area  of  future  research  because  the  SEM  parameters  are 
physical  observables.  The  reader  should  note  that  in  some  cases  singularities  other 
than  poles  are  expected;  the  above  considerations  for  poles  can  at  least  be  con¬ 
ceptually  generalized  to  other  types  of  singularities  in  the  form  of  distributed 
poles  [4].  Specific  numerical  procedures  need  to  be  developed  and  tried. 


APPLICATIONS  OF  SEM  IN  CONSTRUCTING  EQUIVALENT  CIRCUITS  FOR 
ANTENNAS  AND  SCATTERERS 


Introduction 

The  question  which  naturally  arises  is,  why  would  one  want  to  construct  an  equiva¬ 
lent  circuit  for  an  electromagnetic  scattering/radiating  problem?  Under  certain 
circumstances,  such  a  representation  could  be  helpful  in  providing 

1.  Physical  insight 

2.  Computational  convenience 

3.  Capability  of  using  well-established  circuit  transformation 
techniques 

4.  Combination  of  electromagnetic  analysis  with  physical  circuit 
elements,  transmission  lines,  etc.,  which  are  constructed  as 
part  of  an  antenna  or  scatterer 

5.  Use  of  existing  computerized  circuit  analysis  programs 

6.  Physical  construction  of  equivalent  circuits  for  use  in 
pulsers  for  special  types  of  EMP  simulators 

7.  Radar  target  detection  and  camouflage  techniques 

The  electromagnetic  theoretist's  urge  to  construct  equivalent  circuits  from 
Maxwell's  equations  is  nothing  new.  James  Clerk  Maxwell  [20]  himself  alludes  to 
lumped  parameters  such  as  inductors  and  capacitors  in  his  now  famous  work.  Trans¬ 
mission  lines  have  been  thought  of  in  terms  of  distributed  circuit  parameters  con¬ 
sisting  of  inductors,  capacitors  and  resistors  for  small  sections  of  transmission 
lines  [21] .  The  first  serious  attempt  to  construct  equivalent  circuits  from 
Maxwell's  equations  was  made  by  Gabriel  Kron  [22].  His  procedure  was  to  expand 
Maxwell's  equations  in  suitable  orthogonal  curvilinear  coordinate  systems  and  iden¬ 
tify  the  capacitance  and  inductance  for  each  differential  element;  however,  there 
are  several  drawbacks  in  this  procedure. 

Using  the  natural  frequencies  (resonances),  Schelkunoff  [23]  has  attempted  to  con¬ 
struct  lumped  parameter  circuits  for  the  input  impedance  of  antennas  at  each  of  the 
natural  frequencies.  This  was  based  on  function-theoretic  techniques  and  the 
assumption  that  impedances  are  analytic  functions  in  the  complex  frequency  plane. 

He  also  conjectured  on  the  existence  of  certain  representations  for  driving  point 
and  transfer  impedances.  In  a  recent  paper,  Bucci  and  Franceschetti  [24]  have 
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constructed  driving  point  admittance  equivalent  circuits  for  a  spheroidal  antenna 
in  a  dispersive  medium  and  have  also  calculated  the  transient  response  using  the 
natural  modes  in  spherical  coordinates.  In  this  technique,  however,  gyrators  had 
to  be  used  in  the  equivalent  circuits. 

The  equivalent  circuit  construction  procedure  we  will  discuss  is  based  on  Baum's 
original  work  [25]  .  Although  equivalent  circuits  can  be  constructed  for  both  short 
circuit  and  open  circuit  boundary  value  problems,  we  will  treat  short  circuit  bound 
ary  value  problems  only.  We  will  discuss  two  forms  of  equivalent  circuits  for  the 
short  circuit  boundary  value  problem,  discuss  realizability  conditions,  and  exhibit 
some  single-port  equivalent  circuits  for  a  thin  linear  dipole  antenna.  We  will 
also  discuss  a  procedure  for  constructing  equivalent  circuits  from  measured  data. 
More  details  on  these  procedures  can  be  found  elsewhere  [26]  . 


Basic  Theory 

We  will  now  define  the  short-circuit  boundary  value  problem  and  discuss  some  realiz 
ability  considerations.  A  more  detailed  discussion  can  be  found  in  the  references 
cited  [25,26] . 


The  short-circuit  boundary  value  problem.  In  order  to  construct  a  single-port 
equivalent  circuit  for  the  antenna/ scatterer,  we  define  a  single  port  on  the  body. 
At  these  terminals  we  construct  a  Norton  equivalent  circuit  with  Ya(s)  being  the 
antenna  driving  point  admittance,  and  Yt(s)  the  terminal  admittance  including  any 
terminal  loading.  The  terminal  admittance  does  not  enter  into  our  analysis  and, 
hence,  may  even  be  nonlinear.  The  driving  point  admittance  is  defined  as  the  ratio 
of  the  short-circuit  current  to  the  open-circuit  voltage  at  the  terminals  of  the 
antenna.  With  the  gap  geometry  defined  in  Fig.  5,  if  the  current  on  the  body  is 
3(r,s),  gap  width  A,  gap  electric  field  1L(r,s)  is  assumed  uniform  in  the  direction 
tg  (arbitrary),  the  driving  point  admittance  is  given  by 


incident  fields 


/ 


\ 


/ 


/ 


V, 


\ 


\ 


\ 


\ 


\ 


/ 


\  Remainder  of  object  is  contain^ 
\in  this  region.  Specific  y 
N^bject  shape  is  undefined 


Fig.  5.  Antenna  or  scatterer  with  single  port. 


440 


C.E.  Baum,  B.K.  Singaraju 


(21) 


*ga'iTg  ’  tg(r.s)  5  -V(s)  tg  (22) 

and  V(s)  is  the  gap  voltage.  Equation  (21)  is  valid  under  even  more  general  con¬ 
servative  forms  of  ?g(r).  In  defining  this  admittance,  we  assume  that  the  displace¬ 
ment  current  in  the  gap  is  small  and  that  most  of  the  current  is  due  to  charge 
motion.  If  the  gap  displacement  current  is  not  small,  we  will  have  to  include  the 
gap  capacitance  as  part  of  the  terminal  loading  of  the  antenna/ scatterer.  In  terms 
of  an  incident  electric  field  ^inc(^*s),  we  can  write  the  short-circuit  current 
density  in  the  SEM  form  for  a  perfectly  conducting  body  as 


n  (s  )  v  (r) 
-  a  ^  a  J  a  **  J 

t  >  r  sc  sc  sc 

sc(r,s)  s  l  - 
5  a  s”  "a 

sc  sc 


(S  -  s  - +  Wsc^ 


(23) 


na  (sct  5  = 
sc  sc 


<?„  (?)  ;  t,c?..„  )> 

^  sc  ^  a+g 


sc 


<?a  (?)  :^ ?(?.?■; S) I  :$„(?’)> 


sc 


s=s 


sc 


a+g 


sc 


where  the  subscript  sc  indicates  that  the  SEM  parameters  are  for  the  short-circuit 
boundary-value  problem.  To  keep  the  notation  simple,  we  will  drop  this  subscript 
with  the  implied  understanding  that  the  problem  being  treated  is  the  short-circuit 
boundary-value  problem.  The  subscript  g  indicates  that  the  integration  is  over  the 
gap  region  while  the  subscript  a+g  indicates  integration  over  the  antenna  and  the 
gap. 


For  both  admittance  and  short-circuit  current  through  the  gap,  the  gap  current  is 
defined  via 


I(s) 


■<3 


J(r,s) 


(24) 


Also  (23)  can  be  used  for  both  short-circuit  current  and  admittance  provided  that 
the  source  electric  field  ts  is  taken  to  correspond  to  the  incident  electric  field 
(over  a+g)  and  to  the  gap  electric  field  (zero  outside  g)  for  the  scattering  or 
antenna  problems,  respectively. 

Using  (21),  (23),  and  (24)  the  antenna  driving  point  admittance  can  be  written  as 


Y 

a 


(s) 


r*  l 


(s  - 


scP 


♦  Vs>j 


(25) 
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where  Z0  is  the  free  space  impedance,  Ye(s)  is  termed  the  admittance  entire  function 
and  a^  the  normalized  admittance  coupling  coefficient.  If  we  assume,  without  any 
loss  of  generality,  that  the  gap  electric  field  is  in  the  tg  direction,  aa  can  be 
rewritten  as 


Corresponding  to  each  of  the  poles,  we  can  also  define  a  driving  point  pole  admit- 
tance  Y-^s) 


(s) 


_1_ 

Z 

o 


(28) 


Source  terms  for  each  pole  admittance  can  be  defined  for  a  given  incident  field 
EincCfr* s) 


where  the  subscript  p  indicates  different  polarization  directions,  fp(s)  the  gener¬ 
alized  incident  waveform,  op(r,s)  the  generalized  spatial  dependence.  The  short- 
circuit  current  can  then  be  written  as 


nr)  -i  { z  v«)  vP  j  V50  + 1  l  "e'p(s)  I **(s) 


where  Va  p,  the  pole  voltage  source  for  a  given  polarization  (or  more  general  spa¬ 
tial  dependence)  is 


We  interpret  Z  fp(s)  Va  p  as  the  pole  voltage  source,  Z  fp(s)  VCjp(s)  as  the  entire 

function  voltage  source.  For  the  remainder  of  this  paper,  we  ignore  the  entire 
function  contribution  and  deal  with  the  pole  admittances  and  sources. 


Some  realizability  considerations.  We  assume  that  the  object  into  whose  ports  we 
are  looking  is  passive.  The  driving  point  impedance  Zd.p.(s)  (and  admittance 
Yd.p.(s)  3  ZdTp.(s))  must  be  positive  real  (P.R.)  for  it  to  be  realizable  with 
resistors,  inductors,  capacitors  and  possibly  ideal  transformers.  A  rational 
driving  point  function  is  P.R.  if  [27,28] 
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1.  The  function  is  real  for  real  values  of  s  (co  -  0) 

2.  The  function  is  analytic  in  the  right  half  plane 

3.  jui  axis  poles  (ft  =  0)  are  simple  and  have  positive  real 
residues  at  the  poles 

4.  Real  part  of  the  function  is  not  negative  on  the  joj 
(12  *  0)  axis  and  as  s  -*•  »  in  the  RHP  (right  half  plane) 

[Re[s]  >  0] 

Numerous  test  procedures  have  been  developed  to  determine  if  a  driving  point  func¬ 
tion  is  P.R.  We  will  not  discuss  the  general  realizability  considerations,  but 
confine  our  discussions  to  two  simple  cases. 


For  a  perfectly  conducting  body  that  is  passive,  the  driving  point  quantity,  i.e., 
the  sum  of  all  pole  terms  and  the  entire  function  is  P.R.  This  of  course  implies 
that  an  equivalent  circuit  representation  exists,  at  least  in  a  limiting  or  approxi¬ 
mation  sense,  and  one  can  synthesize  a  representation.  Since  the  synthesis  proce¬ 
dure  is  not  unique,  for  a  given  scatterer/antenna  a  multiplicity  of  equivalent 
circuits  can  be  synthesized  for  a  given  driving  point  representation.  Our  aim  is 
to  construct  equivalent  circuits  for  the  driving  point  pole  admittances  (taken  in 
conjugate  pairs).  Note  that  driving  point  pole  admittance  may  not  be  P.R.  even  if 
the  driving  point  admittance  is  P.R. 


If  we  consider  the  pole  admittances  of  the  form  (28),  Ya  is  P.R.  iff 

a 


>  “« 
-TO- 


(32) 


where  >  0,  iiaq  and  Har  are  the  real  and  imaginary  parts,  respectively,  of  la- 
Geometrically,  this  implies  that  for  the  poles  at  sa,  the  residue  must  fall  in  the 
shaded  area  shown  in  Fig.  6.  However,  if  the  pole  is  on  the  real  axis  (i.e., 

Uq  =  0),  the  residue  a^  must  be  real  and  non-negative  and  hence  must  be  on  the  real 


Fig.  6.  Geometrical  interpretation  of_the  realizability  condition  (admittance 
residue  Sq  and  its  conjugate  a^  should  lie  in  the  shaded  area). 
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Pole  admittances  shown  in  (28)  can  be  modified  as 


Y'  rs)  ■  —  - 2 — 

V  Zo  I  s  '  sa 


Z  s  -  s„ 
o  a 


known  as  modified  pole  admittance.  Note  that  in  this  form  the  entire  function  is 
modified  by  - (1/Z0) (a^/Sa) .  If  the  driving  point  admittance  approaches  a  constant 
value  at  high  frequencies,  as  is  the  case  with  a  thin  dipole  antenna,  the  entire 
function  contribution  is  zero  and  hence  no  entire  function  is  necessary.  A  modi¬ 
fied  pole  admittance  ^^ts)  is  P.R.  iff 

-  S. ,V  i  ‘  t34) 

No  simple  geometrical  interpretation  exists  for  (34),  however,  we  can  rewrite  (33) 


Vs)  ■  i  fc  * 


which  can  be  interpreted  as  a  resistance  in  parallel  with  a  pole  admittance.  The 
first  term  in  (35)  is  realizable  if  its  real  part  is  non-negative,  while  the  second 
term  is  realizable  if  it  satisfies  the  ratio  condition  (32)  .  Although  a  represen¬ 
tation  of  the  form  (35)  is  useful  in  obtaining  a  simple  criterion  for  the  P.R. 
properties  of  (33),  it  is  not  very  useful  in  the  synthesis  procedure  for  a  thin 
linear  dipole  antenna.  It  should  be  noted  that  other  choices  of  an  additive  con¬ 
stant  in  (33)  are  also  in  principle  allowed  in  the  definition  of  modified  pole 
admittance . 

In  the  case  of  the  pole  admittance  formulation,  as  s  +  0  the  driving  point  admit¬ 
tance  approaches  a  constant  value  while  in  the  case  of  the  modified  pole  admittances 
it  approaches  zero.  Depending  upon  the  low-frequency  behavior  of  the  antenna/ 
scatterer,  one  chooses  the  appropriate  representation. 

In  general,  if  the  low  and  high  frequency  behavior  of  the  admittance  is  known,  more 
efficient  representations  for  the  driving  point  admittance 


*  I  rrr-  *  Vs> 


*•  s  -  s  e' 
a  a 


can  be  written  as 


Ya(s) 


a 

s  -  s_ 


with  all  an  real.  If  we  consider  a  truncated  set  of  poles  (not  all  poles 
considered),  Ya(s)  constant,  then  aj  through  a«o  can  be  set  to  zero  leading  to 
a  resistor  of  l/aQ  ohms  in  parallel  with  the  pole  admittances.  It  has  been  shown 
that  a  non-zero  value  of  a0  is  required  for  the  truncated  pole  series  to  well 
approximate  the  admittance,  at  least  at  low  and  resonant  frequencies  [29] . 

We  now  have  a  systematic  way  of  establishing  that  the  given  pole  or  modified  pole 
admittances  are  P.R.  and  thereby  proving  that  they  are  indeed  realizable.  This, 
however,  does  not  say  much  about  the  form  of  the  resulting  network,  nor  does  it 
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establish  a  procedure  for  synthesizing  one.  Fortunately,  network  synthesis  is  a 
well  established  electrical  engineering  discipline  and  a  variety  of  techniques 
including  Butt-Duffin  procedure,  Brune  synthesis,  Miyata  synthesis  and  Darlington 
synthesis  among  others  are  available  [28,30,31,32]. 


Equivalent  Circuits  for  a  Thin  Linear  Dipole  Antenna 

In  general,  we  can  construct  equivalent  circuits  for  a  scatterer/antenna  from  the 
SEM  parameters  calculated  analytically  or  numerically.  It  is  clear  that  these  SEM 
parameters  can  be  found  from  measured  data  also.  We  will  now  consider  a  thin 
linear  dipole  antenna  and  discuss  some  of  these  procedures.  More  details  can  be 
found  elsewhere  [26]  . 


Analytical  calculation  of  pole  admittances.  Pocklington ' s  integral  equation  for  a 
thin  wire  is  given  by 


rl 

o 


I(z',s)  -sR/c 
4ttR 


dz' 


-se 


o 


gCinc) 


(z,s) 


(38) 


R2  =  (z  -  z')2  +  a2  (39) 

We  denote  the  operator  as The  geometry  of  the  thin  wire  is  shown  in  Fig.  1. 

Considering  the  first  layer  natural  frequencies  to  be  those  given  in  Table  2, 

TABLE  2  Foie  Locations  [(sqL)/(irc)  ]  in  the  Complex  Frequency 
Plane  for  the  Thin  Wire  of  2a/L  =  .01,  Determined  by 
the  Contour  Integration  Method  fllj.  (The  Numbers 
in  Parenthesis  in  this  Table  are  Reproduced  for 
Comparison  from  Tesche  [6].) 


n 

Layer  1 

Layer  2 

Layer  3 

n 

-.0828±j .9251 

C-.082±i .926) 

-2.1687±j.349xi0-11 
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3 

WSBSBmSaM 
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m 

■n&sfS££ii 

-2.9l46±j3.5334 

(-2.890±j3.544) 

-5 .0693±j3 .8894 

5 

-3 .0454±j4 .5757 
(-3.025±i4.581) 

-5 .2851±jS .0070 

6 

-3.1640±j5 .6097 
(-.3139*15.603) 

-5.4647+j6.0811 

D 

-3 . 2659±j6 .6221 

-S.6277±j7.1478 

8 
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9 
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-5.9045±j9.2351 

10 

-. 2648+ j 9. 8001 
(-.260±j9.7S2) 
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and  the  corresponding  natural  modes  to  be  approximated  as 

Ia(z)  *  sin(^L  z)  =  ua(z)  ,  a  =  1,2,3,... 

the  denominator  of  the  coupling  coefficient  (residue)  can  be  written  as 

<v#  |s,s  C>  •  * 0(^ 


where  is  the  fatness  factor  given  by  =  2£n(L/a).  Neglecting  terms  of  order 
we  can  write  (41)  as 


8-s  L 


/j  i*  ;\aXs 
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Hence  the  driving  point  admittance  for  a  thin  dipole  antenna  can  be  written  as 

ns'i-7*kl 

where  the  radian  frequency  s  is  normalized  as  s'  =  sL/ttc,  and 


■ 


(5F)2  5i"2(lr  4>  a  ■ odd 


cx  3  even 


Note  that  (43)  is  appropriate  for  any  gap  width,  however,  as  a  consequence  of  (44), 
the  sum  is  over  odd  a  only.  If  the  gap  is  small,  i.e.,  A  <<  2L/cnr,  (44)  can  be 
simplified  as 


<*>2  ■ 


resulting  in 


5<s>  "  I  T-T7T 


1.  S'  -  S' 
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a  =  odd 


a  =  even 


a  =  odd,  A  « 


A  «  — 
air 


with  the  pole  admittance  coupling  coefficient  a^  given  by 


°  Vo 


We  note  that  the  admittance  coupling  coefficients  Iq  are  real  and  positive  and 
hence  pole  admittances  are  realizable  pole  pair  by  pole  pair.  It  can  be  shown  that 
in  the  small  gap  approximation  (46)  results  from  the  short-circuit  current  on  the 
scatterer  if  the  source  term  is  eliminated.  This  has  been  found  to  be  true  for  a 
thin  linear  dipole  antenna  and  a  helix  [33] . 
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Shown  in  Figs.  7  through  12  are  the  real  and  imaginary  parts  of  the  conjugate  pole 
pair  admittances  and  the  driving  point  admittance.  Comparing  these  with  the  mea¬ 
surements  and  calculations  by  other  procedures  [34]  indicates  that  they  compare 
within  10%,  thereby  attesting  to  the  accuracy  of  the  approximations  made.  Using 
Brune's  synthesis  procedure,  these  conjugate  pole  pair  admittances  can  be  shown  to 
have  the  realization  shown  in  Fig.  13.  Comparing  these  pole  pair  equivalent  cir¬ 
cuits  with  those  obtained  by  Schelkunoff  [23]  ,  the  principal  difference  is  in  the 
inclusion  of  Ga  in  our  procedure.  Note  that  as  s'  -*•  0,  the  real  part  of  the  admit¬ 
tance  approaches  a  small  but  non-zero  value.  This  of  course  is  incorrect  for  a 
thin  linear  dipole  antenna.  This  is  corrected  by  the  inclusion  of  a  constant  term 
as  an  entire  function  (not  realizable  in  this  case)  or  by  modification  of  the  pole 
admittances.  An  alternative  method  follows  the  open  circuit  boundary  value  problem 
and  corresponding  pole  impedances  [25] . 

Analytical  calculation  of  modified  pole  admittances.  Starting  with  the  Pocklington' 
equation,  as  in  the  case  of  the  pole  admittances,  the  modified  pole  admittances  for 
a  thin  linear  dipole  antenna  are  given  by 


Y(s,)  '  7 


a  =  odd 


where  terms  of  order  &£  have  been  neglected.  If  the  gap  is  small,  (48)  reduces  to 


Y(s,)  a  O"  £  s'"s'S  -V) 
f  o  a  or  a' 


a  =  odd 


Comparing  this  with  (46),  the  modified  pole  admittances  and  pole  admittances  have 
the  same  residue  at  s’  =  s^.  In  the  limit  s'  -*■  0,  the  modified  pole  admittances 
become  zero  thereby  satisfying  the  condition  for  the  driving  point  admittance  for  a 
thin  linear  dipole  antenna.  We  note  that  (49)  is  obtained  from  (46)  by  way  of 


*(s,)  + h 

t  o  a  L  a  a  j 


where  the  entire  function  contribution  is  modified  by  -s^  .  If  we  compare  the  pole 
admittances  with  the  modified  pole  admittances,  the  modified  pole  admittances  are 
obtained  from  the  pole  admittances  by  the  addition  of  (l/s^) .  Note  that  the  real 
part  of  sa  is  negative,  which  implies  that  the  real  part  or  the  modified  pole  admit¬ 
tance  is  obtained  from  the  pole  admittances  by  the  addition  of  -2|(la]/((l^  +  a^j) . 
Although  this  yields  the  correct  behavior  for  the  low  frequencies,  this  will  make 
the  real  part  of  the  modified  pole  admittances  negative  at  high  frequencies.  This 
implies  that  the  modified  pole  admittances  are  non-P.R.  and,  hence,  non-realizable . 
An  interesting  axiom  is  that  if  the  pole  admittances  (modified  pole  admittances) 
are  P.R.,  corresponding  modified  pole  admittances  (pole  admittances)  will  not  be 
P.R.  assuming  the  pole  admittance  coupling  coefficients  to  be  real. 

Calculation  of  source  terms.  We  have  shown  that  driving  point  admittances  in  the 
pole  admittance  formulation  are  P.R.  and  hence  realizable.  Let  us  now  consider 
the  voltage  source  terms  associated  with  these  pole  and  modified  pole  admittances. 

If  we  conjugate  pole  or  modified  pole  pair  terms,  the  short-circuit  current  asso¬ 
ciated  with  the  pole  pair  a  can  be  written  as 

I  (s)  *  I  (s)  +  I  (s)  (51) 

or  '  a_  ' 


where  a+,  a_  are  the  conjugate  pole  pairs  and  implicit  in  (51)  is  the  location  of 
the  short-circuited  gap.  In  terms  of  the  incident  field,  (51)  can  be  written  as 


Real  Part  of  Y  _  Real  Part  of  Y 
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Normalized  Frequency 

Real  part  of  the  pole  admit¬ 
tance  for  the  first  conjugate 
pole  pair  =  10.6) 


Normalized  Frequency 

Fig.  8.  Imaginary  part  of  the  pole 
admittance  for  the  first 
conjugate  pole  pair 


Normalized  Frequency 

Real  part  of  the  pole  admit¬ 
tance  for  the  third  conjugate 
pole  pair  (Q^.  =  10.6) 


Normalized  Frequency 

Fig.  10.  Imaginary  part  of  the  pole 
admittance  for  the  third 
conjugate  pole  pair 
i.6) 


Normalized  Frequency 


Normalized  Frequency 


Fig.  11.  Real  part  of  the  pole  admit¬ 
tance  for  the  first  nine 
conjugate  pole  pairs 
(%=  10.6) 


Fig.  12.  Imaginary  part  of  the  pol 
admittance  for  the  first 
nine  conjugate  pole  pairs 
(%=  10.6) 
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*  conjugate  pole  pair  admittance  (Normalized) 


Fig.  13.  Network  realization  for  the  pole  admittance  formulation 
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(52) 


The  open  circuit  voltage  associated  with  the  conjugate  pair  is  given  by  the  ratio 
of  the  short-circuit  current  to  the  driving  point  pair  admittance.  Hence^  the 
voltage  source  coefficient  associated  with  the  conjugate  pair  admittance  (?) 

is  given  by 


V  Y  (s)  +  V  Y  (s) 
tt*.Pa*  a-.Pa- 

Vs)  +  Vs) 


Y  (s)  -  Y  (s) 
a  a 

+ _  - 

Ya+(s)  +  Ya_(s) 


(53) 


where  the  prefixes  Re,  Im  denote  real  and  imaginary  parts,  respectively,  and  the 
voltage  source  coefficients  are  given  by 


(54) 


with  the  incident  field  representation  given  by  (29)  and  antisymmetric  [35]  with 
respect  to  the  gap  as  assumed.  Note  that  in  (S3)  if  the  natural  modes  are  real, 
and  if  the  is  a  plane  wave  (or  sum  of  the  same)  with  zero  phase  (or  t  =  0 
defined)  at  the  center  of  the  gap,  the  voltage  source  coefficients  are  real  con¬ 
stants,  and  Va>p(s)  is  not  a  function  of  s,  which  is  a  significant  advantage  for 
realizability,  in  our  present  case,  (53)  simplifies  to  a  simple  voltage  source  in 
series  with  our  conjugate  pair  admittances . 


Comments  on  other  procedures  for  constructing  equivalent  circuits.  We  have  shown 
that  under  certain  analytical  approximations  some  very  simple  formulations  can  be 
derived  for  the  driving  point  admittances  and  have  also  shown  that  these  driving 
point  admittances  are  pole  pair  by  pole  pair  realizable.  One  can  solve  the 
Pocklington  or  Hallen's  equations  for  a  thin  wire  and  calculate  the  pole  pair 
admittances  more  "accurately"  using  the  MoM  formulation.  In  our  procedure  the 
residues  for  the  pole  admittances  were  real  as  were  the  natural  modes.  It  is 
possible  that  in  the  numerical  procedure  these  quantities  may  be  complex,  thereby 
making  the  pole  pair  and  modified  pole  pair  admittances  unrealizable.  If  this 
happens,  it  simply  means  that  the  real  part  of  the  pole  or  modified  pole  pair 
admittance  is  negative  over  a  small  portion  of  the  frequencies.  There  are  resis¬ 
tive  padding  techniques  [30]  that  are  available  in  the  synthesis  procedure  that 
will  make  these  admittances  realizable. 


In  addition  to  numerical  techniques,  one  can  use  measured  data,  such  as  the  ter¬ 
minal  voltage  of  an  antenna  to  construct  equivalent  circuits.  In  this  procedure, 
one  calculates  the  natural  frequencies,  coupling  coefficients,  etc.  from  measured 
time-domain  or  frequency-domain  data  via  Prony  or  some  modified  Prony  technique. 
Once  these  SEM  parameters  are  calculated,  one  can  proceed  in  a  direction  akin  to 
our  procedures  discussed  earlier  and  construct  equivalent  circuits  for  the  driving 
point  admittance.  Although  not  directly  related  to  our  technique  of  constructing 
the  equivalent  circuits  for  conjugate  pair  admittances  Schaubert  [36]  showed  a 
realization  procedure  for  the  driving  point  admittance  from  the  measured  data. 
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SUMMARY 


This  paper  has  tried  to  illustrate  some  of  the  general  concepts  in  the  construction 
of  equivalent  circuits  at  an  antenna/scatterer  port  by  application  to  the  specific 
example  of  a  thin  linear  dipole  antenna  with  centered  gap.  The  analytic  approxima¬ 
tions  for  the  thin  antenna  have  yielded  simple  expressions  for  residues,  given  the 
numerically  determined  natural  frequencies.  This  example  has  shown  at  least 
approximate  realizability  of  an  equivalent  circuit  for  such  an  antenna,  thereby 
showing  the  applicability  of  the  technique  to  at  least  some  antennas/scatterers . 

Various  other  types  of  equivalent  circuits  are  possible,  including  ones  based  on 
eigenimpedances  and  on  open-circuit  forms  of  the  scattering/ antenna  boundary  value 
problem  [25,4].  The  present  example  was  chosen  for  simplicity.  Note  that  the  gen¬ 
eral  formulas  do  not  necessarily  require  numerical  or  analytic  solution  for  any 
given  antenna/scatterer.  The  required  SEM  parameters  may  be  also  determined 
experimentally. 

Since  these  techniques  are  relatively  new  there  is  much  research  to  be  done  to 
understand  all  the  theoretical  possibilities  and  practical  limitations.  Both  spe¬ 
cific  examples  need  to  be  worked,  and  more  basic  insight  into  the  SEM  and  EEM 
(eigenmode  expansion  method)  formulas  are  needed  for  progress.  The  reader  may 
expect  to  see  some  important  advances  in  the  next  few  years. 
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INTRODUCTION 


The  role  of  complex  singularities  in  scattering  problems  is  a  rich  and  diverse  one 
[see  Dolph  and  Scott  (1)].  Baum  (2)  has  been  of  the  prime  movers  in  the  United 
States  of  the  subjects  of  the  title.  He  has  been  helped  in  his  efforts  by  the  work 
of  Marin  (3)  and  Tesche  (4) .  In  the  Soviet  Union  their  counterparts  are  Voitovic, 
Kacenelenbaum  and  Sivov  (5) .  There  appears,  however,  to  be  an  important  difference 
between  the  two  countries  in  that  in  the  USSR  mathematicians,  beginning  with  A.  G. 
Ramm,  carefully  examined  the  formalism  of  the  approaches.  Such  efforts  have 
culminated  in  a  book  with  an  interdisciplinary  spirit  entitled:  The  Generalized 
Methods  of  Eigen  Vibrations  in  the  Theory  of  Diffraction  (5) .  The  book,  which  also 
contains  an  extensive  appendix  by  AgranoviF~entitled:  Spectral  Properties  of 
Diffraction  Problems,  has  been  reviewed  by  the  first  author  (with  considerable  help 
from  the  second  author).  This  review  should  appear  shortly  in  Mathematical  Reviews, 
and  an  effort  is  underway  to  have  the  text  itself  translated  into  English.  It  is 
fortunate  that  much  of  the  pertinent  Soviet  work  has  appeared  in  English  translation 
in  the  Journal  of  Radio  Engineering  and  Electron  Physics.  The  readers  attention 
should  be  called  to  the  two  papers  of  Ramm  [(6),  (7)]  and  the  series  of  papers  by 
Agranovic  [(8),  (9),  (10)].  All  of  this  work  was  stimulated  by  the  pioneering  paper 
of  Kacenelenbaum  (11)  and  its  sequel  by  Voitovic,  Kacenelenbaum  and  Sivov  (12) . 

There  also  is  an  important  paper  by  Agranovic  and  Golubeva  (13) .  [A  word  of  caution 
must  be  injected  here.  In  a  relevant  paper  of  Golubeva  (14),  the  word  "proposition" 
is  translated  as  "conjecture,"  which  one  must  admit  does  change  the  flavor.  Since 
each  "conjecture"  is  followed  by  a  full  proof,  the  reader  must  be  alert  to  the 
translation  problems.] 


SINGULARITY  EXPANSION  METHOD (SEM) 

The  Singularity  Expansion  Method  and  its  relationship  to  the  mathematical  theory  of 
scattering  has  recently  been  analyzed  by  Dolph  and  Cho  (15)  and  consequently  no 
exhaustive  detail  on  the  technique  is  required  here.  Instead,  a  summary  of  the 
results  of  that  work  will  be  given. 

The  Singularity  Expansion  Method  is  a  generalization  of  well-known  techniques  of 
linear  circuit  theory  in  which  the  singularities  of  a  transfer  function  are  used 
to  determine  the  transient  response  by  the  Heaviside  expansion  theorem.  In  electro¬ 
magnetic  theory,  the  singularities  are  found  by  first  applying  a  two-sided  Laplace 
transform,  parameter  s,  to  the  Maxwell  equations  and  then  constructing  an  integral 
equation  for  the  scattered  field.  Complex  singularities  (sn)  appear  as  poles  of 
the  inverse  of  this  equation  and  are  determined  from  the  non-trivial  solutions  of 
the  corresponding  homogeneous  integral  equation. 

The  scattering  operator  is  a  unitary  operator  on  a  Hilbert  space.  Its  Laplace 
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transform,  the  scattering  matrix,  is  analytic  in  the  right-hand  s -plane  including 
the  axis  and  is  meromorphic  in  the  left-half  plane.  It  has  poles  in  the  left-half 
plane  at  those  values  of  s  for  which  there  exist  non-trivial  outgoing  solutions  of 
the  reduced  Maxwell’s  equations  satisfying  the  boundary  conditions.  These  discrete 
values  of  s  are  complex  eigenvalues  of  the  exterior  scattering  problem.  Shenk  and 
Thoe  (16)  have  established  a  one-to-one  correspondence  between  the  poles  of  the 
S-matrix  and  the  poles  of  the  integral  equation. 

Some  of  these  poles  occur  on  sheets  of  Riemann  surfaces  and  serious  difficulties 
arise  in  interpreting  their  meaning.  This  fact  can  be  deduced  from  the  study  of 
the  integral  equation.  Only  the  Green's  Kernel  can  be  continued  analytically  into 
such  "forbidden  domains".  The  resolvent  can  not. 

While  it  is  difficult  to  relate  these  concepts  in  general  since  most  of  the  work  in 
SEM  involves  a  formalism  in  which  neither  spaces  nor  properties  of  the  integral 
equation  are  given,  this  can  be  done  for  the  papers  of  Marin  (3) .  He  uses  a  Hilbert 
space  consisting  of  tangential  currents  on  the  surface  of  a  convex  body  to  discuss 
the  magnetic  field  integral  equation.  He  deduces  a  Fredholm  integral  equation  of 
the  second  kind  from  this  and  uses  Carleman's  Fredholm  theory  for  the  determination 
of  the  natural  modes.  The  solution  of  the  corresponding  homogeneous  integral 
equation  contains  both  exterior  and  interior  resonances,  the  latter  being  purely 
imaginary. 

To  relate  the  scattering  matrix  to  the  integral  equation  one  makes  use  of  its 
representation  as  a  compact  Fredholm  integral  operator.  The  kernel  of  this  opera¬ 
tor  is  a  transmission  coefficient  arising  from  the  asymptotic  form  of  the  scattered 
field.  Since  its  determination  involves  the  solution  of  the  scattering  problem, 
rather  than  use  the  above  representation,  it  is  simpler  to  use  the  one-to-one 
correspondence  between  the  kernel  of  this  representation  and  the  solution  of  the 
vector  wave  equation.  It  can  be  given  in  terms  of  a  vector  integral  equation  which 
is  more  general  than  the  magnetic  field  integral  equation.  Fredholm  theory  is  now 
used.  Recall  that  if  A  is  a  compact  operator  (such  as  the  above  mentioned  operator 
defining  the  integral  equation)  then  the  first  part  of  the  Fredholm  alternative 
states  that  A$  *  f  has  a  unique  solution  $  if  A$  ■  0  has  only  the  trivial  solution. 
Here  the  first  part  of  the  Fredholm  alternative  yields  a  unique  solution  to  the 
general  equation  for  the  right-hand  s-plane  including  the  imaginary  axis.  The 
analytic  Fredholm  theorem  for  compact  operators  which  is  given,  for  example,  in 
Reed  and  Simon  (17),  then  implies  the  analytic  and  meromorphic  properties  of  the 
scattering  matrix  discussed  above. 

For  the  magnetic  field  integral  equation,  one  must  use  the  second  part  of  the  Fred¬ 
holm  alternative,  namely:  If  A<j>  *  0  has  non-trivial  solutions  then: 

(i)  A$  *  0,  A*<|>  »  0,  where  A*  is  the  adjoint  of  A,  have  the  same  finite 
number  of  solutions. 

(ii)  For  A<fr  ■  f  to  have  a  solution  4^.,  f  must  be  orthogonal  to  all  of  the 
solutions  of  A*<|>  =  0. 

Since  the  solution  to  A$  *  0  can  be  added  to  then  clearly  the  process  is  not 
unique  and  no  one-to-one  map  between  the  scattering  matrix  and  the  integral  equation 
exists  for  the  same  half-plane.  The  non-trivial  solutions  of  the  corresponding 
homogeneous  integral  equation  occurring  for  complex  (sn)  do,  however,  correspond  to 
poles  of  the  scattering  matrix  but  the  interior  resonances  corresponding  to  purely 
imaginary  (s  }  are  not  poles  of  the  scattering  matrix  nor  do  they  appear  in  the 
solution  fornthe  scattered  field.  They  are  consequently  method  dependent.  The 
exterior  resonance  corresponding  to  complex  (s  }  are  method  independent  and  intrin¬ 
sic  to  the  scattering  body. 
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Since  a  one-to-one  correspondence  fails  to  exist,  it  is  conceivable  that  there  are 
complex  poles  of  the  scattering  matrix  which  are  not  given  by  the  solutions  of  the 
homogeneous  magnetic  integral  equation  corresponding  to  complex  {sn>.  No  examples, 
however,  in  which  this  occurs  are  known  and  thus  the  problem  remains  open. 

Since  it  is  generally  believed  that  the  scattering  matrix  contains  all  observable 
information  about  the  scattering  process,  the  above  observations  substantiate  the 
claim  that  the  complex  singularities  are  intrinsic  to  the  scatterer  whereas  those 
which  are  purely  imaginary  are  not . 

Further  difficulty  arises  in  that  most  problems  treated  by  the  SEM  formalism  in- 
vole  numerical  techniques  applied  to  matrix  equations  obtained  from  finite  approx¬ 
imations  to  the  integral  equations.  Hence,  Hilbert  space  solutions  are  not  really 
appropriate.  Fortunately,  the  results  can  be  given  in  terms  of  solutions  in  the 
Banach  space  of  continuous  functions.  In  this  space  the  Fredholm  theorem  as  given 
by  Steinberg  (18)  can  be  used  to  discuss  the  magnetic  field  integral  equation  and 
to  establish  the  one-to-one  map  between  the  scattering  matrix  and  the  associated 
set  of  vector  integral  equations.  This  map  between  the  scattering  matrix  and  the 
integral  equation  has  been  carried  out  for  convex,  perfectly  conducting  bodies  only 
[see  Lax  and  Phillips  (19),  Brakkage  and  Werner  (20),  and  Dolph  and  Cho  (15)]. 
Certain  other  aspects  of  the  SEM  formalism  have  also  been  investigated  by  Dolph  and 
Cho  (15)  and  serious  doubts  were  raised  regarding  those,  parts  of  it  where  integral 
equations  of  the  first  kind  are  used.  Also,  there  appears  to  be  a  confusion  in  the 
SEM  literature  between  the  eigenvalues  of  the  integral  equations  and  those  of  the 
vector  wave  equations  and  a  belief  persists  that  what  is  true  for  the  finite  matrix 
equations  holds  in  the  limit. 

Though  said  elsewhere,  it  seems  worth  repeating  that  areas  in  which  the  formalism 
needs  further  investigation  include: 

I.  The  construction  of  variational  principles  useful  for  providing  estimates  for 
the  location  of  the  poles  in  the  SEM  and  possibly  of  use  in  establishing  their 
existence  for  off-axis  poles  not  covered  by  the  known  Lax-Phillips  results  (21)  for 
the  scalar  case  and  their  generalization  by  Beale  (22)  for  the  electromagnetic  case. 

II.  An  investigation  of  integral  equations  of  the  first  kind  as  used  is  SEM  and  a 
possible  justification  of  their  use  through  regularization  methods,  such  as  those 
of  Tihonov  (23). 

III.  The  extension  to  the  electromagnetic  case  of  theorems  sufficient  to  guarantee 
that  all  poles  are  simple.  This  should  include  generalizations  of  the  theorems  of 
Steinberg  (18)  and  Howland  (24) . 

IV.  An  investigation  of  the  entire  functions  which  arise,  through  the  Mittag- 
Leffler  theorem,  in  the  formalism.  This  should  include  the  determination  of  con¬ 
ditions  under  which  they  do  not  occur  and  their  explicit  form  when  they  do  occur. 

V.  The  creation  of  a  systematic  theory  of  the  asymptotic  contribution  of  branch 
lines.  As  can  be  seen  from  the  discussion  in  Dolph-Scott  (1),  such  a  theory  could 
have  implications  in  many  areas. 

At  this  point  a  few  remarks  on  the  T-matrix  would  seem  to  be  in  order.  The  T-matrix 
formalism  for  scattering  has  proved  to  be  an  efficient  way  of  obtaining  numerical 
results  in  a  number  of  complicated  problems  [see  Bolomey  and  Wirgin  (25)].  It  was 
used  by  Waterman  (26)  in  1969  and  subsequent  publications  include  papers  by 
Peterson  and  Strom[(27),  (28),  (29)],  Str’dm  [(30),  (31),  (32)]  and  Varatharajulu 
and  Pao  (33).  However  there  is  a  relationship  between  the  T  and  S  matrices,  namely, 
T  *  S  -  1,  as  stated  in  Wu  and  Ohmura  (34),  and  physicists  in  the  past  have  used 
S  in  preference  to  T. 
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EIGENMODE  EXPANSION  METHOD 

Baum  (-)  has  advanced  the  idea  of  synthesizing  transient  responses  by  means  of  the 
eigenmodes  of  integral  equations  of  the  first  kind  describing  the  system  response. 
Considerable  caution  must  be  exercised  in  this  approach  however,  since  as  Ramm  [(6), 
(7)]  has  pointed  out,  incorrect  results  can  sometimes  arise  due  to  the  non-self- 
adjoint  property  of  the  operators  that  are  treated.  At  this  point  it  appears 
certain  that  the  theory  of  non-self-adjoint  operators  can  be  used  to  contribute 
substantially  to  the  understanding  and  limitation  of  the  formalism  of  EEM  (  and 
SEM).  While  the  idea  of  using  non-self-adjoint  operator  theory  in  scattering 
problems  is  not  new — it  was  already  suggested  by  Dolph  (35)  in  1960--it  does  not 
appear  to  have  been  used  in  connection  with  SEM  and  EEM  in  the  English  literature. 
This  is  rather  surprising  since  this  theory  has  been  imployed  in  connection  with 
scalar  diffraction  problems  in  papers  translated  from  the  Russian  and  reprinted  in 
the  journal  Radio  Engineering  and  Electron  Physics  beginning  after  the  formalism 
presented  in  the  paper  by  Voitovid,  Kacenelenbaum  and  Sovov  (12). 

While  this  latter  paper  contained  a  formalism  similar  to  EEM  for  both  the  scalar 
and  electromagnetic  case,  including  dielectric  problems,  its  subsequent  interpretatio. 
at  least  in  translated  papers  known  to  the  writers,  in  terms  of  non-self-adjoint 
operator  theory  have  been  limited  to  the  scalar  problem.  In  the  simplest  case  one 
attempts  to  construct  a  formal  solution  to  the  system 


u  »  0  ,  oh  a  smooth  convex  scatterer  r, 

satisfying  the  radiation  condition  as  a  series  u  =  uq  +  £Aj,$n(x) .  Here  u^  is  the 
incident  field  and  ($p(x)}  are  the  eigenfunctions  of  a  compact  integral  operator 
A,  which  for  in  three 'dimensions,  is  given  explicitly  by 

A$n  =  G0  (x-y)  4>n  (-X) da  51  ^n*-—  '  C2) 

r 

where  the  free  space  Green's  function  GQ  is 


G0  '  Tir 


1  eik  I*-'-*  I 


It  was  further  assumed  that  the  coefficients  in  the  above  expansion  could  be  determi  < 
by  the  Fourier  coefficient  formula 

f  *ndc 

A  •  -  (4)  - 

2 

*  do 
n 

r 

Ramm  (7)  interpreted  and  clarified  these  results  by  using  a  Hilbert  space  L2 (r) 
with  the  usual  Hermitian  inner  product 

-  jf(x)S(x)do 

r 


(f,g) 


(5) 
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Since  Gq  is  real  symmetric  but  complex  valued,  this  implies  that 


(A<j>,<(i)  =  U,At|;) 


C6) 


so  that  the  operator  A  is  non-self-adjoint. 


Since  the  compact  operator  A  is  non-self-adjoint,  it  may  have  root  vectors  instead 
of  simple  eigenvectors.  That  is  for  a  given  X,  there  may  exist  an  integer  p  >  1 
such  that  (A-AI)P<j>  =  0  for  some  <j>,  while  (A-AI)%  ^  0  for  all  q  <  p.  (In  the  matrix 
case  this  happens  when  non-simple  elementary  divisors  occur  and  requires  the  use  of 
the  Jordan  normal  form  rather  than  the  diagonal  form  in  the  canonical  representation 
of  the  matrix.)  However,  Ra mm  was  able  to  show  that  while  the  system  of  root  vectors 
was  always  complete  in  L_(r),  the  simple  form  of  the  coefficients  given  above  would 
only  occur  if  the  surface  T  were  such  that  A  defined  over  it  was  a  normal  operator, 
that  is  AA*  *  A*A  (this  condition  is  necessary  and  sufficient  for  A  to  be  a  diagonal 
operator).  The  normality  of  the  operator  can  be  tested  as  follows:  For  example, 
consider  the  operator  A:  where 


Af 


h  1  aEf^-)  ««* 

r 


(7) 


A  is  normal  provided  the  integral 


f 


x.yeF 


(8) 


vanishes,  a  condition  that  Ramm  was  able  to  show  was  true  if  T  is  a  sphere.  In 
complicated  problems  it  may  have  to  be  tested  by  direct  computation. 


If  the  operator  A  is  not  normal,  considerable  complexity  arises  in  the  theory  and 
computational  schemes.  The  problem  is  that  in  general  one  has  to  work  in  an  in¬ 
finite  dimensional  analog  of  the  Jordan  normal  form,  since  A  fails  to  be  dia- 
gonalizable.  The  lemma  of  Schur  [see  Gohberg  and  Krein  (36)]  states  that  any 
completely  continous  operator  A  mapping  a  Hilbert  H  space  onto  itself  can  be  repre¬ 
sented  in  a  triangular  form.  Specifically,  there  exists  an  orthagonal  basis  w.  of 
H  such  that  ^ 


Aw. 


?  .  aji“i 


(9) 


where  a...  =  (Aw.. ,w..)  *  X.,  (3)  denoting  inner  product  and  X.  being  an  eigenvalue 
of  A. 


Ji 


1  1 


There  are  many  areas  which  need  detailed  mathematical  investigation.  For  example 
VoItoviS,  Kacenelenbaum  and  Sivov  consider  several  variational  principles  which 
produce  stationary  solutions.  These  are  reminisicent  of  those  of  Schwinger  and 
McFarlane,  the  latter  occuring  in  the  problem  of  anomalous  propagation  through 
the  atmosphere.  Attempts  to  make  mathematical  sense  of  these  occur  in  P'-ilph  (37), 
Dolph  and  Ritt  (3S)  and  Dolph,  McLaughlin  and  Marx  (39) .  The  max-min  characterization 
of  the  last  paper  unfortunately  depends  upon  the  dimension  of  the  approximating 
space  and  so  it  badly  needs  reformulation.  The  only  other  pertinent  work  it  seems 
to  be  that  of  Morawetz  (40)  where  as  discussed  in  Dolph-Scott  (1)  a  variational 
principle  is  given  implicitly. 
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In  connection  with  variational  principles,  the  following  facts  should  be  mentioned. 
The  variational  approach  given  in  (5)  has  been  briefly  reviewed  by  Dolph  in  (41) . 
Voltovic,  Kacenelenbaum  and  Sivov  introduced  the  e-approach  by  considering  an 
approximate  scattering  problem  (the  e-problem)  and  the  corresponding  systems  of 
equations 


Au  +  k2eu  *  0  in  V+ 

2 

Au  +  K  u  *  0 

in  V* 

u+  -  u-| 

=  0 

w 

e 

“Is  = 

0 

3u+  3u~ 

n  1 

3n  "  3n 

0  s  * 

e 

miminization  of  the  functional 

L(u)  »  f  (Vu)2dV  W  k2 

f  2 

u  dV  - 

k2e 

J  « 

V  \ 

f 

« 

V 

udV 


(10) 
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A  vigorous  justification  of  such  techniques  still  remains  an  open  problem.  Similar 
variational  principles  were  given  by  J.  Schwinger  and  H.  Levine  (42).  [Also  see 
Kato  (43),  and  Dolph  (37)].  As  in  the  case  discussed  by  Dolph  and  Ritt  (38),  or 
Dolph  (37),  it  can  be  conjectured  that  the  real  and  imaginary  parts  of  the  unknown 
function  near  the  stationary  point  lie  on  a  saddle-like  surface,  but  the  orientation 
of  such  a  saddle  is  unknown. 


REFERENCES 


1.  C.  L.  Dolph  and  R.  A.  Scott  (1978)  Electromagnetic  Scattering  (Ed.  P.L.E. 
Uslenghi),  Academic  Press,  New  York. 

2.  C.  E.  Baum,  The  emerging  technology  for  transient  and  broad  band  analysis  and 
synthesis  of  antennas  and'  scatterers,  Proc.  I.E.E.E,  64,  1588  (1976). 

3.  L.  Marin,  Natural  mode  representation  of  transient  scattered  fields,  I.E.E.E. 
Trans.  Ant,  and  Prop.  21,  809  (1973). 

4.  F.  M.  Tesche,  On  the  analysis  of  scattering  and  antennas  problems  using  the 
singularity  expansion  technique,  I.E.E.E.  Trans.  Ant,  and  Prop.  21,  57  (1973). 

5.  N.  N.  Voltovic,  B.  1.  Kacenelenbaum  and  A.  N.  Sivov,  The  Generalized  Methods  of 
Eigen  Vibrations  in  the  Theory  of  Diffraction,  Nauka,  Moscow,  1976. 

6.  A.  G.  Ramm,  Exterior  problems  of  diffraction.  Radio  Eng,  and  Elect .  Phys.  17, 
1064  (1972) . 


A  Critique  of  Singularity  Expansion  Methods 


459 


7.  A.  G.  Ramm,  Eigenfunction  expansion  of  a  discrete  spectrum  in  diffraction 
problems.  Radio  Eng .  and  Elect.  Phys .  18,  364  (1973). 

8.  M.  S.  AgranoviS,  Non-self-adjoint  operators  in  the  problem  of  diffraction  by  a 
dialectric  body  and  similar  problems.  Radio  Eng,  and  Elect.  Phys .  19,  34  (1974). 

9.  M.  S.  Agranovic,  Non-self-adjoint  integral  operators  with  kernels  of  the  Green 
function  type  and  diffraction  problems  related  to  them.  Radio  Eng,  and  Elect . 
Phys.  20,  26  (1975) . 

10.  M.  S.  Agranovic,  Non-self-adjoint  operators  in  certain  scalar  problems  of 
diffraction  at  a  smooth  closed  surface.  Radio  Eng,  and  Elect.  Phys.  20,  61 
(1975) . 

11.  B.  Z.  Kacenelenbaum,  Expansion  of  forced  oscillations  of  non-closed  systems  in 
eigenfunctions  of  a  discrete  spectrum.  Radio  Eng,  and  Elect.  Phys.  14,  19  (1969). 

12.  N.  N.  Voltovic,  B.  Z.  Kacenelenbaum  and  A.  N.  Sivov,  Surface  current  method  for 
constructing  systems  of  eigenfunctions  of  a  discrete  spectrum  in  diffraction 
problems.  Radio  Eng,  and  Elect.  Phys.  15,  577  (1970). 

13.  M.  S.  AgranoviS  and  Z.  N.  Golubeva,  Some  problems  for  Maxwell  systems  with  a 
spectral  parameter  in  the  boundary  condition,  Sov.  Math.  Dok.  12,  1614  (1976). 

14.  Z.  N.  Golubeva,  Some  scalar  diffraction  problems  and  their  related  non-self- 
conjugate  operators.  Radio  Eng,  and  Elect.  Phys .  21,  219  (1976). 

15.  C.  L.  Dolph  and  S.  K.  Cho,  On  the  relationship  between  the  singularity  expan¬ 
sion  method  and  the  mathematical  theory  of  scattering,  submitted  to  :  I.E.E.E. 
Trans .  Ant,  and  Prop. 

16.  N.  Shenk  and  D.  Thoe,  Resonant  states  and  poles  of  the  scattering  matrix  for 
perturbations  of  -4,  T.  Math.  Anal .  and  App.  37,  467  (1972). 

17.  M.  Reed  and  B.  Simon  (1972),  Methods  of  Mathematical  Physics,  Academic  Press, 

New  York. 

18.  S.  Steinberg,  On  the  poles  of  the  scattering  operator  for  the  Schrodinger 
equation.  Arch.  Rat.  Mech.  Analy .  38,  278  (1970). 

19.  P.  D.  Lax  and  R.  S.  Phillips  (1967),  Scattering  Theory,  Academic  Press,  New 
York. 

20.  H.  Brakkage  and  P.  Werner,  Uber  das  Dirichletsche  Aussenraumproblem  fur  die 
Helmholtzche  Schwingungsgleichung,  Arch.  Math.  16,  325  (1965) . 

21.  P.  D.  Lax  and  R.  S.  Phillips,  Decaying  modes  for  the  wave  equation  in  the 
exterior  of  an  obstacle.  Comm.  Pure  Appl .  Math.  22,  737  (1969). 

22.  J.  T.  Beale,  Purely  imaginary  scattering  frequencies  for  exterior  domains, 

Duke  Math.  J.  41,  607  (1974). 


23.  A.  Tihonov,  Solutions  to  incorrectly  formulated  problems  and  the  regularization 
method,  Sov.  Math.  4,  1034  (1964) . 


460  C.L.  Dolph,  V.  Komkov  and  R.A.  Scott 

24.  J.  S.  Howland,  Simple  poles  of  operator  valued  functions.  Math.  Anal .  and  Appl . 
36,  12  (1971). 

25.  J.  C.  Bolomey  and  A.  Wirgin,  Numerical  comparison  of  the  Green's  function  and 
the  Watemam  and  Rayleigh  theories  of  scattering  from  a  cylinder  with 
arbitrary  cross-section,  Proc.  I.E.E.E.  121,  794  (1974). 

26.  P.  C.  Watemam,  New  formulation  of  acoustic  scattering,  J.  Acoust.  Soc.  Amer. 
4S,  1417  (1969). 

27.  B.  Peterson  and  S.  -Strom,  T-matrix  for  electromagnetic  scattering  from  an 
arbitrary  number  of  scatterers  and  representations  of  E(3),  Phys.  Rev.  D8, 

3661  (1973) . 

28.  B.  Peterson  and  S.  Strom,  T-matrix  formulation  of  electromagnetic  scattering 
from  multilayered  scatters,  Phys.  Rev.  £,  10,  2620  (1974) . 

29.  B.  Peterson  and  S.  Strom,  Matrix  formulation  of  acoustic  scattering  from 
multilayered  scatterers,  J_.  Acoust .  Soc.  Amer.  57,  2  (1975). 

30.  S.  Strom,  T  matrix  for  electromagnetic  scattering  from  an  arbitrary  number  of 
scatterers  with  continuously  varying  electromagnetic  properties,  Phys.  Rev. 

D,  10,  2685  (1974). 

31.  S.  Strom,  On  the  integral  equations  for  electromagnetic  scattering,  Amer.  J. 
Phys.  43,  1060  (1975). 

32.  S.  Strom,  Quantum-mechanical  scattering  from  an  assembly  of  nonoverlapping 
potentials,  Phys.  Rev.  £  13,  3485  (1976). 

33.  V.  Varatharajulu  and  Y.-H.  Pao,  Scattering  matrix  for  elastic  waves.  I.  theory, 
.J.  Acoust.  Soc.  Amer  60,  556  (1976) . 

34.  T.-Y.  Wu  and  T.  Ohmara  (1962),  Quantum  theory  of'  scattering,  Prentice  Hall, 

New  Jersey. 

35.  C.  L.  Dolph,  Recent  developments  in  some  non-self-adjoint  problems  in 
mathematical  physics.  Bull.  Amer.  Math.  Soc.  67,  1  (1961). 

36.  I.  C.  Gohberg  and  M.  G.  Krein  (1969)  Introduction  to  the  theory  of  linear 
nonself ad joint  operators,  A.M.S.  Translations  18,  Rhode  Island. 

37.  C.  L.  Dolph,  A  saddle  point  characterization  of  the  Schwinger  stationary  points 
in  exterior  scattering  problems,  J.  Soc.  Indust.  Appl .  Math.  5,  89  (1957). 

38.  C.  L.  Dolph  and  R.  K.  Ritt,  The  Schwinger  variational  principles  for  one¬ 
dimensional  quantum  scattering.  Math.  Zeit.  65,  309  (1956). 

39.  C.  L.  Dolph,  J.  E.  McLaughlin  and  I.  Marx,  Symmetric  linear  transformations 
and  complex  quadratic  forms,  Comm.  Pure  Appl.  Math.  VII,  621  (1954). 

40.  C.  S.  Morawetz,  On  the  modes  of  decay  for  the  wave  equation  in  the  exterior  of 
a  reflecting  body,  Proc.  Roy.  Irish  Acad.  A,  72,  113  (1972) . 

41.  C.  L.  Dolph,  A  review  of  the  Voftoviif,  Kacenelenbaum  and  Sivov  book  (refer¬ 
ence  [5]),  To  appear  in  Mathematical  Reviews -August  1979  issue. 


A  Critique  of  Singularity  Expansion  Methods 


461 


42  J.  Schwinger  and  H.  Levine  (1972),  On  the  theory  of  diffraction  by  an  aperture 
in  an  infinite  plane  screen.  The  theory  of  electromagnetic  waves.  Interscience, 
New  York. 

43.  T.  Kato,  Note  on  Schwinger’s  variational  principle,  Progress  of  theoretical 
physics,  (Japan)  6,  295  (1951)  . 


ESTIMATION  OF  THE  COMPLEX  NATURAL  RESONANCES  OF 
A  CLASS  OF  SU8SURFACE  TARGETS 

L.C.  Chan,  O.L.  Moffatt,  L.  Peters,  Jr. 

The  Ohio  State  University  ElectroScience  Laboratory 
Department  of  Electrical  Engineering 
Columbus,  Ohio  43212 

I.  ABSTRACT 

This  chapter  summarizes  a  study  in  the  characterization  of  subsurface  targets  by 
their  complex  natural  resonances.  The  methodology  in  estimating  the  complex  nat¬ 
ural  resonances  of  these  targets  is  emphasized.  A  method  for  extracting  the  reso¬ 
nances  from  the  backscattered  waveforms  is  derived  for  completeness.  This  method 
is  known  as  Prony's  method  (10-18,24)  and,  when  applied  to  measured  data,  it  is 
extremely  sensitive  to  the  values  of  its  parameters.  An  approach  to  solve  cer¬ 
tain  of  these  problems  will  be  presented.  Prony's  method  is  applied  to  the  meas¬ 
ured  backscattered  waveforms  and  an  analysis  of  the  resulting  resonances  is  pre¬ 
sented. 


The  concept  of  using  complex  natural  resonances  for  target  characterization  is 
developed  from  tht  fact  that  all  finite-size  objects  have  resonances  that  depend 
on  their  physical  characteristics  such  as  size,  shape  and  composition  as  well 
as  the  medium  surrounding  the  object.  These  resonances,  however,  are  independent 
of  the  excitation  (1,2,22,23).  As  a  useful  but  inexact  analogy,  in  circuit 
theory,  the  form  of  the  transient  response  of  a  lumped  linear  circuit  may  be 
determined  from  the  knowledge  of  the  resonances  and  the  corresponding  residues 
of  the  response  function  in  the  complex  frequency  plane.  The  actual  transient 
response  of  the  circuit  is  then  simply  a  summation  of  all  the  residues  multiplied 
by  the  inverse  transforms  of  the  resonances.  In  1965,  Kennaugh  and  Moffatt  (3) 
generalized  the  impulse  response  concept  to  include  the  distributed  parameter 
scattering  problems  and  suggested  that  a  lumped  circuit  representation,  at  low 
frequencies  or  long  time,  was  possible.  Later,  similar  and  more  formal  repre¬ 
sentations  have  been  designated  as  the  Singularity  Expansion  Method  (SEM)  (2). 
While  some  questions  remain,  the  hypothesis  is  generally  supported  by  the  fact 
that  the  transient  backscattered  waveforms  from  the  subsurface  targets  received 
by  a  video  pulse  radar  (4)  appear  to  be  dominated  by  a  few  exponentially  damped 
sinusoids.  Based  on  this  concept,  a  subsurface  target  can  be  characterized  by 
a  set  of  complex  natural  resonances  which  is  independent  of  the  location  and 
orientation  of  the  video  pulse  radar  system.  These  resonances,  however,  are 
dependent  on  ground  condition.  Such  a  characterization  is  attractive  for  it 
catalogs  a  target  by  a  small  set  of  complex  numbers. 

II.  SUBSURFACE  RADAR  TARGET  MEASUREMENTS 

Five  targets  of  similar  size  were  buried  at  the  same  depth  of  5  cm  (2  inches, 
measured  from  the  ground  surface  to  the  nearest  target  surface).  Fig.  1  shows 
the  geometry  of  the  targets. 


The  average  dc  conductivity  within  30  cm  (12  inches)  of  the  ground  surface  meas¬ 
ured  at  the  target  sites  ranged  from  30  mS/m  far  wet  ground  to  about  20  mS/m 
for  dry  ground  and  10  mS/m  for  icy  ground.  The  relative  dielectric  constant 
measured  at  approximately  100  MHz  ranged  from  25  for  wet  ground  to  16  for  dry 
ground  and  9  for  icy  ground. 

Backscattered  waveforms  were  obtained  using  a  subsurface  video  pulse  radar  sys¬ 
tem,  which  basically  consisted  of  a  150  ps  video  pulser,  a  pair  of  crossed-dipole 
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Fig.  1.  The  subsurface  targets,  measurement  locations,  antenna 
orientation  and  S/C  estimates. 
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antennas  and  a  sampling  oscilloscope.  Details  of  this  system  and  the  application 
of  the  measured  waveforms  for  target  identification  purposes  have  been  reported 
elsewhere  (4,19)  and  thus  will  not  be  repeated  here.  Measurements  were  made 
at  different  ground  locations  with  respect  to  the  various  targets.  Locations 
of  the  antenna  center  for  these  measurements  are  shown  as  dots  in  Fig.  1.  At 
each  location  a  backscattered  waveform  was  obtained  using  a  standard  antenna 
orientation  (see  Fig.  1).  Measurements  were  obtained  with  the  antenna  center 
vertically  above  the  center  and  edges  of  the  targets.  Beyond  the  target  edges, 
measurements  were  made  at  the  regular  interval  of  15  cm  (6  inches).  During  the 
data-taking  period  the  ground  condition  changed  from  wet  to  dry  and  to  icy. 

Data  were  obtained  for  each  ground  condition  to  gauge  the  effects  of  the  changing 
ground  condition  on  the  complex  natural  resonances  of  the  subsurface  targets. 

All  waveforms  collected  by  the  video  pulse  radar  used  in  this  study  consist  of 
256  samples  in  a  time  window  of  50  ns.  The  (hardware)  basic  sampling  period 
Tg  is  0.2  ns,  giving  a  sampling  frequency  of  5.12  GHz. 

A  set  of  measured  waveforms  and  their  Fast  Fourier  Transforms  (FFT)  (8)  for  the 
mine-like  target  at  various  antenna  locations  in  a  wet  ground  is  shown  in  Figs. 

2  and  3. 


The  following  important  generalizations  with  regard  to  these  waveforms  are  made: 

1.  All  time-domain  waveforms  exhibit  transient  behavior  in  the  late-time  region 
where  only  the  natural  response  of  the  target  exists.  This  transient  behav¬ 
ior  is  of  prime  importance,  and,  as  will  be  shown  in  Section  III,  dictates 
the  characterization  method  for  these  targets. 

2.  The  strong  peaks  in  the  FFT's  of  the  waveforms  indicate  the  possible  exist¬ 
ence  of  resonance  behavior  in  the  backscattered  waveforms.  These  peaks 
may  be  a  good  approximate  measure  of  the  imaginary  parts  of  the  complex 
resonances  of  the  targets  in  situ.  Note  that  while  the  time-domain  wave¬ 
forms  from  different  antenna  locations  over  the  mine-like  target  change 
noticeably,  the  locations  of  the  strong  peaks  of  their  FFT's  stay  relatively 
unchanged  (see  the  vertical  dotted  lines  in  Fig.  3),  indicating  the  complex 
natural  resonances  of  the  target  are  excitation  invariant.  This  was  an¬ 
ticipated  and  is  the  most  attractive  feature  of  the  target  characterization 
method. 


3.  As  a  reasonable  quantitative  parameter  for  comparison  of  signal  and  clutter* 
levels,  the  following  definition  of  signal-to-clutter  ratio  (S/C)  was  used 
in  this  study. 


where 


S  a.  ET  _  EM'?NT 

TT  *  7  r 

bNT  bNT 


(1) 


Ey  is  the  energy  of  the  target  signal, 

Em  is  the  energy  of  the  measured  waveform,  and 

TNy  is  the  statistical  mean  energy  of  the  ensemble  of  clutter  or  no-target 
waveforms  used  to  estimate  Vr  A  no-target  waveform  is  a  received 


♦Here  the  term  clutter  is  used  to  represent  the  total  unwanted  extraneous  signal 
present  in  the  waveform. 


Fig.  2.  Processed  waveforms  from  the  mine-like  target  at  different 
antenna  locations  in  wet  ground. 


Fig.  3.  FFT  of  the  processed  waveforms  from  the  mine-like  target. 
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waveform  with  no  target  present  within  the  radar  range.  In  this  study, 
we  considered  only  single-target  situations,  hence  a  collection  of  51 
no-target  measurements  taken  at  various  locations  in  the  vicinity  of  the 
target  sites  was  used  as  the  ensemble  of  clutter  waveforms. 


The  energy  of  a  waveform  was  defined  and  estimated  as  follows. 


t  =  itb 


(2) 


where  r(t)  is  the  waveform  under  consideration  and  t  ,  t  are  the  start  and  end 
time,  respectively,  of  the  Interval  of  interest.  In5this  study  t  was  taken 
to  be  the  time  at  which  the  absolute  maximum  of  the  waveform  occurred  and  t 
was  taken  to  be  the  time  at  which  the  balun  reflection  occurred.  In  the  video 
pulse  radar  system,  a  balun  was  used  to  connect  the  unbalanced  impulse  generator 
to  the  balanced  crossed-dipole  antenna.  The  impedance  mismatch  at  this  connec¬ 
tion  was  the  source  of  the  balun  reflection.  The  balun  reflection  was  considered 
as  clutter  and  was  thus  not  included  in  the  interval  for  signal  processing  and 
analysis.  Reasons  for  the  above  choices  of  t  and  t  are  given  in  Section  III-C. 


The  mean  clutter  level  was  evaluated  as 


51  tei 
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i»l  t=t 
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where  rNT-(t)  is  the  ith  no-target  waveform  in  the  ensemble  and  t 
the  start1 and  end  time,  respectively  of  the  ith  no-target  waveform. 


(3) 


Sn¬ 


are 


Using  the  above  definition,  the  signal-to-clutter  ratio  at  various  antenna  loca¬ 
tions  over  the  various  targets  were  evaluated  and  are  given  in  Fig.  1.  It  was 
found  that  the  signal-to-clutter  ratio  for  the  mine-like  target  ranged  from  0.21 
to  3.50  depending  on  the  antenna  location.  The  brass  cylinder  and  the  wood  board 
targets  had  the  highest  and  lowest  signal-to-clutter  ratios,  respectively. 

The  three  items  mentioned  above:  the  transient  behavior,  the  complex  natural 
resonances  and  the  signal  level  of  the  backscattered  waveforms  are  of  prime  im¬ 
portance  in  subsurface  target  characterization.  Their  dependence  on  the  changing 
ground  condition  complicates  the  characterization  process.  A  comparison  between 
the  brass  cylinder  waveform  in  dry  and  icy  ground  given  in  Fig.  4  clearly  shows 
the  effects  of  changing  ground  condition.  Although  both  waveforms  exhibit  similar 
transient  behavior,  the  time  Intervals  between  the  zero  crossings  are  different, 
indicating  a  shift  in  the  locations  of  the  target  resonances.  The  amplitudes 
of  the  two  waveforms  are  also  different. 
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III.  ESTIMATION  OF  THE  COMPLEX  NATURAL  RESONANCES  OF  THE 
SUBSUftAACS  TARGETS  VIA  PRONY'S  ME7HM 


The  backscattered  waveforms  from  the  subsurface  targets  received  by  the  pulse 
radar  system  are  good  approximations  to  the  impulse  responses  of  the  targets. 
Furthermore,  they  appear  to  be  dominated  by  a  few  exponentially  damped  sinusoids, 
and  thus  can  be  represented  as 
N  s,t 

r(t)  =  l  aie  (4) 


where  r(t)  is  the  received  transient 
frequencies  or  pole  locations  in  the 
common  usage  in  this  representation, 
or  more  simply  as  resonances.  These 
chapter,  a.'s  are  the  corresponding 
resonances  within  the  frequency  band 


waveform,  s-'s  are  the  complex  resonant 
complex  frequency  plane.  These  have,  by 
become  designated  as  complex  resonances 
various  terms  will  be  used  for  s-  in  this 
residues  and  N  is  the  number  of  complex 
of  the  radar  system. 


In  order  to  exploit  Equation  (4),  it  is  necessary  to  first  determine  the  values 
of  the  complex  natural  resonances  of  the  targets.  The  method  used  here  extracts 
the  resonances  of  a  target  directly  from  its  transient  response.  This  method 
is  known  as  Prony's  method,  which  was  first  derived  by  Prony  in  1795  (10),  and 
was  later  suggested  by  Van  Blaricum,  et  al.,  for  extracting  the  pole  singular¬ 
ities  of  transient  waveforms  in  1975  (11). 


A.  Derivation  of  Prony's  Method 

In  discrete  form.  Equation  (4)  can  be  written  as 

N  s,KTr 

r(kTR)  =  l  a.  e  1  B,  K  =  0,1,2...  (5) 

B  i=l  1 

where  K  is  the  sampling  index  and  T„  is  the  basic  hardware  sampling  period  of 
our  measurement  system  (see  SectionBII).  For  an  exact  solution  of  the  2N  un¬ 
knowns  a.'s  and  s^s,  we  can  set  up  2N  (nonlinear)  equations  by  using  2N  sample 
values  of  r(KTg).  Prony's  method  uses  2N  uniform  samples 

N  s.nT 

r  =  r(nT)  =  l  a.  e  1  ;  n  »  0,1,2... ,M  *  2N-1  (6) 

n  i=l  1 

where  T,  the  Prony  interval,  is  the  interval  between  the  samples  used  along  the 
waveform.  Since  no  waveform  interpolation  was  exercised,  T  was  equal  to  integer 
multiples  of  T„.  N,  the  number  of  target  resonances  excited  by  the  interrogating 
frequencies  within  the  system  bandwidth,  is  in  general  an  unknown.  In  this  study 
the  value  of  N  was  found  by  a  trial-and-error  process  outlined  in  Section  £Ij- 

C.  Equation  (6)  is  a  set  of  2N  nonlinear  equations  in  the  z^'s  where  z.=e  1  . 

Let  ZpZ2»..zN  be  the  roots  of  the  algebraic  equation 

<Xq  +  otjZ  +  c^z  +  •••  3  0«  (7) 

so  that  the  left  hand  side  of  Equation  (7)  is  equal  to  the  product 

(z-z1)(z-z2)  ...  (z-zN)  *  0,  (8) 

that  is, 

N  N 

l  a_zm  «  ir  (z-zj  *  0. 
m=0  ^  i*l 


(9) 
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Thus,  if  we  can  evaluate  a  ,  then  z.  can  be  obtained  by  a  simple  factorization 
of  an  Nth  degree  polynomial.  To  solve  for  am,  we  obtain  from  Equation  (6) 


0,1,2. 


.M-N 


Interchanging  the  order  of  the  summation  yields 


lo  '  1^1  *,Z*  Jo  a”Z™  ‘ 


From  Equation  (9),  we  see  that  the  summation  inside  the  parenthesis  of  the  above 
equation  is  zero,  thus,  we  arrive  at  the  desired  linear,  homogenoeus  difference 
equation 

N 

l  amr K+m  *  K  3  0,1,2... M-N  .  (10) 

m-0 

Thus,  the  sample  values  of  r(t)  satisfy  an  Nth  order  linear  homogenoeus  differ¬ 
ence  equation.  This  difference  equation  is  commonly  referred  to  as  the  Prony 
difference  equation. 

The  Prony  difference  equation  is  linear  and  homogeneous,  and  can  be  used  to  solve 
for  the  N+l  coefficients,  i.e.,  «'$.  In  the  classical  Prony's  method,  these 
coefficients  are  obtained  by  setting  aN=l  and  solving  the  resulting  matrix  eq¬ 
uation  by  matrix  Inversion.  That  Is,  ^  r 

A  o  >- 


Note  that  for  M*2N-1,  A  is  a  square  symmetric  circulant  matrix  and  is  readily 
invertable.  Standard  computer  routines  such  as  GELG  (43)  can  be  used  to  do  the 
matrix  inversion.  Once  the  a  ' s  are  determined,  the  next  step  is  to  solve  for 
the  N  values  of  z,.  These  z,^s  are  obtained  by  finding  the  roots  of  Equation 
(9).  The  N  roots  are  complex  numbers  and  because  r(t)  is  real,  these  conplex 
roots  appear  in  complex  conjugate  pairs.  The  polynomial  root  finding  process 
can  be  ealsly  performed  by  using  standard  routines  such  as  Muller  (44,45). 

It  is  now  trivial  to  obtain  the  poles  s^.  The  poles  are  simply  given  by 

sj  *  y  !n(Zj).  (12) 

The  final  step  in  Prony's  method  is  to  determine  the  value  of  the  residues  a.'s. 
To  do  this,  we  simply  solve  the  matrix  equation  embodied  in  Equation  (6).  In 
matrix  form  this  set  of  equations  is  written  as 
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where  now  the  only  unknowns  are  the  elements  of  the  residue  matrix  E. 

The  above  derivation  of  Prony's  method  is  valid  only  when  all  natural  resonances 
present  are  simple  poles.  For  multiple-order  poles,  a  slight  modification  is 
necessary  in  solving  for  the  residues  (4,12).  However,  in  this  study  we  did 
not  find  it  necessary  to  postulate  multiple-order  poles. 

In  summary,  Prony's  method  solves  for  the  complex  natural  resonances  and  the 
corresponding  residues  associated  with  the  back-scattered  time-domain  waveforms 
from  a  system  of  nonlinear  equations  (Equation  (6))  by  breaking  it  down  into 
three  simple  steps: 

1.  Solve  for  the  values  of  am's  of  the  linear  Equation  (11)  by  matrix  inversion. 

2.  Solve  for  the  poles  by  factoring  the  polynomial  of  Equation  (9). 

3.  Solve  for  the  residues  from  the  linear  Equation  (13)  by  matrix  inversion. 


The  derivation  of  Prony's  method  is  simple  enough.  However,  its  application 
to  the  measured  backscattered  waveforms  is  a  much  more  complicated  process. 
The  following  section  outlines  some  of  the  difficulties. 


B.  Clutter  Effects  in  Prony's  Method 


Prony's  method  has  been  found  to  be  extremely  sensitive  to  clutter.  Its  ability 
to  extract  the  complex  natural  resonances  of  a  waveform  accurately  is  severely 
inhibited  by  the  presence  of  clutter  (13-15).  Since  Prony's  method  is  a  process 
of  curve  fitting,  in  the  presence  of  clutter,  it  will  give  a  set  of  poles  which 
fit  the  clutterly  transient  response  but  will  not  necessarily  represent  the  com¬ 
plex  natural  resonances  of  the  target.  Various  signal-processing  techniques 
have  been  applied  to  reduce  the  effect  of  clutter  in  Prony's  method  (13-15), 
with  the  most  commonly  used  being  the  least-square  error  technique.  With  it. 
Equation  (11)  in  the  previous  section  is  solved  in  the  least-square  sense.  In 
this  case,  M  samples  are  used  in  lieu  of  2N  samples  where  M>2N.  Thus,  the  matrix 
A  becomes  rectangular,  and  Equation  (11)  is  solved  by  the  pseudo-inverse  technique 

ATAB  *  ATC  (14) 


or 

where 


$B  *  D 
*  =  ATA 


(15) 


and 


D  *  ATC  . 
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Since  $  is  the  signal  covariance  matrix  of  size  N  by  N,  it  is  real,  symmetric 
and  positive  definite,  and  is  thus  readily  invertible  to  yield  the  value  of 


A  second  technique  applied  to  reduce  clutter  in  Prony's  method  was  brought 
about  by  the  observation  that,  in  solving  for  the  N+la  's  in  the  N  homogeneous 
equations  (11),  we  can,  instead  of  setting  o^=l,  require  that 

N  9 

l  06  =  1  .  (16) 

m=0  ^ 

Such  an  approach  leads  to  the  eigenvalue  method  (15,16). 

Instead  of  setting  the  leading  coefficients  ct.=l,  we  can  of  course  set  any  of 
the  N+l  coefficients  to  1  in  solving  for  the  ol's  of  Equation  (10).  Such  a 
constraint  leads  to  the  interpolation  version  of  Prony's  method  (4,17). 

The  classical  Prony's  method,  the  eigenvalue  method  and  the  interpolation  version 
of  Prony's  method  were  all  considered  in  this  study.* 

Numerous  other  signal-processing  techniques  have  been  applied  (13,14),  thus  far 
however,  no  completely  satisfactory  result  has  been  reported  using  measured  data. 
In  the  following  section  a  systematic  procedure  that  is  given  good  results  for 
the  present  data  is  outlined.  This  procedure  was  used  in  extracting  the  complex 
natural  resonances  of  the  backscattered  waveforms  discussed  in  Section  II  and 
yielded  our  best  result  to  date.  As  we  will  see,  the  procedure  does  indeed  pro¬ 
vide  satisfactory  target  characterization. 

C.  Applying  Prony's  Method  to  the  Measured 
Backscattered  Waveforms 


In  applying  Prony's  method,  one  approach  is  to  pre-determine  the  following  param¬ 
eters: 

1.  N,  the  number  of  poles  present  in  the  waveform.  Van  Blaricum  (12-14)  sug¬ 
gested  a  method  which  relies  on  the  fact  that  the  (N+l)th  eigenvalue  of 
the  signal  covariance  matrix  of  size  N+l  by  N+l  should  equal  a,  the  vari¬ 
ance  of  the  additive  gaussian  stationary  and  uncorrrelated  noise.  Such 

a  method  does  not  seem  practical  for  our  measured  data  in  which  the  clutter 
is  nonstationary  (transient). 

2.  T,  the  Prony  interval.  Obviously,  undersampling  (T  too  large)  will  almost 
surely  bring  aliased  results.  It  was  also  found  that  oversampling  produces 
extraneous  high-frequency  poles. 

3.  t  ,  t  the  start  and  end  time  of  the  fitting  interval,  t  must  lie  in  the 
time  region  where  the  forced  response  portion  of  the  backscattered  waveform 
has  ended  and  t  must  lie  in  the  region  where  clutter  effects  are  not 
dominant.  e 

4.  M,  the  number  of  sample  points  used  in  the  fitting  process.  M  determines 
the  amount  of  overspecification  on  the  system  of  Equations  (11). 


*A  complete  discussion  of  these  signal-processing  problems  can  be  found  in  (21). 
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In  the  presence  of  clutter,  it  was  found  that  the  accuracy  of  the  extracted  reso¬ 
nances  was  found  to  be  extremely  sensitive  to  the  values  of  the  above  five  param¬ 
eters  (4,15,16).  For  the  method  to  yield  an  accurate  solution,  we  have  to  find 
the  "right"  set  of  values  for  these  parameters.  The  approach  developed  in  this 
study  is  to  vary  these  parameters  (over  a  reasonable  range)  and  assume  that  the 
"right"  values  of  the  parameters  corresponding  to  the  "desired"  resonances  are 
those  that  allow  the  closest  approximation  to  the  measured  waveform  in  the  time 
domain.  That  is,  a  calculated  waveform  is  developed  from  the  resonances  and 
residues  found,  and  this  waveform  is  compared  to  the  original  waveform  point 
by  point  over  the  fitting  interval  (t  t  ]  and  the  total  squared  error  found. 

The  solution  which  affords  the  smallest  total  squared  error  is  considered  to 
be  the  "desired"  solution.  The  ranges  of  these  parameters  in  this  study  were 
fixed  as  follows: 


1.  The  number  of  "significant"  peaks  in  the  Fast  Fourier  Transform  of  the  wave 
forms  is  usually  a  good  measure  of  N  and  since  the  number  of  "significant" 
peaks  is  between  2  and  7  in  all  waveforms  considered,  the  range  of  N  was 
chosen  to  be  from  4  to  14  (we  assumed  that  one  peak  corresponded  to  at  most 
two  poles). 


2.  Shannon's  sampling  theorem  constrains  the  maximum  value  of  T,  while  the 
bandwidth  of  the  radar  system  (<500  MHz)*  constrains  the  minimum  value  of 
T.  The  values  of  T  were  chosen  to  be  3T„,  5Tg  ...  10TR  corresponding  to 
minimum  and  maximum  Nyquist  frequenciesDof  256  MHz  and  768  MHz,  respectively. 


The  values  of  t  ,  were  chosen  to  be  t  (t  +2TR),  (t  +4T„)...(t  +8T«) 

where  t  was  the  time  at  which  the  aosolutermaximum  ofm!ne  waveform  occur¬ 
red.  ItTwas  found  that  such  a  choice  ensured  a  decaying  nature  in  almost 
all  the  waveforms  considered,  t  was  chosen  to  be  the  time  at  which  the 
balun  reflection  occurred  (see  Section  II). 


4.  Since  a  vastly  oversized  M  would  result  in  an  unstable  solution  from  Prony's 
method  (12,15,18),  the  values  of  M  were  chosen  to  be  2N,  3N,  ...  6N. 


Each  set  of  values  of  the  five  parameters  (N,T,t  t  ,M)  will  give  a  set  of  com¬ 
plex  resonances  when  Prony's  method  is  applied  to  aewaveform.  This  set  of  com¬ 
plex  resonances  maximizes  the  fit  between  the  approximated  waveform  r.(t)  and 
the  measured  waveform  r^(t)  in  the  interval  [t  ,t  +(M-1)T]  with  the  sampling 
interval  of  T.  For  all  complex  resonances  resulting  from  all  possible  sets  of 
(N,T,ts,t  ,M)  in  the  chosen  range,  the  "desired"  set  of  complex  resonances  is 
chosenbtoebe  the  one  which  minimizes  the  total  normalized  point-by-point  squared 
error  e  over  the  error-calcalating  interval.  The  error  e  is  defined  as 

£  =  {5CrM(t)"rA(t)]2]^  [rM(t)+rA(t>]j  5  t=iTB*  (17> 

In  this  study,  r.(t)  was  generated  via  the  method  of  linear  prediction  (25), 
where  • 

N  -CL- 

rA(t+m0T)  *  l  —  rM(t+mT)  (18) 

ms0  °m 
"*"0 


♦See  Reference  (4). 
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In  Equation  (18),  r.(t)  and  rM( t )  are  the  approximated  and  the  measured  waveform, 
respectively,  the  o£'s  are  the  difference  equation  coefficients  obtained  from 
the  Prony's  method,  and  m  is  an  index  chosen  for  suppression  of  clutter  effects. 
In  this  study,  m  was  chosen  to  be  the  coefficient  of  maximum  magnitude.  With 
Equation  (18),  tne  error  e  can  be  expressed  as 


t  -NT+m  T 

I 

t»ts+m0T 

1 

T 

mn 

N  1 

^rM(t+mT)  ] 
_m=0 

2 

t  -NT+m  T 

r  * 

„  1 

J 

e  £  o 

tsW  1 

[rA(t)+rM(t)J 

;  t  =  iln 


(19) 


From  Equations  (10)  and  (19),  we  note  that  the  error  e  is  zero  when  the  measured 
waveform  is  free  of  clutter  and  is  perfectly  characterized  by  Equation  (4).  e 
should  be  small  when  rM(t)  is  closely  approximated  by  Equation  (4). 


I V .  THE  EXTRACTED  RESONANCES  OF  THE  SUBSURFACE  TARGETS 


The  locations  of  extracted  resonances  of  the  mine-like  target  at  different  an¬ 
tenna  locations  in  icy  ground  are  plotted  in  Fig.  5  (here  only  poles  in  the  upper 
left  half  s  plane  are  shown).  From  Fig.  5,  we  make  the  following  observations: 

1.  The  extracted  resonances  tend  to  form  "clusters".  Some  possible  clusters 

are  shown  in  Fig.  5.  The  formation  of  these  clusters  are  based  on  the  obvi¬ 
ousness  of  clustering  of  the  resonances  and  the  known  fact  that  the  accuracy 
in  determining  the  real  parts  of  the  extracted  resonances  is  normally  poor. 

A  cluster  can  contain  at  most  one  pole  extracted  from  a  waveform.  Poles 
with  residues  which  are  three  orders  down  in  magnitude  compared  to  the  maxi¬ 
mum  residue  are  discarded.  Poles  which  are  remote  from  the  clustered  groups 
are  excluded.  Beyond  an  obvious  weighing  dictated  by  the  actual  pole  loca¬ 
tions  no  real  significance  should  be  attached  to  the  shape  of  the  closed 
contour  surrounding  each  cluster. 

2.  Only  a  small  number  of  clusters  or  resonances  are  present. 

3.  The  variation  in  the  real  parts  of  the  resonances  within  a  cluster  is  gen¬ 

erally  greater  than  the  variation  in  their  imaginary  parts.  There  is  at 
least  one  more  major  factor,  besides  the  ever-present  clutter,  that  causes 
such  variations,  namely,  the  target-antenna  interactions.  At  the  shallow 
depth  of  5  cm,  for  most  antenna  locations  considered,  the  targets  are  in 
the  near  field  of  the  antenna  for  the  entire  bandwidth  (<500  MHz)  of  our 
radar  system. 

4.  An  additional  factor  contributes  to  the  variations  in  the  extracted  reso¬ 
nances  from  the  mine-like  target,  namely,  its  complex  structure.  This  tar¬ 
get  possesses  the  most  complex  structure  of  all  targets  considered. 

5.  The  phenomenon  of  certain  resonance(s)  being  weakly  excited  in  certain  radar 
aspects  is  evident.  Some  weakly  exicted  resonances  are  not  extracted. 

In  this  study,  a  subsurface  target  was  characterized  by  the  set  of  average  ex¬ 
tracted  resonances.  Averaging  was  performed  over  all  the  extracted  resonances 
in  each  cluster.  For  the  mine-like  target,  the  average  extracted  resonances 
are  shown  as  solid  dots  in  Fig.  5.  Parameters  such  as  the  variation  from  the 
average  of  each  pole  within  the  cluster  is  not  meaningful  because  of  its  causes 


Complex  Natural  Resonances  of  Subsurface  Targets 


476 


L.C.  Chan,  D.L.  Moffatt,  and  L.  Peters 


which  include,  besides  the  effects  of  clutter,  the  possible  variations  in  the 
pole  excitation  at  the  various  antenna  locations.  Slight  pole  variation  due 
to  the  variations  in  the  antenna  locations  is  possible  for  the  finite  exponen¬ 
tial  sum  representation  of  the  target's  transient  response  is  only  an  approxi¬ 
mation  and  that  the  targets  considered  are  located  in  the  close  vicinity  of 
the  radar  system. 

The  extracted  resonances  shown  in  Fig.  5  were  obtained  using  classical  Prony's 
method  ( i . e . ,  0^=1).'  Classical  Prony's  method  was  found  to  extract  poles  with 
tighter  clusterings  among  the  results  given  by  other  methods  under  the  constraint 
a  *l,m=0,l. . .N.  The  eigenvalue  method  provided  results  similar  to  those  given 
by  the  Classical  Prony's  method.  Thus,  no  clear-cut  choice  of  method  was  discern¬ 
ible.  Accordingly,  the  extracted  resonances  shown  in  this  chapter  were  the  re¬ 
sults  of  either  of  these  two  methods. 

In  order  to  see  the  effects  of  the  changing  ground  condition  on  the  locations 
of  the  extracted  resonances,  the  average  resonances  of  the  mine-like  target  in 
different  ground  conditions  are  tabulated  in  Table  1  and  are  plotted  in  Fig. 

6.  From  Fig.  6,  we  see  that  there  were  five  (pairs)  extracted  resonances.  The 
imaginary  parts  of  the  extracted  resonances  were  relatively  insensitive  to  changes 
in  ground  condition.  This  seems  to  imply  the  resonances  of  the  mine-like  target 
are  internal  resonances. 


a  (I06  NEPERS /S) 

Fig.  6.  Locations  of  the  average  extracted  resonances  of  the  mine-like 
target  in  different  ground  conditions. 

The  implications  of  the  fact  that  there  were  five  (pairs)  resonances  extracted 
from  the  mine-like  target  waveforms  is  significant.  It  means  that  this  target 
can  now  be  characterized  by  a  finite-order  system. 
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Not  all  the  extracted  resonances  are  related  to  the  scattering  mechanisms  of 
the  mine-like  target.  In  fact,  the  lowest  resonance  was  found  to  be  the  antenna 
resonance  of  the  system.  The  antenna  resonance  was  extracted  from  almost  every 
waveform  of  all  targets  considered. 

In  contrast  to  the  case  of  the  plastic  mine- like  target,  the  brass  cylinder  was 
found  to  possess  external  resonances.  Table  2  lists  the  average  extracted  reso¬ 
nances  of  the  brass  cylinder  in  two  different  ground  conditions.  Locations  of 
these  resonances  are  also  plotted  in  Fig.  7.  From  F->g.  7  we  see  the  following 
effects  of  the  changing  ground  condition  on  the  extracted  resonances  of  the  brass 
cylinder.  First,  the  antenna  resonance  is  insensitive  to  changes  in  the  ground 
condition.  This  may  be  attributed  to  the  fact  that  the  arms  of  the  crossed- 
dipole  antenna  were  not  in  electrical  contact  with  the  ground  surface.  Second, 
the  imaginary  parts  of  the  three  higher-frequency  resonances  increased  signifi¬ 
cantly  when  the  ground  changed  from  dry  to  icy.  This  is  to  be  expected,  because 
the  resonances  of  the  brass  cylinder  are  external  resonances.  The  increase  in 
the  imaginary  parts  of  these  external  resonances  indicates  a  decrease  in  the 
value  of  the  dielectric  constant  of  the  ground.  Third,  the  real  part  of  the 
three  higher-frequency  resonances  generally  decreased  as  the  ground  changed  from 
dry  to  icy,  indicating  that  icy  ground  in  this  case  was  more  lossy.  The  increase 
in  loss  seems  to  be  the  reason  for  the  absence  of  the  real  cylinder  pole  in  icy 
ground. 
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Fig.  7.  Average  extracted  resonances  of  the  brass  cylinder 
in  different  ground  conditions. 
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The  average  extracted  resonances  of  the  aluminum  sphere,  copper  sheet  and  wood 
board  are'tabulated  in  Table  3.  From  Table  3,  we  see  that  the  antenna  resonance 
is  present  in  the  waveforms  of  all  targets.  Note  that  the  extracted  resonances 
of  the  five  targets  considered  lie  in  the  same  general  region  of  the  complex 
frequency  plane  and  are  only  marginally  separated.  Such  is  expected  to  some 
extent  because  all  targets  considered  have  (again  marginally)  similar  sizes. 

The  locations  of  the  target  resonances  are  related  to  the  scattering  mechanisms 
of  the  target.  For  subsurface  targets,  these  relationships  are  complicated  by 
the  presence  of  the  air-ground  interface,  the  ground  condition  and  the  character¬ 
istics  of  the  transient  antenna  system.  For  shallow  targets  the  near-field  ef¬ 
fects  and  the  target-antenna  interactions  further  complicate  the  picture.  In 
this  chapter,  we  do  not  intend  to  explore  these  relationships.  However,  it  is 
interesting  that,  despite  the  complex  electromagnetic  scattering  situation,  the 
backscattered  waveforms  of  the  subsurface  targets  can  still  be  characterized 
by  a  finite  exponential  series.  In  fact,  the  complex  exponents  in  the  finite 
series  (i.e. ,  the  complex  resonances)  can  be  used  as  discriminants  for  target 
identification  purposes  (4,19,20). 

V.  CONCLUSIONS 

The  concept  of  characterizing  subsurface  targets  by  their  complex  natural  reso¬ 
nances  has  been  demonstrated  using  real  radar  measurements.  Prony’s  method  in 
conjunction  with  the  parametric-optimization  approach  outlined  in  this  chapter 
extracts  the  complex  natural  resonances  from  the  measured  transient  responses 
of  the  subsurface  targets  with  reasonable  accuracy.  It  was  found  that  the  subsur 
face  targets  (metallic  and  non-metallic)  considered  in  this  study  can  be  charac¬ 
terized  by  a  finite  number  of  complex  natural  resonances  that  reside  inside  the 
bandwidth  of  the  video  pulse  radar  system.  The  locations  of  the  complex  reso¬ 
nances  are  independent  of  the  radar  location,  however,  they  are  dependent  on 
ground  condition. 
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INTRODUCTION 

The  unimoment  method  (1)  was  developed  with  the  objective  of  solving  electro¬ 
magnetic  scattering  problems  consisting  of  penetrable  inhomogeneous  targets.  It 
has  since  been  applied  to  scattering  by  dielectric  cylinders  (2) ,  inhomogeneous 
loading  of  biconical  antennas  (3),  scattering  by  bodies  of  revolution  (4), 
scattering  and  penetration  of  advanced  composite  material  (5),  scattering  by 
buried  obstacles  (6)  and  multiple  scattering  (7).  In  this  paper,  we  shall  present 
the  basic  techniques  of  the  unimoment  method,  the  formulas  associated  with  various 
applications,  and  some  recent  obtained  results  particularly  for  buried  obstacles 
and  two  body  scattering.  Finally,  we  shall  speculate  on  the  possibility  of 
composing  a  complex  scatterer  from  the  results  of  isolated  simple  scatterers  via 
the  multiple  scattering  technique. 


BASIC  TECHNIQUES 


The  motivation  of  the  unimoment  method  is  to  solve  scattering  problems  consisting 
of  penetrable  inhomogeneous  targets.  Its  principle  idea  is  to  approach  the  solu¬ 
tion  via  differential  equations  directly  rather  than  the  integral  equations.  The 
most  appealing  advantage  of  the  differential  equations  is  that  the  equations  are 
basically  unchanged  whether  the  target  is  homogeneous  or  inhomogeneous ,  yet 
inhomogeniety  puts  great  strain  on  the  integral  equation  method.  The  elliptical 
partial  differential  equation  resulting  from  the  associated  Maxwell's  equations 
can  be  solved  numerically  with  conventional  finite  difference  or  finite  element 
methods.  However,  the  concomitant  of  the  finite  methods  are  the  problems  of 
numerical  stability  and  that  of  radiation  conditions.  The  mesh  of  the  finite 
methods  must  be  terminated  at  a  finite  surface,  while  the  radiation  conditions  are 
to  be  enforced  in  the  far  field  zone.  Numerous  ways  of  enforcing  the  radiation 
conditions  have  been  suggested,  e.g.,  McDonald,  et  al.  (8)  and  Sylvester,  et  al. 

(9)  used  integral  equations  and  Mei,  et  al.  (10)  used  harmonic  expansions,  in 
which  the  finite  difference  or  finite  element  equations  are  directly  coupled  to 
the  integral  equation  or  the  harmonic  expansion.  Those  approaches,  however,  add 
complications  to  numerical  solutions  in  that  the  resulting  matrix  is  partially  full 
(from  integral  equations)  and  partially  sparse  (from  finite  difference) .  The 
unimoment  method  provides  a  simple  numerical  strategy,  which  separates  the  sparse 
matrix  from  the  full  matrix,  thus  making  the  problem  more  manageable. 


The  unimoment  method  is  most  conveniently  viewed  as  a  modification  of  the  classical 
method  of  the  separation  of  variables,  wherein  the  modal  solutions  of  the  differen¬ 
tial  equation  inside  a  separable  surface  is  replaced  by  a  sequence  of  computer 
generated  solutions.  A  typical  exrmple  of  the  essence  of  unimoment  method  is  that 
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of  a  two-dimensional  scattering  by  an  arbitrary  dielectric  cylinder.  If  the  medium 
inside  the  circle  C  of  Fig.  1,  were  uniform  one  would  use  the  separation  of 
variables  to  expand  the  interior  and  fields  by  cylindrical  harmonics. 
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Fig.  1.  Scattering  geometry  of  a  dielectric  cylinder. 


is  expanded  in  Fourier  series,  and  the  continuity  of  <p(r)  and 


When  <j/inc(r) 

o<pCitj  0  O  0  o 

•  I-*-1 '  at®  enforced  on  C,  the  coefficients  a  ’  and  b  ’  can  be  determined, 
dr  n  n 

If  the  medium  inside  C  is  not  uniform,  the  expansion  in  (1)  will  not  be 

available  and  the  method  of  separation  of  variable  fails.  The  unimoment  method  of 

solving  the  same  problem  proceeds  essentially  in  parallel  with  the  method  of 

separation  of  variable,  except  the  interior  solution  is  expanded  by  a  set  of 

numerically  generated  solutions  (r) .  That  is, 


<Kr) 
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where  [^(r)  can  be  generated  by  finite  difference  equations  (3),  finite  element 

equations  (2),  Monte  Carlo  methods  (11)  or  partially  in  harmonics  (4).  To 
generate  ^(r),  one  needs  to  solve  inhomogeneous  wave  equations  within  C, 
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and  for  the  convenience  of  doing  so,  we  assign  a  set  of  linearly  independent 
functions  on  C  and  solve  the  fields  inside  C  numerically  for  each  case.  From 

3^  (r) 

the  numerical  solutions  we  may  obtain  the  normal  derivatives  — —  on  C. 

Of  course,  one  rarely  needs  to  solve  the  interior  problem  N  times  for  N  number 

34^(7) 

of  — 5 -  on  C.  In  fact,  the  inversion  may  be  obtained  for  part  of  the 

3n  HnCr) 

interior  nodes.  In  this  case,  our  interest  is  to  obtain  — — ,  4^(7)  on  the 

boundary,  therefore,  the  inversion  may  result  in  a  matrix  operator,  such  that 

when  operated  on  the  P  (r)  on  the  boundary  nodes  produces  p  Or)  on  the  nodes 

n  n 

next  to  the  boundary.  We  may  then  use  finite  difference  to  obtain  -g^  on  the 

boundary.  The  numerical  details  of  the  finite  element  or  finite  difference  and 
the  sparse  matrix  inversion  techniques  are  given  in  (2),  (3),  and  (4). 

The  differences  between  the  unimoment  method  and  the  method  of  moment  are  not 
limited  to  numerical.  Indeed,  the  problems  often  have  to  be  formulated  entirely 
differently  for  the  two  methods.  Since  the  numerical  procedures  involved  with  the 
finite  element  method  are  well  known,  we  shall  skip  that  and  rather  discuss  some 
basic  formulas  used  in  the  unimoment  method  and  the  motivation  of  their  develop¬ 
ments  . 


VARIATIONAL  FORMULAS  FOR  AXIALLY  SYMMETRIC  MAXWELL'S  EQUATIONS 

The  simplest  three  dimensional  problem  is  one  consisting  of  a  body  of  revolution. 
With  this  specialization,  each  azimuthal  mode  can  be  treated  separately  and  thus 
a  three-dimensional  problem  can  be  decomposed  to  several  two-dimensional  problems. 
In  order  to  apply  the  finite  element  method  to  such  a  problem  it  is  necessary  to 
formulate  axially  symmetric  Maxwell's  equations  in  variational  form.  There  are 
numerous  ways  Maxwell's  equations  can  be  put  in  variational  form,  and  most  of  them 
are  quite  general.  We  wish  to  seek  one  which  is  special  for  axially  symmetrical 
scatterers  and  valid  for  inhomogeneous  media,  because  the  equations  which  take 
advantage  of  the  symmetry  are,  in  general,  more  economical  to  compute. 


In  most  classical  analysis,  solutions  to  Maxwell's  equations  are  obtained  via 
potentials.  It  is  also  advantageous  numerically  to  use  potentials,  which  can 
often  be  represented  by  scalar  functions.  For  axially  symmetric  problems,  the 
most  natural  functions  that  can  be  used  as  potentials  are  the  azimuthal  components 
of  the  electric  and  magnetic  field.  The  rest  of  the  field  components  can  be 
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derived  for  each  azimuthal  mode  of 
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We  have  used  cylindrical  coordinates  for  the  interior  fields,  because  the  integra¬ 
tion  involved  in  the  finite  element  would  be  simpler  than  those  using  spherical 
coordinates . 

The  following  coupled  differential  equations  are  obtained  by  substituting  the  field 
components  of  (4)  into  Maxwell's  equations. 
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If  we  define  the  differential  operator,  V  ,  as 
va  "  3  Jr  +  2  Jz 

the  differential  equations  (5)  and  (6)  may  be  arranged  to  the  following  form, 


V  •—  [n  y  RV  (RH.)  +  z*mV  (RE,)]  +  n  u  *  0 
a  f  o  r  a  <?  a  <p  o  r  <P 
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ZQ 


(8) 


Equations  (5),  (6)  and  (7),  (8)  are  exactly  the  same  and  they  may  be  used  inter¬ 
changeably. 


For  the  interior  problems  of  the  unimoment  method  the  differential  equations  are 
solved  by  imposing  the  Dirichlet  boundary  conditions.  That  is,  the  functions 
E^(r«a,S)  and  H^(r“>a,9)  are  assigned  over  the  spherical  surfaces.  The 

uniqueness  of  the  solution  Is  followed  Immediately  by  the  usual  way  of  proving  the 
uniqueness  theorem  as  that  presented  in  the  textbooks  by  Stratton  (12)  and  by 
Harrington  (13). 

In  order  to  facilitate  the  Ritz  finite  element  method  for  the  interior  solutions, 
the  variational  formulations  corresponding  to  the  differential  equations  will  be 
established.  The  variational  principles  dictate  that  the  solution  of  (5)  and  (6) 
is  the  stationary  functional  of  the  Lagrangian  integral  (14,  p.  275). 

L  -  jj  F(R,Z,f1,f2,f3,f4,f5,f6)  dr  dz  (9) 

S 


where  the  function  F  should  take  the  following  quadratic  form  so  that  the 
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finite  element  method  will  result  in  a  system  of  linear  equations.  That  is, 
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and  g^(R,Z)  are  coefficient  functions. 

For  the  Dirichlet  boundary  value  problems  the  requirement  that  L  be  stationary 
corresponds  to  the  Lagrange-Euler  equations  (15,  p.  277) 
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The  coefficient  functions  g^(r,Z)  are  obtained  by  substituting  (10)  into  (17) 

and  (18),  and  then  comparing  the  resulting  equation  resepctively  with  (5)  and  (6). 
The  resulting  function  F  for  the  Lagrangian  integral  (9)  is 
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Using  the  differential  operator,  V  ,  the  functional  F  takes  the  following 
form 
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The  range  S  of  the  variational  integral  (9)  is  on  the  meridional  plane  and  within 
the  artificial  sphere  (r  < a) .  Specifically,  S  is  the  interior  of  a  circular 
disc  of  radius  r=«a.  Only  one  half  of  the  disc  on  one  side  of  the  symmetrical 
axis  is  required  to  integrate  in  all  computations  because  of  the  symmetrical 
properties.  In  this  case,  the  boundary  conditions  at  the  straight  side  of  the 
half-disc  are  required.  Since 

f 1  if  m  is  even 


^-'1  if  m  is  odd. 

we  find  that,  when  m  is  odd,  E^ (<f> *7r+4>Q)  is  equal  to  This  implies 

that  E^  is  an  odd-symmetric  function  with  respect  to  z-axis.  Consider  the 

actual  F.-field  normal  to  the  meridional  plane.  The  reference  direction  of  E^ 

is  reversed  on  the  other  side  of  the  z-axis.  Hence  the  field  normal  to  the 
meridional  plane  is  an  even-symmetric  function.  This  means  that  its  normal 
derivative  is  zero.  That  is, 


»0  at  z-axis.  (2] 

A  similar  argument  can  be  applied  to  when  m  is  odd 

3H.  3H. 

3^P’,~'9p~  *  0  at  z-axis.  (21 

Similarly,  for  even  values  of  m  (2, 

E,  *  0  on  the  z-axis 
<P 

H .  -  0  on  the  z-axis .  (.V- 

<P 

The  conditions  of  (21)  to  (24)  are  simply  homogeneous  Neumann  and  Dirichlet  con¬ 
ditions.  The  functional  (20)  together  with  the  boundary  conditions  provide  the 
necessary  formulation  to  generate  the  interior  fields  via  the  finite  element 
method. 


The  sequence  of  interior  solutions  obtained  from  the  finite  element  method,  when 
coupled  with  the  conventional  spherical  harmonics  expansions  of  the  exterior  fields 
should  result  in  the  scattering  solutions  in  free  space.  A  typical  result  of  such 
a  calculation  is  shown  in  Fig.  2.  The  agreement  between  computation  and  measure¬ 
ment  is  quite  remarkable,  indicating  the  soundness  of  the  unimoment  method. 


LOSSY  GROUND 

It  is  quite  evident  in  the  unimoment  method  that  we  can  use  a  variety  of  exterior 
expansions  to  solve  scattering  by  a  target  in  the  presence  of  another  object.  The 
repertoire  of  known  exterior  expansions  for  that  purpose  include  circular  cylinders, 
spheres,  infinite  cone,  etc.  These  exterior  expansions  are  essentially  classical 
solutions  of  scattering  by  separable  targets  using  multipole  fields. 

The  exterior  expansions  involving  lossy  ground  is  an  important  topic  which 
deserves  special  attention  because  it  can  be  applied  to  many  problems  in 
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Fig.  3.  Coordinates  in  the  meridional  plane  (<pm  0) 
and  <)>  “if) 


(27) 


if  a  is  a  constant  vector.  Normally  a  would  be  a  unit  vector  in  any  of^the 
x,  y  and  z  directions.^  Th£  special  case  in  spherical  coordinate  requires  a  to 
be  the  radial  vector  a  =  r  in  order  to  preserve  eq.  (27)  for  the  potentials. 


In  the  unimoment  method,  ve  have  used  the  sphere  as  a  termination  surface  for  the 

finite  mesh.  It  is  necessary  that  the  modal  sources  be  confined  within  a  finite 

sphere.  Thus,  the  spherical  multipoles  are  chosen  as  primary  sources.  On  the 

other  hand,  to  satisfy  the  planar  boundary  conditions  of  the  air-ground  interface, 

the  cylindrical  modal  potentials  are  desirable.  This  combination  of  restrictions 

induces  us  to  use  spherical  functions  for  A  and  A  ,  and  the  unit  vector 

me 

2  for  a  . 


In  order  to  find  the  multipole  fields  which  satisfy  the  boundary  conditions  of  the 
air-ground  interface  we  must  find  the  Fourier  Bessel  representation  of  the  multi¬ 
pole  potentials,  i.e., 

00 

h^(kr)Pm  (cos  8)  *  (signz)11**11  f  f  (X)J  (Ap)e  ^z^d 
n  n  J  mn  m 

o 


(28) 
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where  y 


A2-k2  , 


Real(u)  2  0. 


It  has  been  shown  by  Chang  and  Mei  (15)  that  f  (A)  can  be  conveniently 
obtained  by  recurrence  formulas, 


with 


and 


with 


Vl,.«<X>  •  (2"+l)  k  £.<x> 


£0,0<X)  ■  1  ku 


£.,a+l(X)  *  -(SSlT  [k  £,,»<X>  +  2^r  £«,„-l(X)I 


f  m  1  (X)  “  0 
m,m— l 


(29) 

(30) 

(31) 

(32) 


Using  the  above  given  recurrence  formulas,  it  is  a  few  simple  algebraic  steps  away 
from  the  exterior  expansions  for  a  lossy  ground,  or  that  for  a  lossy  half  space. 
They  are  the  generalization  of  the  well  known  Sommerfeld’s  integrals  for  spherical 
multipoles,  hence  are  appropriately  termed  generalized  Sommerf eld's  integrals. 

For  buried  obstacles  the  potentials  in  region  II  (containing  the  source)  may  be 
separated  into  a  prime  component  and  a  secondary  component.  For  the  TE  potentials 


where 
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And,  in  region  I,  the  potential  A^  is. 


_  ...  f  2y .  -y  d-y.(z-d) 
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Similarly  integrals  are  found  for  the  TM  potentials, 
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It  is  important  to  point  out  that  the  combination  of  spherical  functions  and  unit 
vector  a  *  z  in  (25)  and  (26)  does  not  result  in  a  complete  set  of  electro¬ 
magnetic  fields.  Consequently,  it  is  necessary  to  add  a  set  of  horizontal  rotating 
potentials.  They  are. 


494 


with 


with 


with 


with 


Kenneth  K.  Mei,  John  F.  Hunka,  and  Shu-Kong  Chang 

.  II  prime  -*■  - ^  ^ .  .(2),,  v  _m- 1 ,  ±j(m-l)u 

A  v  a  -  (x±jy)  h"  ' (k,r)  P  (cos  8)  e  J 
m  m-l  i  m-l 

?II  sec 


m 


(fcj$)  A®  +  A*  z 
m  mz 


s  ±jm<|>  f  £iy2~£2yi  n  » 

'm  6  J  e2^i+ei'i2  m-l 

■i+  f  (£r£2)  2y2x  r  m 

J  (y^+w2^£2'Ji+eiy2^  e 


-y,(2d-z) 
e  2  dA 


.s  ± * 

A  *  e 
m2 


-y2(2d-z) 


d\ 


(39) 

(40) 

(41) 

(42) 


A1  -  (|3±j$)  AC  +  AC  z 
m  m  tt\7. 


.t  ±jm<j> 
A  ■  e 
m 


00 

/., Vl(Xo> 


-y2d-u1(z-d) 


dX 


(43) 


.t  ±jm<t>  f  (£1-e2)2p2X  ^ 

Amz  *  e  J  (y1+y2)(e2y1+e1y2)‘m-l,m-I<‘X)Jm(Xp) 


-y,d-y. (z-d) 
e  z  1  dX  (44) 


AII  prlx  (5lJ  ,  „«)  (k  ,  p^l(cos  9)  e±J(m-D* 
e  m—  i  i.  m—  i 


til  sec 


(g±j$)  AS  +  z  AS 
e  ez 


AS  -  ^ 
e 


-y,(2d-z) 


.s  ±jm4> 
A  ■  e 
ez 


f  VW1 

J  TTJiT  Vi<Xo> 

0 

r  (£re2J2y2x 

J  (y1+y2)(e2yi+£iy2)  (X)Jm(Xp) 


dX 


(45) 

(46) 

(47) 


-y_(2d-z) 

e  z  dX  (48) 


21  -  (j3±j$)  AC  +  2  A* 

e  e  ez 

fln 

2y- 


Ac  -  e±jm<^  f  JLf  .  ,(X)J  .  (Xp)e 

e  J  y,+y.  m-l, m-l  m-l 

0  1 
00 

f*i 


-U2d-y1(s-d) 


dX 


(49) 


t  _  ±jwt  r  (£r£2}  2y2 

ez  /  (y,+y2)(e2y1+e1y2)  m-l,m-r'',‘'m 


-y,d-y. (z-d) 

(A)J  (Xp)e  *  1  dX 


(50) 


Equations  (28)-(50)  give  the  complete  account  of  the  exterior  potentials  of 
Maxwell’s  equations  associated  with  lossy  half  space.  They  have  been  used  with 
the  unimoment  method  to  find  the  scattering  from  buried  targets.  Some  representa¬ 
tive  results  of  the  buried  scatterer  configuration  of  Fig.  4  are  shown  in  Fig.  5. 
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Z  H1 


Figure  4.  The  square  on  the  ground  plane  in  which  the  3D 

and  contour  plots  of  the  scattered  electric  fields 
will  be  shown. 


MULTIPLE  SCATTERING 

The  electromagnetic  scatterings  of  two  or  more  targets  near  each  other  is  an 
interesting  problem  by  itself.  They  can  be  applied  to  discriminate  single  targets 
from  a  cluster  of  targets.  Computationally  multiple  scattering  techniques  can 
also  be  used  to  solve  scattering  from  complex  targets  from  the  result  of  scattering 
from  simple  targets  such  as  the  bodies  of  revolution  of  the  previous  sections. 
Multiple  scattering  may  be  solved  as  a  single  self-contained  problem  or  as  an 
iterative  problem.  We  have  chosen  the  latter  in  consideration  of  lesser  demand  on 
memory  and  time. 

Consider  two  targets  as  shown  in  Fig.  6.  Each  of  them  is  a  body  of  revolution  but 
the  ensemble  is  not  axially  symmetric.  It  is  apparent  that  to  solve  this  ensemble 
of  targets  as  a  single  body  would  require  a  true  three  dimensional  solution  where 
the  azimuthal  modes  cannot  be  decoupled.  An  iterative  technique  of  solving  this 
two  body  scattering  shall  only  require  the  solutions  of  the  two  individual  targets 
which  have  been  described  in  the  previous  sections. 

Our  iteration  first  solves  the  scattering  from  target  one  as  a  single  scatterer. 

The  scattered  field  is  then  added  to  the  incident  fields  of  target  2  and  the 
scattered  fields  of  target  2  are  found.  The  scattered  fields  of  target  2  are  then 
used  as  incident  fields  of  target  1  to  find  the  secondary  scattered  fields  of 
target  1.  The  process  continues  until  a  convergence  criterion  is  satisfied.  The 
iteration  steps  are  listed  in  Table  I  for  clarity.  The  total  scattered  fields  of 
each  target  is  the  sum  of  all  the  Iterated  results.  It  is  noted  that  in  the 
unimoment  method  described  in  previous  sections,  the  finite  element  equations  are 
essentially  inverted,  thus  each  iteration  amounts  to  a  matrix  operation  on  a 
vector,  which  is  computationally  quite  economical. 
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(a)  3-D  plot  for  H-Y  incidence 


(b)  Contour  plot  for  H-Y  incidence 


(a)  3-D  plot  for  E-Y  incidence 


Contour  plot  for  E-Y  incidence 


Figure  5.  3-D  and  contour  plots  of  scattered  E-field 

amplitude  on  the  earth  surface  (0^  *  45° , 
frequency  -  1000  MHz) 


The  success  of  the  iterative  solutions  depends  largely  on  the  classical  addition 
theorems  of  spherical  harmonics,  which  transforms  the  scattered  fields  of  one 
target  from  origin  O'  to  0  of  the  other  target,  and  vice  versa.  Numerically 
computing  such  transformation  would  be  too  expensive. 

Referring  to  Fig.  6,  the  coordinates  transformations  involves  a  rotation  from  the 
target  axis  to  the  common  z  z'  axis,  a  translation  from  O'  to  0  and  a 
rotation  from  the  z  z'  axis  to  the  target  axis  of  the  target  at  origin  0. 

The  addition  theorem  of  rotation  is  given  in  terms  of  Euler  angles  a,  3,  v  as 
shown  in  Fig.  7.  We  will  use  only  a  right  handed  rotation.  Referring  to  Fig.  7 
the  fixed  system  is  (XYZ)  while  the  final  rotated  system  is  (XY?) .  The  first 
rotation  is  (0  £  a  £  2^)  about  the  Z  axis.  The  second  rotation  is 
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From  Stein  (16)  and  Edmonds  (17),  the  rotational  addition  theorem  for  the  spherical 
harmonics  is  written  as 
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z,z’ 


Fig.  8.  Coordinate  systems  for  describing  the  general  three 

dimensional  two-body-of-revolution  scattering  problem. 


where 
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Figure  7.  Rotation  of  coordinate  axes  through  successive 
Euler  angle  rotations 
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(52) 
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The  translated  addition  theorem  for  the  scalar  spherical  wave  functions  is, 
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The  coefficient  a(m,y|p,n,v)  is  defined  by  the  expansion. 
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With  the  above  addition  theorems  for  scalar  spherical  harmonics,  it  is  now  possible 
to  get  the  addition  theorem  for  vector  spherical  harmonics.  The  details  may  be 
found  in  reference  (18).  Indeed,  those  are  all  one  needs  to  compute  multiple 
scattering  once  the  single  scattering  results  are  obtained  from  the  unimoment 
method. 

Figure  8  shows  the  results  of  scattering  by  two  conducting  finite  cylinders  placed 
at  right  angles  to  each  other.  The  cylinders  are  identical  at  IX  in  diameter  and 
height.  The  agreement  between  measurement  and  calculation  is  remarkable.  Figure  9 
shows  the  result  of  scattering  by  the  same  two  finite  cylinders  in  contact  with 
each  other,  and  again  the  agreement  between  calculation  and  measurement  is  most 
gratifying . 


SCATTERER  COMPOSITION 


The  promising  results  of  the  iterative  multiple  scattering  technique  for  contacting 
targets  prompts  us  to  speculate  on  the  future  application  of  the  multiple  scatter¬ 
ing  to  scatter  composition,  where  a  complex  target  is  composed  from  several  bodies 
of  revolution.  It  is  noted  that  the  result  of  unimoment  solution  of  scattering 
by  an  isolated  body  of  revolution  is  a  matrix  operator,  which  can  be  easily  stored 
in  disks  of  modern  minicomputers.  The  iterative  part  is  very  undemanding  on 
memory.  It  is  possible  to  carry  out  the  multiple  scattering  by  a  mini-computer 
now  available.  A  repertoire  of  unimoment  solutions  for  a  number  of  canonical 
scatterers  should  enable  a  mini-computer  to  generate  solutions  to  a  variety  of 
scattering  problems  at  a  very  low  cost. 


CONCLUSION 

The  unimoment  method  started  with  a  modest  objective  to  solve  electromagnetic 
scattering  by  inhomogeneous  bodies  of  revolution  and  has  now  been  developed  to 
solve  scattering  by  buried  objects,  which  shall  have  many  applications  in  geo¬ 
physical  research  in  addition  to  electromagnetic  scattering.  Although  it  is 
possible,  in  principle,  to  extend  the  unimoment  method  to  an  arbitrary  three- 
dimensional  problem  (non-axially  symmetric),  the  cost  of  solving  a  set  of  three- 
dimensional  finite  element  or  finite  difference  equations  would  be  excessive. 

In  this  paper,  we  have  demonstrated  that  an  iterative  multiple  scattering  technique 
can  be  applied  to  solve  a  class  of  non-symmetric  scattering  problems.  Indeed,  it 
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BI5TRTIC  RNGLe  Q 

Fig.  8.  Computed  and  measured  far  field  scattering  by 
two  perfectly  conducting  finite  cylinders 


is  now  possible  to  synthesize  scatterers  via  multiple  scattering  by  a  mini¬ 
computer  if  a  repertoire  of  unimoment  solutions  is  available  for  that  purpose. 
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Fig.  9.  Computed  and  measured  far  field  scattering  by  two 
perfectly  conducting  finite  cylinders.  Touching 
case  with  no  addition  theorem  violation. 
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ABSTRACT 


Two  techniques  for  wave  problems  are  discussed  in  this  paper.  The  first  technique 
involves  boundary  layers  and  aims  at  an  approximate  analytical  solution  when  there 
is  a  small  parameter  arising  from  the  existence  of  vastly  contrasting  scales. 
Examples  described  are  (1)  grazing  incidence  of  short  elastic  waves  by  a  slender 
cavity,  and  (2)  thermo-elastic  waves  interacting  with  a  free  surface.  In  both 
examples,  boundary  layers  not  only  simplify  the  mathematics  but  sharpen  the 
physical  picture.  The  second  techniques  is  a  numerical  one  using  finite  elements 
in  a  way  particularly  suited  for  exterior  problems.  It  is  very  advantageous  when 
a  finite  part  of  the  medium  is  inhomogeneous  and  when  the  frequency  is  not  neces¬ 
sarily  high  or  low.  Two  theoretical  properties  of  this  method  are  discussed  and 
applications  to  a  variety  of  scattering  and  radiation  problems  are  outlined. 


PART  I.  PROBLEMS  BY  BOUNDARY  LAYER  TECHNIQUES 
INTRODUCTION 


Although  the  idea  of  boundary  layers  began  with  Prandtl's  work  for  viscous  fluid 
flows  at  high  Reynolds  numbers,  the  notion  of  inner  and  outer  approximations  can 
and  have  now  been  applied  profitably  to  a  wide  range  of  physical  problems.  In 
fact,  traces  of  the  underlying  idea  can  already  be  found  in  the  early  literature 
of  acoustic  waves,  although  the  formalism  of  inner  and  outer  approximations  and  of 
systematic  improvement  to  successively  higher  orders  are  products  of  modem  devel¬ 
opment.  For  example,  Rayleigh  (1870)  already  recognized  the  advantage  of  using 
different  approximations  for  the  near  and  far  fields  of  a  small  body  (or  hole)  in 
scattering  problems.  He  argued  in  essence  that  in  the  neighborhood  of  the 
scatterer  Helmholtz  equation  can  be  approximated  with  a  relative  error  of  0(ka)2 
by  Laplace  equation  which  can  easily  and  formally  be  solved  to  satisfy  the  condi¬ 
tion  on  the  scatterer.  Thus  in  the  near  field  one  has  a  static  problem.  In  the 
far  field  where  the  wavelength  is  the  controlling  length  scale,  the  full  Helmholtz 
equation  must  be  used,  but  the  body  or  hole  now  appears  so  small  that  the  formal 
solution  can  be  written  as  an  integral  of  sources  or  an  expansion  of  multipoles 
which  satisfy  the  radiation  condition.  Unknown  coefficients  in  each  part  are 
found  by  requiring  the  two  parts  to  match  smoothly  in  the  intermediate  zone.  A 
later  example  of  this  approach  may  be  found  in  Lamb  (1932,  p.  534  ff)  for  sound 
waves  incident  on  a  wire  mesh.  In  recent  works  the  formalism  of  matched  asymp¬ 
totics  has  been  applied  beyond  the  leading  order  (See  for  example,  many  papers  by 
Datta  and  associates  (1977),  Viswanathan  and  Sharma  (1977)  for  elastic  waves. 

For  acoustic  waves  the  reviews  by  Tuck  (1977)  and  by  Lesser  and  Crighton  (1975) 
are  germane.)  Further  examples  may  be  found  for  resonant  scattering  of  SH  waves 
by  a  thin  structure  above  the  found  (Mei  and  Foda,  1979)  or  of  long  ocean  waves 
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in  a  harbor  by  Mei  and  Onliiata  (1976) .  In  addition  to  being  an  efficient  method 
to  get  an  approximate  solution,  the  merit  of  boundary- layer  or  matched  asymptotic 
approximation  is  to  enable  a  thorough  study  of  the  physical  implications  analyti¬ 
cally. 

A  very  recent  unified  slender-body  theory  by  Newman  (1979)  uses  matched  asymptotics 
and  is  capable  of  treating  radiation  of  sound  or  water  waves  of  arbitrary  frequen¬ 
cy.  Its  potential  application  to  other  fields  is  great,  and  the  reader  may  refer 
to  his  own  account. 

In  this  part  of  the  paper  we  shall  describe  two  problems  of  high  frequency  waves: 

(1)  scattering  of  elastic  waves  at  grazing  incidence  by  a  slender  cavity,  and  (2) 
propagation  and  scattering  of  thermo-elastic  waves.  In  the  first  problem  a  small 
paramter  arises  from  the  geometry  of  the  scattering,  i.e.,  the  slenderness  ratio, 
while  in  the  second  problem  the  small  parameter  is  the  ratio  between  the  short 
wave  period  and  the  long  diffusion  time,  a  situation  rather  close  to  the  boundary 
layer  of  Stokes  in  an  oscillating  viscous  fluid. 

1.  SHORT  P  WAVES  INCIDENT  ALONG  THE  AXIS  OF  A  SLENDER  CAVITY 
(Mei,  1979a) 

Let  a  slender  two-dimensional  cavity  be  situated  along  the  x-axis  between  x  =  0 
and  x  =  L.  The  maximum  width  of  the  cavity  is  0(5L)  where  6  <<  1.  What  is  the 
effect  of  an  incident  plane  P  wave  from  x  ^  -°°?  A  roughly  similar  problem  is 
important  in  hydrodynamics  where  one  wishes  to  know  the  response  of  a  ship  heading 
into  sea  waves;  present  theories  for  this  problem  are,  however,  complicated  and 
not  in  complete  agreement. 

The  boundary  value  problem  may  be  stated  as  follows.  Using  the  usual  potentials  <p 
and  ^  for  plane  strain  and  normalizing  all  distances  by  the  cavity  length  L  and 
time  t  by  or*  we  have  the  field  equations 

(V  +  a2)  4>  =  0  (V  +  a2  +  B2)^  =  0  (1.1. a,b) 

where 

a2  =  (u2L2p/(A  +  2y)  a2  +  B^  =  a)2Lp/y  (1.2.a,b) 

The  incident  wave  is  given  by 

=  e  ^ax  x  *  0  (1.3.a,b)* 

The  time  factor  exp (-it)  is  omitted:  Assuming  symmetry  about  the  x-axis,  the 
boundary  condition  is 

X. .n.  =0  on  y  =  ±6h(x)  (1.4)* 

ij  J 

where  h(0)  =  h(l)  and  h  =  0(1).  It  will  now  be  assumed  that 

a,B  *  0(1/6)  »  1  (1.5) 

Consider  the  half-space  y  >  0  only.  We  divide  the  space  into  the  far  field 


*When  i  appears  as  a  subscript,  it  means  1,  2  or  3  in  reference  to  the  cartesian 
coordinates,  otherwise  it  represents  /~T  . 
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x,y  =  0(1),  the  intermediate  far  field  (x  =  0(1),  y  =  0(6  ))  and  the  near  field 

(x  =  0(1),  y  =  0(6)).  The  reason  for  the  intermediate  outer  field  is  that  for 
short  waves  past  a  long  body  along  its  axis,  it  is  intuitively  obvious  that  the  P 
waves  will  be  essentially  propagating  forward,  hence  can  be  expressed  as 

d>  =  A(x,y)eiax  (1-6) 

But  for  large  a,  Eq.  (1.1. a)  implies  that  there  is  a  region  where  the  following 
approximation  is  valid 

2ictA  +  A  *  0  (1-7) 

x  yy 

Since  ZiaA/A^  =  0(6-1)  »  1.  The  domain  implied  by  (1.7)  is  (x  =  0(1),  y  = 
0(6*/2)),  i.e.,  the  intermediate  far  field  and  this  approximation  is  known  in 
other  contexts  as  the  parabolic  approximation  (Tappert,  1977). 


1.1  The  Intermediate  Far  Field 

Formalizing  the  parabolic  approximation  we  introduce 


y/<5 


1/2 


(1.8) 


and  (1.6)  and  (1.7)  may  be  written  in  terms  of  (1.8)  with  A  =  A(X,Y).  Equation 
(1.7)  preserves  its  form  if  a  is  replaced  by  a  where  a  =  a6.  Because  of  the  para¬ 
bolic  nature  we  impose  the  initial  condition 

A  =  0  along  X  =  0  (1-9) 

Symmetry  about  the  x-axis  demands  that  9<j>/9y  =  0  on  y  =  0,  implying, 

0  Y  =  0  X  t  [0,1]  (1.10) 

Furthermore,  we  require, 

A  -►  1  Y  -*■  oo.  (1.11) 

Formally  the  solution  may  be  expressed  in  terms  of  9A/9Y  onY=0,0<X<l 

(1.12) 


9A 

9Y 


1  +  I 


d£  9A 
ia  9Y 


r  2a  ,1/2  _  r  iaY  Lit, 
>(X-0J  eXpl2(X-C)  ‘  4J 


If  X  >  1  we  simply  replace  the  upper  limit  of  the  preceeding  integral  by  1.  The 
inner  approximation  of  this  solution  is 


where 


A  *  A(X,0)  +  Y  |y 
X 


A(X,0) 


1  +I 


d£  9A 
ia  9Y 


r  2a  ,1/2  -i-rr/4 


These  will  be  used  for  matching  with  the  P-wave  in  the  near  field. 

SV  waves  are  expected  to  emanate  from  the  cavity  by  mode  conversion. 
(1.1. b)  we  assume  that 

.  „/•  ,  i(o«+8y) 

’I'  *  B(x,y)e 


(1.13. a) 

(1.13.b) 

In  view  of 
(1.14) 
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i.e.,  the  wave  rays  are  inclined  along  the  vector  (a, 6) .  It  is  convenient  to 
introduce  an  orthogonal  coordinate  system  (£,n)  with  C  parallel  to  the  wave  rays, 
thus 


x  =  £  cos  0  -  n  sin  0,  y  =  5  sin  0  +  n  cos  0  Cl -15) 

where  tan  0  =  0/a.  Eq.  Cl -l4)  may  then  be  written  as 

=  B(£,n)exp[i(a2  ♦  02)1/25]  (1.16) 

Substituting  (1.16)  into  (1.1. b)  we  easily  find  that 

*  0(5B)  so  that  B  =  B(n)  (1.17) 

to  the  leading  order.  The  value  B(n)  will  be  found  by  matching  with  the  SV  wave 
in  the  near  field.  It  is  interesting  that  the  amplitude  B  is  invariant  along  a 
ray. 


1.2  The  Neighborhood  of  the  Cavity 

Let  us  define  the  region  0  <  x  <  1  and  y  =  0(5)  to  be  the  near  field,  introduce 
the  near  field  variables 

X  *  X  *  x  Y  =  y/6  *  Y/61/2  (1.18) 


and  denote  the  near  field 
written  as 


»YY  +  S\x  +  =  0 


potentials  by  5  and  ij).  The  governing  equations  may  be 
a  =  a5  =  0(1) 


^YY  +  ^XX  +  ^  =  0  ’  ^  =  85  =  0(1) 


(1.19) 


Assume 


Sty  v,  ICax+By) 


$  =  A(X,Y)el0tx  ,  $  =  B(X,Y)e] 

To  the  leading  order  we  have 

=  0(5A)  ,  B??  *  2ibB^  =  0(5B) 

so  that  the  inner  approximation  is 


(1.20) 


(1.21) 


-ibh 


(1.22) 


A  =  F  ♦  D(Y  -  h)  B  =  E  e 

where  D,  E,  F  are  functions  of  X  only.  To  apply  the  boundary  condition  on  the 
cavity  surface  we  note  first  that  the  components  of  the  unit  normal  are 

fn  '  '  “  ' 


n. 


f-«ha^ 


[1  ♦  5^(hx)^] 


2, -1/2 


(1.23) 


To  the  leading  order  Equations  (1.4)  become 


T. „  *  0(5) 


12 


t22  =  on  Y  =  h 


(1.24) 


Relating  the  stress  components  to  $  and  $,  the  boundary  conditions  imply 
2iaD  +  (a2  -  b2)E  =  0  , 


-Xaf  +  2ubE  =  0 


(1.2S) 
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The  solutions  (1.22)  with  the  relations  (1.25)  are  the  Goodier-Bishop  wave  system 
in  which  P  and  SV  waves  co-exist  near  the  plane  boundary  of  an  infinite  half  space. 
The  algebraic  growth  of  the  P  wave  amplitude  renders  the  solution  of  little  value 
in  the  strict  half  space  problem,  but  is  quite  acceptable  here  as  an  inner  solu¬ 
tion.  The  outer  limit  of  the  inner  solution  is 


F  +  DY  ,  B  »  E  e 


■ibh 


Y  »  h 


(1-26) 


Matching  (1.13)  with  (1.26)  we  get  two  equations  for  A  and  D.  Simple  algebra  leads 
to 


D  =  — 
BY 


tl/2  BA 
5  BY 


-3iir/4  r  X 


D  + 


(tt/A) 


172 


d5 


(X-C) 


1/2 


=  -X 


2  V.2 
a  -b 

4yb 


0  <  X  <  1 


where 


.-1/2  X(a2-b2)  f  1  ,1/2 

*  4yb 


(1.27. a) 


(1 .27 .b) 


(1.27.c) 


Equation  (1.27.b)  is  an  Abel  integral  equation  for  D(X),  with  the  exact  solution 

2  2  2 
0  =  -  —  ^  w[(l-i)  (X/2A) 1/2]  ,  where  w(z)  =  e‘z  erfc(-iz)  (1.28. a) 


D  S  51/2(2a/irX)1/2 


For  X/A  =  0(X/<5)  »  1, 

1  /“) 

(1.29) 

which  is  monotonically  decreasing  in  the  direction  of  waves.  For  X/A  <<  1 

,1/2 


♦  ...] 


(1.30) 


so  that  D  approaches  a  finite  constant  at  the  leading  edge.  From  (1.25),  we  find 
„  2iaD  _  4ybD 
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a  -b 


F  =  - 


\(a2-b2) 


(1.31) 


Thus  P  waves  in  the  near  and  the  intermediate  far  field  are  known.  The  SV  wave  in 
the  near  field  is  also  known  through  (1.22).  To  match  with  (1.17  .b)  we  require 
B (n) | y-o  3  ^ CX , Y) | y>>!  •  Since  x  =  X  =  -n/sin  9  when  Y  =  0  we  conclude  that 

B  *  e'ibhw[(l-i)(-n/A  sin  0)1/2]  ,  for  0  <  n  <  sin  9  (1.32) 


Thus  the  SV  wave  in  the  intermediate  far  field  is  also  found. 


Further  analysis  is,  however,  needed  to  smooth  the  transition  around  the  first  ray 
(from  x  *  0)  and  the  last  ray  (from  x  *  1)  of  SV  wave  field.  Thus  around  these 
two  rays  two  boundary  layers  must  be  fitted.  For  each  boundary  layer  this  is  done 
by  first  rotating  the  coordinates  system  so  that  the  ray  is  an  axis.  In  terms  of 
the  new  coordinates  the  approximate  equation  in  each  transition  boundary  layer  is 
again  of  the  form  Eq.  (1.7).  This  is  not  surprising  because  these  transition 
zones  are  analogous  to  the  shadow  boundaries  of  a  knife  edge  (Malyazhinets ,  1959; 
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Budal  and  Keller,  1960).  The  trailing  transition  zone  about  the  ray  from  x  =  1 
has  the  conventional  Fresnel  behavior;  the  amplitude  of  the  SV  approaches  a 
constant,  in  an  undulatory  way,  to  the  left, and  zero,  monotonically ,  to  the  right. 
But  the  leading  transition  zone  about  the  ray  from  x  =  0  has  a  different  structure. 
The  amplitude  of  the  SV  wave  approaches  zero  to  the  left  but  X1'2  to  the  right 
Ccf .  ( 1 . 29) ) .  The  solution  here  can  be  written  in  terms  of  Bessel  functions  of 
order  1/4  and  gives  rise  to  diffraction  fringes  towards  the  incident  P  waves, 
hence  in  the  shadow  of  the  SV  waves.  For  details  reference  is  made  to  Mei  (1979a). 

Near  the  cavity  tips  these  approximations  break  down,  but  one  may  in  principle  find 
the  local  behavior  by  solving  the  exact  equations  for  an  infinite  wedge.  We  remark 
that  Rayleigh  waves  are  not  excited  along  the  cavity  surface  because  they  do  not 
depend  on  x  as  eictx. 


For  many  practical  purposes  the  knowledge  of  the  near  field  is  sufficient.  If  the 
scattering  amplitude  F(9)  of  the  P  wave  in  the  far  field  (x,y  >  0(1))  is  of  inter¬ 
est  where  F(0)  is  defined  by 


.  -  F(0)  ikr 

<L  =  e 


2  2  2 
r  =  x  +  y 


(1.33) 


Then,  as  pointed  out  by  Tuck  (1979)  F(9)  may  be  found  by  matching  with  the  inter¬ 
mediate  far  field: 


<t>00(y«x)  =  <fr(X»l,  Y»l) 


(1.34) 


Using  (1.12)  the  right  hand  side  of  (1.34)  is 


.  lax  lax  ^ 
<}>  =  A  e  =  e  + 


A  f1  d£  3A  -ia(Y/X)2£,  ,  2a  ictx+iaY2/2X  -7 r/4 
l2  j  ia  3Y  '  ttX  ^  6 

0  u 


1  2  .  2 
,1  f  dC_  3A  -iatan  9^.  ,  2a  iax+iay  /2x  -ifr/4 

l2  ia  3Y  e  ttx  e  6 

0  u 

The  left  hand  side  of  (1.34)  is  from  (1.33) 

42  =  MI  eia(x+y2/2x) 

*  ^ 

The  scattered  wave  amplitude  is  therefore 


(1.35) 

(1.36) 


1  2  _ _ 

C,Q,  fl  ac  3A  -icrtan  £,  /  _2  -3iir/4  ,.  ... 

F(6)  *  [y  J  ^  w  e  ]  /  e  (1.37) 

0  0 

The  physical  picture  is  erefore  brought  to  light  with  the  help  of  boundary 
layers . 


Similar  analysis  for  a  three-dimensional  but  axially  symmetric  cavity  may  be  worth¬ 
while.  If  the  cavity  is  replaced  by  an  inclusion  of  different  elastic  constants, 
the  analysis  given  here  can  be  modified.  One  would  then  anticipate  possible  res¬ 
onances  in  the  inclusion  for  certain  values  of  the  elastic  properties  and  the  wave¬ 
length.  A  simpler  problem  of  shallow  water  waves  incident  on  a  long  and  submerged 
island  (or  a  canyon  or  an  iceberg)  has  been  recently  treated  by  Mei  and  Tuck 
(1979) .  The  matching  of  inner  and  outer  region  leads  to  an  Abel  integral  equation 
with  variable  coefficients,  which  must  then  be  solved  numerically. 


Boundary  Layer  and  Finite  Element  Techniques 


513 


2.  BOUNDARY  LAYERS  IN  DYNAMIC  THERMO-ELASTICITY  AND  PORO-ELASTICITY 

The  equations  of  Biot  (1956)  for  poro-elasticity  or  mechanics  of  fluid-filled  por¬ 
ous  elastic  solid  can  be  used  as  the  basis  of  theoretical  soil  and  rock  mechanics 
when  the  deformation  is  infinitesimal.  The  main  ingredients  are  Darcy's  law  for 
the  fluid  motion  and  Hooke's  law  for  the  solid  skeleton.  The  motion  of  the  two 
media  are,  however,  coupled  and  the  governing  equations  are  complicated  indeed, 
even  for  isotropic  and  homogeneous  cases.  As  a  consequence,  very  few  analytical 
solutions  are  available  except  for  the  cases  of  uni-directional  propagation 
exp(ikx-ut)  where  the  governing  equations  can  be  reduced  to  an  ordinary  differen¬ 
tial  equation  in  the  transverse  direction.  Still  the  algebraic  work  of  handling 
this  high  order  ordinary  differential  equation  and  its  boundary  value  problem  is 
immense  and  the  extraction  of  physical  information  is  difficult. 

Recently  Mei  and  Foda  (1979b)  use  the  fact  that  for  frequency  ranges  typical  of 
sea  waves  or  seismic  waves,  the  low  permeability  of  earth  material  limits  the  rela¬ 
tive  motion  between  fluid  and  solid  only  within  a  thin  boundary  near  the  free  sur¬ 
face  of  the  porous  solid.  A  boundary  layer  analysis  has  been  developed  which  makes 
it  possible  to  solve  many  problems  of  practical  interest.  Now  the  governing  equa¬ 
tions  of  thermal  elastic  waves  may  be  shown  to  be  a  special  case  of  the  poro- 
elastic  waves.  From  a  casual  survey  of  the  current  literature,  it  appears  that  the 
dominant  approach  in  thermo-elastic  waves  is  to  search  for  the  formally  exact  solu¬ 
tion  and  then  to  seek  various  approximations  of  the  exact  solution  (Nowacki  (1978)). 
Enormous  patience  is  required  to  carry  out  the  analysis  of  relatively  simple  two- 
dimensional  problems.  In  problems  of  technological  interest,  one  is  likely  to 
need  solutions  for  scattering  by  finite  inclusions  or  cavities  of  general  geometry. 
It  is  then  advantageous  to  focus  attention  on  certain  specific  ranges  of  parameters 
and  seek  to  approximate  the  governing  equations  from  the  outset,  in  order  to 
facilitate  the  solution. 


We  illustrate  the  essential  ideas  for  thermo-elastic  waves  in  a  medium  with  a  free 
surface.  It  will  be  demonstrated  that  for  a  sufficiently  high  frequency,  thermal 
diffusion  is  confined  within  a  thin  boundary  layer  near  the  free  surface  and  that 
in  the  interior  of  the  medium  the  temperature  is  essentially  governed  by  static 
conduction.  Simple  ways  of  solving  scattering  problems  will  then  be  outlined. 

The  governing  equations  for  thermo-elasticity  are  as  follows  (Nowacki  (1978)) 

uV2u  +  (X  +  y)W*u  *  yVT  +  pu  (2.1) 

V2T  -  i  Tt  =  nV*ut  (2.2) 


o. .  =  2ye. .  + 


Xe.  .  <5. .  -  yT5. . 
kk  ij  ij 


(2.3) 


where  u  =  solid  displacement,  T  =  temperature  rise  above  a  static  datum  ©  ,  i.e., 
T  =  0  -  0O,  ic  *  thermal  diffusivity,  y  =  oi(X  +  2y/3)  where  a  =  linear  thermal  ex¬ 
pansion  coefficient,  n  =  Y0o/Xo  where  X0  =  heat  conductivity  and  y  =  X0/c£,  c£  = 
specific  heat  for  constant  strain. 


We  define  an  outer  field  whose  length  scale  is  L  which  can  be  the  wavelength  or 
the  typical  dimension  of  a  scatterer.  For  thermal  effects  to  couple  nontrivially 
with  elastic  effects  one  must  scale  the  variables  as  follows 

x  =  Lx*  ,  t  *  t*/oj,  (2. 3. a) 

T  =  T  T*  ,  u  *  (yT  L/u)u* 
o  o 


(2.3.b) 
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where  T  =  max  (0  -  0  )  or, 
o  o 


T  =  (UU/YL)T*  f  u  =  Uu* 


(2.3.c) 


Equation  (2.3.b)  is  appropriate  if  T0  is  given  (thermally  driven  waves)  while  Eq. 
(2.3.c)  is  appropriate  if  U  is  given  (mechanically  driven  waves).  Either  way  the 
governing  equations  (2.1)  and  (2.2)  may  be  written  as 

V2u  +  hE  Wu  =  VT  +  ****  1  u 
y  U  tt 

v2t  -  t  -  ev-u 
uL 

where  the  symbols  *  have  been  omitted  for  brevity  and 

6  =  ny</y  =  Y20o/yce 


(2.4) 

(2.5) 

(2.6) 


We  assume  that  the  base  temperature  0  and  the  frequency  are  so  high  or  the  diffu- 
sivity  x  so  low  that 


6  =  0(1)  ,  ~  =  0(6/L) 2  «  1 

uL 

Then  to  the  leading  order,  (2.5)  may  be  approximated  by 
-T  *  6V*u  =  Be 


(2.7) 


(2. 8. a) 


or  in  physical  variables 
-T°  ■  riicV^u0 


(2.8 .b) 


where  the  superscript  "o"  stands  for  ''outer”.  Thus  the  volume  dilatation  e  is 
directly  coupled  with  temperature  perturbation.  Taking  the  divergence  of  (2.4) 
and  using  (2.8)  we  get,  in  normalized  variables, 


[1  +  (A+2u)/uS]V2T  =  (pu)2L2/yB)T. 


tt 


In  dimensional  form,  we  have,  to  the  leading  order 

v2t°  =  [p/a+2p*Sy)]T°t 


(2.9. a) 


(2.9.b) 


The  volume  dilatation  £  =  V*u  of  course  satisfies  (2.9)  also.  This  means  that  T 
or  e  behaves  as  a  compressional  wave  with  the  wave  speed  C 


Cp  ■  [(A+2y+Ay)/p] 


1/2 


(2.10) 


,1/2 


which  is  greater  than  that  of  pure  elastic  wave  (Cp)g  =  [(A+2y)/p]  .  Taking  the 

curl  of  (2.4)  and  using  (2. 8. a)  we  get,  in  normalized  variables. 


V2ft  =  (p<A2/y)$ 


tt 


In  physical  variables  we  have 
V2S°  =  (p/y)jf. 


tt 


(2. 11. a) 


(2.11 .b) 


implying  that  propagates  at  the  same  sheave  wave  velocity  as  the  pure  elastic 
case 
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Cs  =  C P/U)1/2  (2.12) 

We  may  now  define  an  effective  Xg  by 

Xg  =  X  +  8v  (2.13) 

and  a  corresponding  effective  Poisson  ratio 

v  =  X  /2(X  +u)  =  (X+6y)/2(X+2y+6u)  (2.14) 

“  6  “ 

For  6  -*■  0,  v  -*■  v,  but  for  8-*-®,  v  -*■  i  . 

e  e  ^ 

The  important  feature  is  that  in  the  outer  field,  once  u  is  found,  T  is  determined 
by  (2.8).  Now  this  rigid  relationship  makes  it  impossible  in  general  for  the 
traction  and  the  temperature  to  meet  the  boundary  conditions  on  the  free  surface. 
Since  in  obtaining  (2.8)  higher  order  derivatives  are  omitted,  we  expect  a  correc¬ 
tion  of  the  boundary  layer  type  near  the  free  surface.  Let  us  suppose  that  inside 
the  boundary  layer  of  thickness  0(6)  the  total  solution  is  given  by 


-►  -*o  -*b 

u  =  u  +  u 


T  =  T  +  T 


(2.15) 


All  boundary-layer  terms  with  superscript  b  are  assumed  to  vary  with  y  with  the 
length  scale  0(A)  and  to  vanish  outside  the  boundary  layer.  To  be  specific,  we  let 
y  =  0  to  be  the  free  surface.  First  of  all,  we  observe  that  inertia  is  un¬ 

important  in  the  boundary  layer  since 

pfi„/U  puV/y2  %  (6/L) 2  «  1 

zz  9y 

Equation  (2.1)  then  contains  only  static  terms. 

yV2ub  +  (X+yJW'u5  =  yVTb  ♦  0(6/L)2 


Taking  the  curl  we  get 

V^xu3  =  0(5/L)  2 
2  2  2  -►  ^ 

Since  V  %  3  /3y  we  have  tfxu^  =  0  throughout  the  boundary  layer.  Considering  each 
component 


3ub 

_ l 

ay 


3ub 

3x. 

l 


i  =  1,3 


we  conclude  that 

ub/ub  =  0  (6/L)  (2.16) 
Thus  the  tangential  displacement  is  much  less  than  the  transverse  displacement. 
From  the  transverse  component  of  (2.1)  the  dominant  terms  are 


a2  b  a2b 

3  u.  a  u 

V  - =r  *  (A*U)  - t 


9Tb 

Y  W 


(2.17) 


3y  3y 

after  neglecting  inertia.  The  tangential  components  (i  =  1,2)  of  Eq.  (2.1)  are 
dominated  by 
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32J?  32u^  3Tb 

u  17 +  (Xn0  **7 =  Y 


(2.18) 


Lastly,  Eq.  (2.2)  is  dominated  by 

„b 


3y2 


-2  b 

I  ill  =  n  9  ^ 
<  3t  "  n  3y3t 


(2.19) 


Integrating  (2.17)  we  get 
a  b 

3u,  t, 

(X+2y)  =  YTD 

Substituting  this  into  (2.19)  we  get 

32Tb  =  A  +  ny  ,3Tb 
,2  X+2y;  3t 

b  -icut 

For  harmonic  time  dependence  T  ^  e  the  solution  is  easily  written  as 


(2.20) 


(2.21) 


Tb  =  A(x^)exp[-~- j  -  icut] 


(2.22) 


Clearly  when  y  »  -5,  T  vanishes  exponentially,  hence 


5  =  {u[£  ♦  ny/(X+2y)]}'1/2  (2.23) 

is  the  measure  of  boundary  layer  thickness.  A(x^)  is  so  far  unknown. 

In  terms  of  A,  ub  can  be  found  from  (2.20) 

u2  =  XT2 yA(_^r6)  exPC~5-ia)t)  C2-24) 

and  from  (2.18) 


b 

u. 

l 


Y  _3A_  rlJ,  1 
X+2y  3xt  L  /2  * 


-2 


exp( 


1-i 

ST 


V 

6 


iwt) 


(2.25) 


From  (2.3) 
order. 


the  boundary  layer  corrections  of  the  stress  field  are,  to  the  leading 
b 


b  =  .  3U2 
ii  3y 


-  3T  =  - 


3u" 


2u 

X+2y 


3TL 


y 


4  ■  -W  - 


3T 


4 


3ub  3u^ 

2u(ly"  + 

J  l 


4yy  ,1-i  1,-1  3A 

W  ^  V 


exp  (■ 


1-i 


3*i  ”r'  jt  * 


iwt)  (2.26.a,b,c) 


The  preceeding  analysis  completes  the  primary  step  of  the  approximation,  and  the 
above  results  can  be  useful  to  propagation  as  well  as  scattering  problems.  As  a 
possible  application  one  may  sketch  the  additional  steps  needed  for  the  stress  con¬ 
centration  near  a  circular  cylinderical  cavity  of  radius  a  due  to  a  plane  incident 
wave.  This  problem  was  studied  by  Ignaczak  and  Nowacki  (see  Nowacki  (1978))  using 
the  classical  method  of  partial  wave  expansions  to  the  full  thermo-elastic  equa¬ 
tions.  Their  details  are  very  involved.  Let  the  boundary  condition  for  the  total 
traction  on  the  cavity  surface  be 
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-  a  (2.27) 

angle  0.  As  long  as  5/a  <<  1  the  bound¬ 
replacing  y  and  a0  replacing  x.  From 


1  3A  -  imt 
a  30  e 

T°  =  -Tb  =  -A  (2.28) 

where  A  =  A(a0) .  Equations  (2.28)  serve  as  the  boundary  conditions  of  the  outer 
problem.  The  displacement  u°  of  the  outer  problem  can  be  expressed  in  terms  of 
the  compressional  wave  potential  $  and  the  shear  wave  potential  ip  by  partial  wave 
expansions.  Invoking  the  stress  boundary  conditions  (2.28.a,b)  the  expansion  co¬ 
efficients  are  then  solved  in  terms  of  A.  Now  the  outer  temperature  field  T°  is 
given  by  (3.9.b).  Invoking  the  temperature  boundary  condition  (2.28.b)  A  can  be 
determined.  Because  of  the  circular  geometry  and  the  simplicity  of  (2.27)  the 
solution  should  be  explicit. 

While  the  details  physics  are  left  for  the  readers  interested  in  thermo-elasticity, 
we  remark  that  the  corresponding  problem  in  poro-elasticity  has  been  worked  out  in 
this  way  by  Mei  and  Foda  (1979),  for  the  case  of  ka  «  1  but  5/a  <<  1  where 
Kirsch's  static  solution  is  used  for  the  outer  solution  near  the  cavity. 

The  remarkable  point  of  this  method  is  that  the  analysis  is  really  no  more  compli¬ 
cated  than  that  of  classical  elastodynamics .  This  reduction  of  labor  suggests  that 
one  can  now  tackle  the  really  difficult  problems  of  mixed  boundary  value  problems. 
Such  work  is  underway  for  poro-elastic  waves. 


a  =  a  o  =  0, 

rr  r9 


T  =  0  on 


or  indeed  any  prescribed  functions  of  the 
ary  layer  results  apply  directly  with  a-r 
(2.25)  and  (2.24)  we  get  on  r  =  a, 

b 


a  =  -a 
rr  rr 


UY  »  -iwt 
X+2u 


ar0  =  -ar9 


4MY  rl-i  lx -1 
X+2y  /=-  5 


PART  II.  FINITE  ELEMENT  TECHNIQUE  -  A  HYBRID  ELEMENT  METHOD 

3.  DESCRIPTION  OF  THE  HYBRID- ELEMENT  METHOD  FOR  SHALLOW  WATER  WAVES 

In  many  scattering  problems  the  neighborhood  of  the  scatterer  is  complicated  due  to 
irregularities  of  boundary  shape  and  of  inhomogeneity  in  the  medium.  In  general 
the  governing  equation  contains  variable  coefficients.  This  renders  the  boundary 
value  problem  difficult  to  solve  by  even  the  integral  equation  method.  The  reason 
is  that  it  is  now  difficult  to  find  a  Green's  function  which  satisfies  the  govern¬ 
ing  equation  and  some  boundary  conditions  (e.g.,  the  radiation  condition)  or  the 
fundamental  solution  which  satisfies  only  the  governing  equation.  This  situation, 
of  course,  calls  for  a  discrete  method. 

For  arbitrary  distribution  of  inhomogeneity,  the  flexibility  of  finite  elements 
offers  the  greatest  advantage.  However,  for  exterior  problems  it  is  still  uneco¬ 
nomical  to  discretize  a  very  large  domain.  Therefore  it  is  wise  to  mix  analytic 
and  finite  element  representations  in  regions  where  each  is  the  most  natural.  This 
idea  originates  from  the  interior  problems  of  a  finite  solid  with  a  crack  where  the 
neighborhood  of  the  crack  tip  is  singular  and  is  best  represented  analytically. 

This  kind  of  method  has  been  called  by  Tong  et  al.  (1973)  the  hyrbid  element 
method  (HEM)  and  the  analytical  region,  the  super-element.  Consider  for  example 
the  two-dimensional  scattering  of  long  waves  in  shallow  water  with  varying  depth 
h(x,y) .  Let  the  region  of  variable  depth  and  geometric  irregularity  be  (2,  which 
is  bounded  by  C .  Within  £2  the  governing  equation  is 
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V*(hV$)  +  —  $  =  0 


x  e  Q 


with  the  boundary  condition  on  a  rigid  scatterer: 


X  £  B 


(3.1) 


(3.2) 


Let  the  region  outside  C  be  $  where  h  =  hQ  =  constant.  The  governing  equation  is 


V2$  +  k2$  =  0 


.2  2.  , 

k  =  w  /gh 


h  =  constant 
o 


(3.3) 


If  the  incident  wave  is  denoted  by  4> ^ 

.  ikr  cos  9  ,  r  ,nT  ,,  ,  n 

$T  =  A  e  =  A  )  £  i  J  (kr)cos  n6 

I  L  n  n 

n 

The  scattered  wave  $s  =  <t>  -  must  be  outgoing  at  infinite,  i.e. 


^  <3?  •  ik^s 


kr  *  “ 


Along  the  border  C  it  is  necessary  that 

i  _  i  3$  _  3$ 

^  ^  ’  3n  ~  3n 

where  n  is  defined  to  be  a  unit  normal  outward  from  ft. 


(3.6) 


To  proceed  further  along  the  hybrid  idea,  some  freedom  exists  in  the  choice  of 
analytical  representations  of  the  super-element  and  the  manner  of  enforcing  the 
matching  conditions  (3.6).  We  only  describe  the  option  of  Chen  and  Mei  (1974)  who 
represented  the  scattered  waves  in  the  super-element  by  partial  wave  expansions: 


$  *  $  -  iT  *  £  (a  cos  n9  +  g  sin  ne)H  (kr) 


(3.7) 


which  satisfies  (3.3)  and  (3.5)  identically  and  introduced  a  localized  variational 
principle  for  the  whole  problem  with  the  functional 

f  f  i  ~>  ,.,2  ->  f  i  3$ 


j(<m)  =  JJ  j  [hmr  -  ~  <n  +  I  { h  $s 


d(p  r  dtp-  dQ  - 

-  h*  -  j  h*  ur  *  h«i  it  (3-8) 

c  c  c 

which  involves  integrals  over  0  and  along  C;  the  symbols  for  area  element  dS  and 
the  line  element  dl  being  omitted  for  brevity.  The  first  variation  of  this  func¬ 
tional  is 

5J  =  -  (V-hV$  +  y  cb)6<p  -  jh  J|  6$  +  _h(||  -  ||d<S4> 
o  ^  > 

>  .  r  36$  3$ 

+  1  h($  -  «  +  J  j  hWs  IT '  ^s  lif}  <3-9> 

c  c 

The  last  integral  is  identically  zero  by  using  Green's  theorem  on  $s  and  a$s  over 
the  region  ft.  It  is  now  seen  that  the  stationarity  of  J  implies  and  is  implied  by 
(3.1)  as  the  Euler- Lagrange  equation,  (3.2)  as  a  natural  boundary  condition,  and 
most  importantly  (3.6)  as  two  natural  boundary  conditions.  Upon  using  the  finite 
element  representation  for  $,  for  example 


$  *  l  $iNi(x,y) 


(3.10) 
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where  <t>^  is  the  nodal  potential  and  the  shape  functions,  and  define  the  unknown 
vector  as 

{<{>}T  =  {Ui}T,(an,6r}T}T  C3.ll) 

Equation  (3.9)  leads  to  an  inhomogeneous  matrix  equation 

[K)(4>}  =  {F}  (3.12) 

Now  the  stiffness  matrix K is  banded  and  symmetric.  If  the  curve  C  is  chosen  to  be 
a  circle,  the  orthogonality  of  {cos  n0  ,  sin  n6}  further  simplifies  some  of  the 
matrix  elements  considerably.  The  matrix  question  is  readily  solved. 

The  method  was  first  developed  for  the  resonant  scattering  by  harbors  and  islands, 
and  can  be  easily  modified  for  cases  where  there  is  a  sharp  comer  (e.g.,  the  tip 
of  a  thin  breakwater).  Thus  one  introduces  a  small  circle  ftp  centered  at  the 
sharp  tip.  The  circle  must  be  small  enough  so  that  h  =  constant  and  the  wall 
boundaries  are  straight;  thus  the  governing  equation  can  be  solved  as  a  Fourier 
series  expansions  with  the  proper  singularity  represented  analytically.  Let  us 
denote  the  circular  arc  bounding  Hp  by  D.  Equations  (3.8)  is  modified  by  the 
addition  of 


where  II  is  defined  to  exclude 

A  large  scale  application  of  this  method  has  been  made  by  Houston  (1978)  to  cal¬ 
culate  the  effects  of  tsunami  on  the  Hawaiian  Islands.  The  transient  incident 
wave  for  Alaskan  and  Chilean  earthquakes  are  first  Fourier  analyzed  into  15  dis¬ 
crete  harmonics.  Each  harmonic  is  treated  as  a  scattering  problem.  Finite  ele¬ 
ments  of  varying  sizes  are  used  in  accordance  with  the  ocean  depth.  The  calculated 
responses  agreed  remarkably  well  with  the  wave  records  at  four  different  stations. 


4.  TWO  THEORETICAL  PROPERTIES  OF  THE  HYBRID  ELEMENT  METHOD 

An  important  problem  in  developing  any  numerical  method  is  to  devise  means  to 
check  the  accuracy.  In  the  past  many  investigators  have  used  the  global  identities 
such  as  reciprocity,  global  energy  conservation,  etc.,  as  gauges  of  accuracy. 
Whether  this  is  really  helpful  depends  on  the  numerical  scheme  itself.  Aranha 
(1978)  has  now  shown  that  the  method  of  §4. a  satisfies  all  global  identities 
identically  (see  Aranha,  Mei  and  Yue,  1979).  On  the  other  hand,  the  method  of 
integral  equations  using  Green's  function  is  a  powerful  alternative  for  scattering 
problems  in  homogeneous  media.  Nevertheless,  it  is  well  known  since  Lamb  (1932) 
that  such  methods  can  lead  to  the  so-called  irregular  frequencies  which  leads  to 
the  ill-conditioning  of  the  matrix  equation  approximating  the  integral  equation. 
This  is  best  illustrated  by  the  simple  example  of  radiation  from  an  axially 
symmetric  pulsating  circular  cylinder.  The  boundary  condition  on  the  cylinder  is 

|^-  =  U  r  =  a  (4.1) 

The  exact  solution  satisfying  (3.3),  (3.S)  and  (4.1)  is  easily  obtained: 

<t>  =  (U/k)H^1)(kr)/H^1)  '  (ka)  (4.2) 

Now  if  one  represents  $  by  distributing  sources  along  the  cylinder  B, 
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where 


4(x)  *  <j>  afx'jGfxlx'jchS' 

B 

G  =  j  H^^Cklx-x'  |) 


x  t  B 


Then  (4.1)  leads  to  the  integral  equation  for  a 

3G 


-U  =  Un  <j>  d4' 

i-*-a 


which  can  be  solved  for  the  source  strength 


(4.3) 


(4.4) 


(4.5) 


2i  U  1  ,, 

J.M-hW’m 

When  (4.6)  is  substituted  in  (4.3),.  (4.2)  is  recovered.  However,  while  4  is  per¬ 
fectly  well-behaved  for  all  k,  the  source  strength  is  singular  at  the  zeroes  of 
J0(ka)  which  are  the  eigen  values  of  the  fictious  interior  problem  defined  by 
(3.3)  within  the  circle  r  =  a  and  the  Dirichlet  condition  4  =  0  on  r  =  a.  These 
eigen  values  are  also  the  eigenvalues  of  the  homogeneous  version  of  the  integral 
equation  (4.5).  Thus  the  solution  of  Eq.  (4.5)  is  non-unique  for  certain  frequen¬ 
cies,  which  means  that  the  approximating  matrix  is  ill-conditioned.  Although  there 
are  practical  ways  to  remove  this  trouble,  it  is  nevertheless  a  nuisance  since  for 
arbitrary  geometry  one  does  not  know  a  priori  what  these  irregular  frequencies  are. 


Now  in  the  paper  of  Aranha  et  al .  it  is  also  proved  that  the  present  hybrid  element 
method  satisfies  all  reciprocity  relations  identically  and  gives  a  unique  solution 
for  all  frequencies,  therefore  the  matrix  is  never  ill-conditioned.  The  proof  of 
both  properties  is  facilitated  by  replacing  the  variational  principle  by  the  weak 
formulation.  We  only  outline  the  arguments  here.  Denote  H^(ft)  as  the  Sobolev 
space  which  is  made  up  of  functions  square  integrable  in  ft,  and  C  (ft)  as  the  space 
of  functions  expressible  in  the  form  of  Eq.  (3.7).  The  weak  formulation  of  the 
problem  is:  Find  4  e  H^(ft)  and  $  e  C*(ft)  such  that 


V  ip  e  HX(ft): 


hVcp  ’Vip 


L 

.  v  3n 


0 


(4.7) 


ft 


ft  C 


and 


V 


4  e  C°°(ft)  : 


j(4  -  4)4  =  0 

C 


(4.8) 


It  is  easy  to  verify  that  (4.7)  and  (4.8)  are  equivalent  to  (3.9)  if  one  takes 
4  =  54  and  4  =  364/3n  which  are  admissible. 


Now  if  we  take  4  =  4  in  (4.7)  and  4  =  34  /3n  in  (4.8)  where  *  represents  the 
complex  conjugate,  we  can  easily  prove  that 


I  m 


2  34* 

♦  TiT 


(4.10) 


Since  $  is  proportional  to  fluid  pressure  and  3$/3n  is  the  fluid  velocity  normal 
to  C,  Eq.  (4.10)  states  that  net  energy  flux  across  C  is  zero,  therefore  it  is  the 
law  of  energy  conservation  which  is  one  of  many  identities  satisfied  by  the  exact 
solution.  The  remarkable  point  is  that  4  in  ft  and  4  in  ft  are  only  approximate 
subject  to  discretization  error;  energy  is  nevertheless  conserved  no  matter  how 
coarse  the  discretization.  Thus  satisfaction  of  this  law  provides  no  indica¬ 
tion  of  the  discretization  error!  Aranha  et  al.  further  showed  that  all  other 
reciprocity  relations  are  also  satisfied  by  the  HEM  solution. 
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If  we  further  let  there  be  no  incident  wave  =  0,  take  C  to  be  a  circle  and  use 
(3.7)  in  (4.10)  we  get 


Im 


f  ♦  ■  «"„  I  cf  Kl2  *  IU2) 


0  °  £ 
n  n 


Thus  ctjj  =  Sn  =  0  for  all  n  which  means  $  =  0  in  ft. 


0 

Now  (4.8)  implies 


(4.11) 


<j>  =  0  on  C 


(4.12) 


The  resulting  weak  problem  now  corresponds  to  the  strong  problem  with  an  elliptic 
equation  in  $1  and  zero  Cauchy  conditions  on  C.  It  is  not  suprising  that  <j>  =  0  in 
ft.  Details  of  the  proof  are  given  in  Aranha  et  al. 


5.  ELASTIC  WAVES  IN  AN  INFINITE  SPACE 


We  discuss  below  the  variational  formulation  for  a  radiation  problem  in  an  infinite 
elastic  space  which  is  homogeneous  except  in  a  finite  region.  No  computational 
results  are  yet  available. 


Let  the  elastic  space  be  divided  into  ft  and  ft  by  the  surface  C.  ft  is  a  finite 
domain  enclosing  all  inhomogeneities  and  scatterers.  Within  ft  the  governing 
equation  is 


in  ft 


(5.1) 


with 

_  1 
T.  .  =  C.  .  £  T  = 

i]  ijpq  pq  pq  2 

The  coefficient  Cjjjp  are  functions  of  x^ . 
surface  traction  is  prescribed: 


3u  9u 

( — E.  +  —fl.) 

'•3x  3x  J 

q  P 

On  the  interior  boundary  B 


(5.2) 
of  ft  the 


T.  .n.  =  T. 
il  3  1 


(5.3) 


We  denote  the  stress  and  displacements  in  ft  by  Tij  and  ui  which  may  be  represented 
by  partial  wave  expansions.  The  governing  equations  are  similar  to  (5.1)  and  (5.2) 
but  it  is  assumed  that  Cijpg  is  an  isotropic  constant  tensor.  In  addition,  T^j 
and  ui  are  outgoing  waves  at  infinity.  On  the  bordering  surface  C,  we  require  that 


u.  =  u. 
1  l 


T.  .n.  =  t. .n. 
il  1  13  3 


where  n^  points  outward  from  ft. 
The  localized  functional  is 


J  -  ||  (W  -  j  pw2u.Uj)  -  ||  T.u.  + 


4  Gi 


u.)t.  .n. 
i  13  3 


where 


W  =  =r  C.  .  £.  .  e 

2  ljpq  13  pq 

is  the  strain  energy.  Using  the  fact  that 

J&-  Se.  .  =  -r— —  (t.  .  fiu.)  -  5u. 

3e.  .  i;j  3x .  3x.  l 

13  3  3 


(5.4) 


(5. 5) 


(5.6) 


(5.7) 
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it  is  easy  to  show  that  the  first  variation  of  J  is 


<5J 


n 


3x.  .  2 

C“3^L  +  PU)  uj)<5uj  + 


(t. .n.  -  T.)6u. 
J  13  3  1  i 


(t.  .  -  t.  ,)n.<$u.  + 
13  13  3  i 


(u.  -  u.)<5x.  .n. 
i  i  13  3 


4  (<Su.x..n.  -  u.5x. .  -  n.) 

2  J  J  ^  i  13  3  i  13  3 


(5.8) 


The  last  integral  involves  only  the  analytical  representations  and  Xj_j  .  Apply¬ 
ing  Green's  formula  to  (Tjj,ui)  and  (6xij,5uj)  over  the  entire  super-element 
bounded  within  by  C  and  without  by  an  infinitely  large  sphere  G»,  it  is  easy  to 
show  that 


{ 


} [6u.  T. .  -  u. 5x. .]n.  =0 
i  13  i  13  3 


(5.9) 


Because  the  radiation  condition  is  satisfied  by  both  (Xij.uij)  and  (<$Xij,6uj),  the 
integral  over  Coo  vanishes  (Mei  (1978)),  hence  the  last  integral  in  (5.8)  vanishes. 
It  is  now  clear  that  6J  =  0  implies,  and  is  implied  by  (5.1)  as  the  Euler- Lagrange 
equation,  (5.3)  and  (5.4)  as  the  natural  boundary  conditions.  Thus  the  stationary 
of  J  is  equivalent  to  the  original  boundary  value  problem. 

Having  deduced  the  variational  principle,  the  numerical  work  is  similar  to  §3  and 
is  almost  as  straightforward  as  an  interior  elastodynamic  problem.  Although  re¬ 
quiring  further  proof,  the  global  identities  such  as  thos  discussed  in  Mei  (1978)  , 
and  the  uniqueness  of  solution  are  likely  to  held  here  just  as  in  §4. 


In  half  space  problems,  partial  wave  expansion  is  not  possible,  but  one  may  in 
principle  use  the  much  more  complicated  integral  representation  via  Green's  func¬ 
tion.  The  numerical  work  will,  of  course,  be  very  involved.  Similar  work  in  water 
waves  have  been  succeeded  by  Jami  et  al.  (1978).  There  are  of  course  problems  where  the 
super-element  is  still  more  difficult  and  analytical  representation  is  impractical. 

An  example  is  a  footing  on  an  elastic  layer  of  finite  depth  in  which  the  determina¬ 
tion  of  partial  wares  which  consist  of  propagating  and  evanescent  modes  is  itself 
a  hard  task.  Waas  (1972)  devised  an  effective  approach  which  divides  the  super¬ 
elements  into  thin  horizontal  layers.  In  each  layer  the  vertical  variation  is 
approximated  by  a  simple  polynomial,  but  the  horizontal  variation  is  governed  by 
a  wave  equation  which  can  be  solved  to  satisfy  the  radiation  condition.  Thus 
this  technique  treats  the  super-element  seroi-discretely,  but  is  particularly  suited 
for  a  horizontal  layer  with  vertical  variation  in  elastic  properties.  Similar 
ideas  should  be  profitable  in  long  water  waves  scattered  by  a  continental  shelf  or 
waves  in  stratified  fluids. 


6.  EXTENSIONS  TO  OTHER  WAVE  RADIATION  AND  SCATTERING  PROBLEMS 

The  hybrid  element  method  of  §3  has  also  been  developed  for  two-dimensional  surface 
water  waves  in  a  vertical  plane  by  Bai  (see  Bai  and  Yeung  (1974))  and  for  three- 
dimensional  surface  water  waves  by  Yue,  Chen  and  Mei  (1978).  More  recently  Mei, 
Foda  and  Tong  (1979)  made  further  extensions  to  the  radiation  of  acoustic  waves  in 
water  due  to  forced  vibrations  of  a  submerged  elastic  structure.  The  aim  of  the 
problem  is  to  analyze  the  response  of  offshore  structures  to  earthquake  excitation. 
If  the  sea  bottom  surrounding  the  structure  is  not  horizontal  only  in  a  finite 
neighborhood  then  we  introduce  a  vertical  cylinder  C  so  that  outside  C  (i.e.,  the 
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super-element  ft)  the  fluid  velocity  potential  5  can  be  given  an  analytical  repre¬ 
sentation  which  satisfies  the  Helmholtz  equation,  has  zero  pressure  on  the  sea 
surface,  zero  vertical  velocity  on  the  sea  bottom  and  behaves  as  out-going  waves 
at  infinity. 


The  fluid  velocity  potential  4>  within  C,  i.e.,  inside  ft  and  the  stresses  5jj  and 
displacements  u^  in  the  structure  must  be  such  that  the  following  functional  is 
extrenum 


(W  -  4  p  co2u.u.) 
2  s  ]  ] 


2 


ft. 


[mY 


-  k2$] 


-ii* 


iwpw<J>u..n..  + 


w 


](**-«!§ 


3n 


(6.1) 


where  ft  is  the  solid  volume,  ftw  the  water  volume  in  ft,  S  the  wetted  surface  of 
the  structure.  Finite  element  solutions  have  been  demonstrated  for  a  plate  dam, 
and  a  vertical  tower.  More  complicated  geometries  can  be,  however,  treated  in  a 
straightforward  way. 


For  these  structural-fluid-interaction  problems,  many  global  reciprocity  theorems 
can  also  be  derived,  and  they  are  again  satisfied  by  the  present  hybrid  element 
method  as  shown  by  Mei  (1979b)  in  the  manner  of  Aranha. 
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PART  8  MULTIPLE  SCATTERING  THEORIES 


MULTIPLE  SCATTERING  THEORY  AND  THE  SELF-CONSISTENT 
IMBEDDING  APPROXIMATION 


J.  Korrlnga 

Dept,  of  Physics,  The  Ohio  State  Univ.,  Columbus,  OH  43210 


The  self-consistent  imbedding  approximation  (SCI)  is  an  important  tool  in  the 
theory  of  heterogeneous  materials.  Although  much  has  been  written  about  its 
justification,  it  is  and  remains  an  intuitive  approach,  which  is  attractive  be¬ 
cause  it  often  gives  reasonable  results  with  very  little  effort.  The  following 
elementary  derivation  illustrates  this  point. 

Let  a  heterogeneous  medium  be  defined  in  microscopic  detail  by  a  local,  position- 
dependent  property  C(x).  To  focus  attention  I  take  C(x)  to  be  the  local  Hooke 
tensor  of  elasticity,  relating  the  stress  cr(x)  in  the  point  x  to  the  strain  e(x) 
in  that  same  point,  a(x) * C(x) e(x) .  The  medium  is  supposed  to  be  homogeneous  on  a 
macroscopic  scale.  This  means  that  the  average  behavior  under  static  quasi-homo- 
geneous  deformation  is  the  same  as  for  a  medium  with  constant  C * C  ,  the  so-called 
effective  medium.  The  same  holds  for  the  propagation  of  elastic  waves  of  a  wave¬ 
length  long  compared  to  the  length  characterizing  the  heterogeneity.  C*  will  be 
defined  by  ^ 

<a(x)>  s  <c(x)e(x)>  =  C  <e(x)>.  (1) 


Here  e(x)  is  the  strain  of  a  sample  body  due  to  external  influences  of  such  a 
nature  that  they  would  produce  a  uniform  strain  if  the  body  were  homogeneous.  (  ) 
means  average  over  an  ensemble  of  identically  shaped  bodies  cut  at  random  from  the 
medium. 


The  SCI  gives  an  estimate  of  C  for  a  cellular  model  of  the  medium.  This  model  is 
defined  as  follows.  Let  the  components  of  the  tensor  C  be  stepfunctions ,  i.e.  be 
piecewise  constant  with  values  Ca  in  simply  connected  regions  (cells)  a  of  volume 
va  which  together  fill  all  space.  In  formula: 

c(x)  "  ^  Ga9a(x)’  9a(x)“1,  xcva’  9a(x)“0’  X*V  (2) 

Equation  (1)  takes  the  form 

£v°ac*>V  •  °"  <3) 

where  e  is  the  volume  average  of  the  strain  in  cell  a.  %  for  a  given  cell  de¬ 
pends  0$  Cq,  on  the  shape,  size  and  orientation  of  the  cell  and  on  its  surround¬ 
ings.  I  admit  only  a  finite  set  of  distinct  cells.  The  ensemble  average  in 
Eq.(3)  for  a  very  large  sample  can  then  be  expressed  as  an  average  over  the  ori¬ 
entations  and  over  the  different  surroundings  of  the  cells; 


vc^ccf  c  •*  ^‘a^env 


0. 


(4) 


Finally  I  eliminate  the  external  forces  which  produce  the  strain  by  dividing  by 

529 


530 


J.  Korringa 


the  volume  average  of  strain.  Defining  the  "strain  enhancement  factor"  I\^  by 

^®C^env  =  Ve>V  (5^ 

this  gives 

Ivv'X-0’  <6> 


while  from  the  definition,  Eq.(5),  one  has 

hcAx-1- 


(7) 


The  evaluation  of  involves  all  the  details  of  texture  of  the  medium  and  can  in 
general  not  be  carried  out.  The  SCI  approximation  is  obtained  by  approximating 
by  the  value  found  from  imbedding  the  cell  a  in  the  effective  medium  to  be 
computed.  It  is  well-known  that  this  implies  an  extreme  form  of  randomness.  For 
example,  incorrect  estimates  can  be  expected  for  a  uniform  medium  with  well-spaced 
inclusions  of  a  different  material.  If  A@  (C  '*)  is  the  value  of  Aa found  from 
imbedding  in  a  medium  C**,  then  C **  follows  from  the  implicit  equation 


l vvc'X(c'*> =  °- 


(8) 


Besides  using  extreme  randomness,  this  approximation  ignores  the  effects  of  the 
inmediate  surroundings  of  a  given  cell.  The  portent  of  this  can  be  gleaned  from 
the  fact  that  the  solution  of  Eq.(8)  is  independent  of  the  size  distribution  of 
the  cells:  two  cells  of  the  same  shape  and  volume  give  the  same  contribution  as 
one  cell  of  that  shape  and  twice  the  volume.  Still  another  disadvantage  is,  that 
it  requires  a  cellular  model  to  be  used  even  when  such  cells  are  not  there.  In 
the  above  example  of  a  uniform  medium  with  inclusions,  one  has  to  attribute  shapes 
not  only  to  the  inclusions,  but  also  to  the  matrix.  Any  rational  choice  of  these 
last  shapes  will  have  to  take  into  account  how  the  inclusions  are  distributed  in 
space,  and  that  includes  correlations,  which  we  tried  to  avoid'.  One  usually,  re¬ 
solves  this  dilenma  by  assuming  "spheres"  for  these  shapes,  regardless  of  the 
shapes  or  distribution  of  the  inclusions.  In  applications  of  the  SCI  to  cracked 
rocks  (1)  we  found  this  choice  to  be  inadequate.  Using  flat  oblate  spheroids 
to  describe  air- filled  cracks,  spheres  for  the  solid  material,  the  solution  of 
Eq.(8)  invalidates  Eq.(7),  i.e.  one  finds  that  2vaA^^l.  Only  when  all  shapes  are 
spheres  does  Eq.(8)  lead  to  Eq.(7).  This  happens  to  be  the  case  in  Bruggeman's 
original  work  (2)  and  most  subsequent  applications  of  the  SCI.  It  is  difficult 
to  say  whether  this  inadequacy  associated  with  non-spherical  shapes  is  due  to  the 
artificial  definition  of  cells  or  to  the  effects  of  variations  in  the  local  sur¬ 
roundings,  or  both.  We  have  not  found  a  simple  remedy. 

These  objections  not  withstanding,  the  SCI  is  often  used  for  its  simplicity.  In 
particular,  when  all  cells  are  ellipsoids,  Eq.(8)  reduces  to  an  implicit  set  of 
algebraic  equations  which  is  readily  solved  with  numerical  methods.  This  comes 
from  the  fact,  of  which  a  special  case  was  already  known  to  Newton,  that  the 
strain  inside  an  imbedded  ellipsoid  with  constant  C  is  uniform,  (3), (4), (5). 

From  this  it  follows  that 

tfc*>  -  <ti+ra(c*-ca)]'1)av,  O) 

where  the  averaging  is  over  orientations  of  the  ellipsoid  and  where  the  tensor  ra 
is  the  integral  of  the  Green's  function  of  the  effective  medium,  to  be  discussed 
later,  over  the  volume  of  the  ellipsoid,  cf.{5)j— 
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ra(c*) 


Q(C  ,x-x/)dx/. 


a 


(10) 


Correlations  can,  to  some  extent,  be  introduced  into  the  SCI  by  considering  com¬ 
posite  cells,  for  example,  spheres  with  one  component,  surrounded  by  a  concentric 
spherical  shell  with  the  other  component.  There  are  many  things  which  have  not 
yet  been  tried,  for  which  one  has  to  abandon  the  simplicity  due  to  ellipsoidal 
shapes.  The  real  problem  is  that  the  SCI  method  is  a  one-shot  approximation,  i.e. 
that  it  is  not  the  first  step  in  a  converging  sequence  of  approximations. 

In  order  to  obtain  a  different  perspective,  I  will  now  develop  the  multiple  scat¬ 
tering  theory  as  applied  to  classical  properties  of  heterogeneous  materials,  as 
was  first  done  in  (6).  I  will  limit  my  remarks  to  the  static  theory  and,  as  be¬ 
fore,  to  elasticity.  It  is  important  to  generalize  to  the  case  that  external 
forces  produce  a  position-dependent  mean  strain  and  to  define  the  effective  medium  in 
terms  of  a  Hooke's  operator,  i.e.  of  a  non-local  stiffness.  In  analogy  witn 
Eq.(l)  one  has,  for  a  macrohomogeneous  medium, 

<C(x)e(x)>  =  J  Ceff(x-x/)(e(x,)>dx'.  (11) 

From  this  one  obtains,  for  (e(x')) *  constant 

C*  =  J  Ce^^(x-x/)dx/.  (12) 

The  range  of  the  function  Cef^(x-x')  will  be  of  the  order  of  the  grain  size,  so 
that  C*  suffices  for  describing  macroscopic  deformations.  A  multiple  scattering 
approach  that  bypasses  the  introduction  of  Ce^(x-x7)  (7)  does  not  give  the  same 
value  as  Eq.(12),  as  will  be  shown  below. 

The  microscopic  equilibrium  equation  is 

st;  (13) 

Here  u^(x)  is  the  elastic  displacement  vector  and  fj(x)  is  an  applied  force  den¬ 
sity.  For  abbreviation,  Eq.(13)  is  written  as 

VCVu  -  f.  (13  bis) 

To  obtain  a  Lippman-Schwinger  type  equation,  let  C°  be  a  constant  elastic  tensor, 
as  befits  a  homogeneous  medium,  and  let  u  (x)  be  the  displacement  field  that  the 
force  density  f(x)  would  produce  in  a  medium  with  stiffness  C°: 

7C°7u°  =  f.  (14) 

Subtracting  Eq.(14)  from  Eq. (13  bis)  gives 

VC°V(u-u°)  »  -V(C-C°)Vu.  (15) 

f  has  thus  been  eliminated  in  favor  of  the  displacement  field  u°(x) . 

The  infinite  space  Green's  function  g°(x-x/)  of  the  medium  C°  is  defined  by 

bC°7g°(x-x/)  *  -I6(x-x/) , 


(16) 
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where  I  is  the  unit  tensor  and  g°(x-x/) —0  when  Ix-x'l-®.  From  Eqs.(15)  and  (16) 
one  has 

u(x)  =  u°(x)  +  ;dx'  g^x-x'^CKx^-C^v'utx') .  (17) 

A  partial  integration  and  differentiation  of  the  equation  with  respect  to  x  gives 
e(x)  =  c°(x)+jdx/  Q°(x-x/)(C(x/)-C°)e(x/),  .  (18) 

where  Q°  is  the  symmetrized  second  derivation  of  g°: 

-O  __  v  o 
Qijk£  =  °(j  °(U  8i)k) ) ' 

For  abbreviation  I  write 

e  =  e°  +  Q°(C-C°)e- 

This  is  the  desired  integral  equation.  From  its  solution  e(x)  one  obtains 
Ceff(x-x/)  by  means  of  Eq.(ll),  which  I  write  in  shorthand  as 

(C  e)  =  Ceff<s>.  (11  bis) 


(19) 


(18  bis) 


The  brackets  mean  "ensemble  average"  which,  for  an  infinite  macrohomogeneous 
medium,  is  defined  by  taking  the  force  density  f(x)  to  be  fixed  in  space,  i.e. 
not  fixed  in  the  medium,  and  considering  the  ensemble  of  all  possible  positions 
related  by  translations,  of  the  medium  with  respect  to  it.  (e(x))  is  thus  not 
the  space  average  of  strain;  this  would  be  zero  if,  e.g.  f(x)  was  sinusoidal. 

eff 

Through  introduction  of  the  "T"-matrix  it  will  now  be  shown  that  C  ,  defined  by 
Eq.(ll),  is  independent  of  e° ,  and  therefore  also  independent  of  the  force  den¬ 
sity  f  which  served  as  probe.  Let  T(x,x')  be  the  operator  which,  when  applied  to 
e°(x),  yields  the  microscopic  stress  difference  (C(x)-C°)e(x): 

(C-C°) e  =  Te°*  (20) 


Substituting  in  the  second  term  of  Eq.(18)  and  multiplying  the  equation  at  left 
with  C-C°  gives 

Te°  -  (C-C°)e°  +  (C-C°)QTe°  (21) 

which  is  satisfied  for  all  s°(x)  if  the  operator  T  satisfies  the  equation 


C-C°  +  (C-C°)Q°T. 


(22) 


The  explicit  form  of  the  first  term  is  (C(x)-C°)5(x-x').  As  shown  first  in  (6), 
Ce^(x-x7)  is  expressed  in  terms  of  the  ensemble  average  (T)  (which,  for  a  macro- 
homogeneous  medium  is  also  a  function  of  (x-x*))  by 


„eff 


C°5(x-x/)  +  (T>(1 +Q°(T»_1, 


for  which 


C°  + 


Jdx/<T>(1  +Q°<T» 


-1 


(23) 


(24) 


(To  derive  Eq.(23),  take  the  ensemble  average  of  Eq.(20)  and  substitute  in  the 
left-hand  side  Eq.(ll  bis)  and  then,  for  (e),  the  right-hand  side  of  the  ensemble 
average  of  Eq.(18  bis)  in  which  first  Eq.(20)  has  been  substituted.) 
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Although  Eq. (23)  contains  C°  explicitly  and  through  <T>  and  Q°,  the  resulting 
Ceff  can  not  depend  on  it,  as  C°  is  entirely  arbitrary.  From  Eq.(24)  one  sees 
that  C*  is  that  value  of  C°  for  which  the  space  integral  of  the  second  term  in 
Eq.(23)  vanishes.  One  can  of  course  not  make  the  entire  function  (T)  of  (x-x') 
to  vanish.  Equation  (23)  suggests  that  this  can  be  achieved  by  taking  for  C°  a 
non-local  stiffness  operator  C°(x-x/).  The  entire  formalism  leading  to  Eq.(23) 
can  indeed  be  generalized  to  a  non-local  C°.  It  requires  the  introduction  of  a 
Green's  function  of  a  non-local  medium,  which  is  not  usually  considered.  With 
this  generalization,  Ce^  can  be  defined  as  the  operator  C°  for  which  (T)  =  0. 

In  order  to  make  contact  with  the  SCI  approximation,  the  above  formalism  must  be 
adjusted  to  a  cellular  model.  With  Eq.(2)  and  a  corresponding  splitting  of  T: 

T(x,x/)  =  ^T^Cx.x7),  (25) 

in  which  I  take  T^x.x')  =  T(x,x/)^v(x) ,  i.e.  require  that  in  Eq.(25),  T2(x,x') 
is  zero  outside  va,  equal  to  T(x,x;  for  x  inside  va.  Equation  (22)  gives,  be¬ 
cause  of  ea9p»5Qp9a, 

Ta‘  ea(Vc°,  +  9c<(V0°,|5oIIe- 

P 

or 

u- W’W’V  W0°> +  Wc0)|5°I  V 

P  J<* 

Let  t  be  the  solution  of 

a 

ca  '  9a<Vc0)  +  WcVv 

l.e. 

'a"  i1'VV:t)5”rl9«V')- 

Applying  this  same  inverse  operator  to  Eq.(27)  one  therefore  has 

Ta  *  'a  +  ccfi°l  V 

&  Jet 

which  has  the  form  of  the  central  equation  in  multiple  scattering  theory.  Com¬ 
parison  between  Eqs.(26)  and  (28)  shows  that  is  the  T-operator  for  a  medium 
with  C(x)  »  C°+  (Ca-C°){^(x).  From  one  obtains,  for  that  medium,  the  strain  in¬ 
side  va  with  use  of  Eq.(20),  from  which  the  strain  outside  va  is  found  with  use 
of  Eq .  (18) .  From  this  point  of  view  t^x.x')  is  the  full  "scattering  operator" 
for  the  cell  a  imbedded  in  the  medium  C°.  In  order  to  obtain  the  strain  enhance¬ 
ment  factor,  ^(C°),  for  cell  a ,  as  given  in  Eqs.(9)  and  (10),  one  must  take  e0 
cops  tan  t  in  Eq.(20),  with  T  —  t^.  The  right-hand  side  then  reduces  to 
(jta(x,x/)dx/)eQ  and  according  to  Eq. (28)  this  integral  obeys  the  equation 

Jta(x,x')dx'»  0a(x)  C°)(l  +  jQ°(x-x")dx,/jta(x//,x/)dx'). 

By  definition,  A/(C°)  is  obtained  from  the  solution  as 


(26) 

(27) 

(28) 

(29) 

(30) 


(31) 
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A4<c°)  =*  <(C  -C0)'1  J  dx  Jt  (x.x^dx')  .  (32) 

°v 

a 

When  va  is  an  ellipsoid,  the  solution  of  Eq.(31)  is  a  constant.  Therefore 
Eqs.(31)  and  (32)  reduce  to  Eqs.(9)  and  (10). 


The  solution  of  Eq.(30),  summed  over  all  cells  and  then  averaged  over  the  ensemble 
of  all  distributions  would  give  the  exact  Ce^,  as  in  Eq.(23).  In  practice, 
Eq.(30)  is  the  starting  point  of  approximations.  For  example,  in  the  case  of 
inclusions  in  a  homogeneous  matrix  mentioned  before,  one  can  take  C°  =  CM,  the 
elastic  tensor  of  the  matrix  material.  Then  a  needs  to  refer  only  to  the  inclu¬ 
sions,  because  t = 0  in  any  region  with  C  -  CM,  and  T^  is  easily  expressed  as  a 
cluster  expansion,  see  Ref.  (8), 


Ta  = 


ca  +  Cc£  J_, 


a 


cr  +  yj 


■y  t.0«y 


t_q  >  t  + 

&Va  '  yVp  Y 


(33) 


For  other  systems,  such  as  polycrystals,  this  does  obviously  not  work.  It  is  not 
my  intention  to  discuss  specific  approximation  schemes,  but  rather  to  use  the 
multiple  scattering  formalism  to  shed  light  on  the  SCI  approximation.  This  is 
obtained  with  the  "CPA",  i.e.  the  coherent  potential  approximation,  which,  like 
the  SCI,  neglects  the  effects  of  correlation  between  the  cells  (9). 


The  CPA  is  based  on  the  approximation  i.e.  it  neglects  the  average  value 

of  the.  second  term  in  Eq.(30).  However,  this  term  and  therefore  the  merits  of 
this  approximation  depend  on  the  choice  of  C°.  The  assumption  underlying  the  CPA 
is  that  the  best  choice  of  C°  is  such  that  ZtQ;«(T)  =  0,  or,  loosely  speaking, 
that  the  imbedding  medium  is  selected  in  such  a  manner  that  there  is  no  scattering 
in  the  average  over  all  cells.  From  Eq.(23)  one  sees  that  this  means  that  C°  is 
equal  to  the  value  of  Ce^  to  which  this  approximation  gives  rise.  This  condi¬ 
tion  looks  similar  to  that  underlying  the  SCI.  The  difference  is  that  Zt-^=0  can 
only  be  achieved  with  a  non-local  C°,  just  as  the  exact  condition  (T)  =  0  requires 
a  non-local  C°.  To  my  knowledge  computation  of  t  for  non-local  C°  has  never 
been  undertaken.  A  more  restrictive  approximation  introduces  the  "best"  local 
C°.  ,Jhere  are  two  possibilities,  (a)  one  applies  self-consistency  in  the  sense 
C°  »  ;ceff(x-x/)dx/5C*  and  (b)  one  applies  the  condition  of  no  further  scattering 

in  the  sense  (T)(x-x/)dx/ «  It  (x,x#)dx/  =  0.  It  is  seen  from  Eq.(24)  that  these 

#J  CL 

criteria  are  different.  Case  (b)  is  the  assumption  underlying  the  SCI,  i.e.  the 
imbedding  medium  o^  -ad  is  the  SCI-ap^roximate  c*.  However,  as  Eq.(24)  shows, 
this  differs  from  cne  TA- approximate  C”  by  the  integral  of  the  second  term,  which 
is  not  zero  in  this  case  and,  because  it  involves  the  non-local  quantity  (T)  (in 
the  approximation  Et^),  can  not  be  calculated  in  the  framework  of  the  SCI.  Case 
(a)  is  more  difficult  to  apply  and  requires  calculation  of  the  full  scattering 
function  t^(x,x')  for  all  cells. 

In  S’mimary,  it  has  been  shown  that  the  SCI  makes  an  approximation  in  addition  to 
those  explicitly  specified  in  that  it  assumes  that,  when  j (T)(x-x/)dx/ =  0, 

then  J<T>(1+Q°<T»‘  ^"dx7  is  negligible.  It  remains  to  be  investigated  what  the 

consequences  of  this  assumption  are  for  a  particular  system.  If  a  non-local  ver¬ 
sion  of  the  SCI  were  developed,  this  reservation  would  disappear,  because  in  that 
case  SCI  and  CPA  Are  equivalent.  The  introduction  of  a  non-local  imbedding 
medium  has  the  advantage  of  involving  the  sizes  as  well  as  the  shapes  of  the 
cells.  It  loses  ,  however,  all  the  sipqslicity  connected  with  knowing  the  explicit 
form  of  Q°  and  with  the  constancy  of  jt-Xx.x^dx7  for  ellipsoids.  In  most  appli- 

cations  we  lack  detailed  knowledge  of  the  texture.  The  above  refinements  may 
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therefore  not  be  very  meaningful  and  the  SCI,  imperfect  as  it  is,  may  just  as  well 
be  used,  albeit  in  a  very  discriminating  way. 
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ELECTROMAGNETIC  WAVE  SCATTERING  BY  SMALL  BODIES  OF  AN  ARBITRARY  SHAPE 
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SECTION  1.  INTRODUCTION 


The  theory  of  wave  scattering  by  small  bodies  was  initiated  by  Rayleigh  (1871). 
Thompson  (1893)  was  the  first  to  understand  the  role  of  magnetic  dipole  radiation. 
Since  then,  many  papers  have  been  published  on  the  subject  because  of  its  impor¬ 
tance  in  applications.  From  a  theoretical  point  of  view  there  are  two  directions 
of  investigation:  (i)  to  prove  that  the  scattering  amplitude  can  be  expanded  in 
powers  of  ka,  where  k  ■  2ir/X  and  a  is  a  characteristic  dimension  of  a  small  body 
(ii)  to  find  the  coefficients  of  the  expansion  efficiently.  Stevenson  (1953) , 
Senior  and  Rleinman  can  be  mentioned  among  contributors  to  the  first  topic.  To  my 
knowledge  there  were  no  results  concerning  the  second  topic  for  bodies  of  an 
arbitrary  shape.  Such  results  are  of  interest  in  geophysics,  radiophysics,  optics, 
colloidal  chemistry  and  solid  state  theory. 

In  this  paper  we  study  scalar  and  vector  wave  scattering  by  small  bodies  of  an 
arbitrary  shape  with  the  emphasis  on  practical  applicability  of  the  formulas  ob¬ 
tained  and  the  mathematical  rigor  of  the  theory.  For  scalar  wave  scattering  by  a 
single  body,  the  main  results  can  be  described  as  follows:  (1)  Analytical  for¬ 
mulas  for  the  scattering  amplitude  for  a  small  body  of  an  arbitrary  shape  are  ob¬ 
tained;  dependence  of  the  scattering  amplitude  on  the  boundary  conditions  is 
studied  (2)  An  analytical  formula  for  the  scattering  matrix  for  electromagnetic 
wave  scattering  by  a  small  body  of  an  arbitrary  shape  is  given.  Applications  of 
these  results  are  outlined  (calculation  of  the  properties  of  a  rarefied  medium; 
inverse  radio  measurement  problem;  formulas  for  the  polarization  tensors  and 
capacitance)  (3)  The  multiparticle  scattering  problem  is  analyzed  and  interaction 
of  the  scattered  waves  is  taken  into  account.  For  self-consistent  fields  in  a 
medium  consisting  of  many  particles  (~lCrJ) ,  integral-differential  equations  are 
found.  The  equations  depend  on  the  boundary  conditions  on  the  particle  surfaces. 
These  equations  offer  a  possibility  of  solving  the  inverse  problem  of  finding  the 
medium  properties  from  the  scattering  data.  For  about  5  to  10  bodies  the  funda¬ 
mental  integral  equations  for  the  theory  can  be  solved  numerically  to  study  the 
interaction  between  the  bodies. 

In  section  2  the  results  on  scalar  wave  scattering  are  described.  In  section  3 
electromagnetic  scattering  is  studied  and  the  solution  of  the  inverse  problem  of 
radio  measurements  is  outlined.  In  section  4  the  many  body  problem  is  examined. 


SECTION  2.  SCALAR  SCATTERING  BY  A  SINGLE  BODY 


Consider  the  problem 
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(V2  +  k2)v  =  0  in  ft;  (-|j  -  hv) |r 


3u 

-(•5^°  ~  hu  ) 


‘3N 


o'  T 


(1) 


v  __  ex2_^k[x[)_  f(n>k)  ag  |x|  +  oo,  =  n 


(2) 


where  ft  ■  RJ\D,  D  is  a  bounded  domain  with  a  smooth  boundary  T,  N  is  the  outer 
normal  to  T,  u0  is  the  initial  field  which  is  usually  taken  in  the  form  u0  *■  exp 
{ik(v,x)}.  We  look  for  a  solution  of  the  problem  (1) — (2)  in  the  form 


exp(ikrxt)a(t) 


4irr 


dt,  r 


xt 


xt 


x-t 


(3) 


and  for  the  scattering  amplitude  f  we  have  the  formula 


I  exp{-ik(n,t) }ff(t,k)dt 

r 


£  I  CTo(t)dt  +  0(ka)* 


(4) 


where 


o(t,k)  =  aQ(t)  +  ika^t)  + 


(ik) 


2  a2(t)  + 


(5) 


Putting  (3)  in  the  boundary  conditions  (1)  we  get  the  integral  equation  for  a. 

9u 

a  -  A(k)a  -  hT(k)a  -  2hu  +  2  -r-°  ,  (6) 

O  dN 

where 


A(k)a 


3  exp(ikrgt) 

9N  2-rrr  „ 
s  st 


CT(t)dt  ,  TCk)0 


exp(ikrgt) 


2rr 


cr(t)dt.  (7) 


st 


Expanding  C,  A(k)  and  T(k)  in  powers  k  and  equating  the  corresponding  terms  in 
(6)  we  obtain  for  h  =  0,  i.e.  Neumann  boundary  condition,  the  following  equations: 


a  -  A  a 
o  o  o 


9u 


A  a,  +  A  a  +2  » 

o  1  1  o  9N 


ol 


(8) 

(9) 


9u 


V2  +  2A1°1  +  Vo  +  2  9N 


o2 


(10) 


where 


A(k) 


A  +  ikA,  +  A  +  ....  u 

0  12  2  O 


,  ,,  .  (ik) 

u  +  iku  ,  +  — r —  u  - 
oo  ol  2  o2 


(11) 
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Expanding  f  in  formula  (4)  we  obtain,  up  to  terms  of  the  second  order 

k2 


f  "  4¥ 


o  dt  +  ik{  7— 
o  4tt 


c^dt  +  (n. 


a  (t) tdt) }  +  {—■  f  a.dt 

o  2  4tt  j  2 

r 


'  +  h 


aQ(n,t)  dt} 


(12) 


From  (8)  it  follows  that  aQ  *  0  and  from  (9)  it  follows  that 
calculations  lead  to  the  following  final  results: 


a^dt  «  0.  Some 


ikV 


3u 


(13) 


Usually  uq  »  exp{ik(v,x)}  and  in  this  case  formula  (13)  can  be  written 


f 


k2V 

4tt 


(B  v  n 

pq  q  p 


(13') 


In  the  above  V  is  the  volume  of  the  body  D  and  Bpq  is  the  magnetic  polarization 
tensor  of  D.  Note  that  f  ~  k^aJ  and  the  scattering  is  anisotropic  and  is  defined 
by  the  tensor  S 

pq 

For  h  =*  00  (Dirichet  boundary  condition)  the  integral  equation  (6)  takes  the  form: 


T(k)a 


-2u 


(14) 


Hence 


0  dt 
o 

4rrr 


st 


-u 


Since  ka  «  1  the  field  u  -  u  (x,k) 

° ' T  °  ' x“0 ’ 

inside  the  body  D.  From  which  it  follows,  that 


Cu 


where  the  origin  is  supposed  to  be 


0  dt  -  -Cu  , 
o  o 


4it 


(15) 


where  C  is  the  capacitance  of  a  conductor  with  a  shape  D.  Hence  for  the  Dirichet 
boundary  condition,  f  -  a,  where  a  is  a  characteristic  length  of  D,  and  the 
scattering  is  isotropic. 

For  h  i  0,  following  the  same  line  of  arguments  it  is  possible  to  obtain  the 
following  approximate  formula  for  the  scattering  amplitude: 
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4ir(l+hSC_1)  00 


(16) 


2  3 

where  S  *  meas(F),  and  C  is  the  capacitance  of  D.  If  h  is  very  small  (h  -  k  a  ) 
the  formula  for  f  should  be  changed  and  the  terms  analogous  to  (13)  should  be 
taken  into  account. 


SECTION  3.  ELECTROMAGNETIC  WAVE  SCATTERING  BY  A  SINGLE  BODY 


If  a  homogeneous  body  D  with  parameters  £,  V- *  Q  Is  placed  into  a  homogeneous  med¬ 
ium  with  parameters  £0,  li0,  cr0,  then  the  following  formula  for  the  scattering 
matrix  was  established  by  the  author 


S 


Uo^ll+a22COS0-a32sin0 ’  ct21cos0-a31sin0-Uo012 
a,  Soicos0+u  8,.sin0,  a.  .-Hi  8~ocos0-u  B.,sin0 

1 l  O  O  Ol  11  O  a  O  J 


0.7) 


where  S  is  defined  by  the  formula 


(18) 


0  is  the  angle  of  scattering,  E-^ ,  E„  are  the  components  of  the  initial  field,  f-^, 
f2  are  the  components  of  the  scattered  field  in  the  far  field  multiplied  by 
|x|exp(-ik|x|) ,  the  plane  YOZ  is  the  plane  of  scattering,  a.  .  =  (y) ,  Y  *  (£-£0)/ 

(e  +  £q)  is  the  polarization  tensor,  and  =  cu..  (-1)  is  trie  magnetic  tensor. 

If  one  knows  S  one  can  find  all  values  of  interest  to  physicists  for  electromag¬ 
netic  wave  propagation  in  a  rarefied  medium  consisting  of  small  bodies.  The 
tensor  of  refraction  coefficients  can  be  calculated  by  the  formula  n..  =  <5^j  + 
2irNk“^S^j (o) ,  where  N  is  the  number  of  bodies  per  unit  volume.  The^tensor  -^j(Y) 
can  be  calculated  analytically  be  means  of  the  formula 


laij(Y)  "  aij)<:Y)i  1  Aqn»  0  <  q  <  1. 


(19) 


where  A,  q  are  some  constants  depending  only  on  the  geometry  of  the  surface,  and 


(n) 

x 

ij 


2  ;  -  v"*1 .  (») 


—  I 

V  L 


m**0  (2ir) 


Y  -  1 


bij  •  n  -  1 


(20) 


In  (20) 


,(o) 

ij 


h(l) 

76  ij’  bij 


r  r 


Ni(s)N1(t)dsdt 

rst 


(21) 
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1 

dsdt  N  (s)N  (t)  ±  iIKt^t) . .  •’Ktm_l,tm-2) 

J  J  L 


r  m-i  r 


In  particular 


dt. . .  .dt  ;  tKt.s) 
X  m— i 


2.  Cl) 


3N„  r  „ 
t  st 


2<Y +  y  ~  -iT-  •  si; 


For  particles  with  y  =  y  and  £  not  very  large,  so  that  the  depth  5  of  the  skin 
layer  is  considerably  larger  than  a,  one  can  neglect  magnetic  dipole  radiation 
and  in  the  formula  (17)  for  the  scattering  matrix  one  can  omit  terms  with  multi¬ 
pliers 

The  vectors  of  electric  and  magnetic  polarizations  can  be  found  by  the  following 
formulas,  respectively, 


Pi  "  aij(Y)V£oEj  *  Y 


e  +  e 


where  is  the  initial  field,  and 


_ o 

E  +  £  ’ 


where  Hj  is  the  initial  field  and  the  second  term  on  the  right  hand  side  of  equal¬ 
ity  (25)  should  be  omitted  if  the  skin-layer  depth  S  »  a. 

The  scattering  amplitudes  can  be  found  from  the  formulae 


2  2  ,/y” 

ir-  [n[P,nJ]  V/[M,n]  , 

"o  o 

£M  =A/t"  tn«fE]  * 


where  [A,B]  stands  for  the  vector  product  A  x  B  and  P,  M  can  be  calculated  by 
formulae  (24) ,  (25) ,  (19) ,  (20) ,  (22) .  If  5  »  a  one  can  neglect  the  second  term 
on  the  right-hand  side  of  (26) •  If  is  possible  to  give  a  simple  solution  to  the 
following  inverse  problem  which  can  be  called  the  inverse  problem  of  radiomeasure¬ 
ments.  Suppose  an  initial  electromagnetic  field  is  scattered  by  a  small  probe. 
Assume  that  the  scattered  field  E',  H'  can  be  measured  in  the  far  field.  The 
problem  is  to  calculate  the  initial  field  at  the  point  where  the  small  probe 
detects  E’,  H' .  This  problem  is  of  interest  in  determining  the  electromagnetic 
field  distribution  in  antenna  apertures.  Let  us  assume  for  simplicity  that  for 
the  probe  6  »  a,  so  that 


E’  - 


[n[P,n]] 
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From  (28)  we  can  find  P  -  n^(P,n^)  *  E'(n^)b  where  b  =  ex^ ^  —  .  A 

measurement  in  the  n£  direction,  where  (n^.nj)  =  0  results  in  P  -  n2(P»ri2)  = 

E'(n2)b.  Hence  (n^.P)  =  b(E'  0^) ,n^) •  Thus  P  *  btE'Cn^)  +  n^(E' (n^) ,n^) }  .  But 

(*)P^  =  ctij(Y)Ve  E. .  Since  V  and  tQ  are  known  and  .  (y)  can  be  calculated  by 
formulae  (19),  (20)  and  the  matrix  is  positive  derinite(because  frcxjjV£0EjE^  is 
the  energy)  it  follows  that  system  (*j  is  uniquely  solvable.  Its  solution 
is  the  desired  vector  E. 

Let  us  give  a  formula  for  the  capacitance  of  a  conductor  D  of  arbitrary  shape, 
which  proved  to  be  very  useful  in  practice 


It  can  be  proved  that 

|C  -  C(n)|  <  AqU,  0  _<  q  <  1  ,  (30') 


where  A,  q  are  constants  which  depend  only  on  the  geometry  of  T. 

Remark  1.  The  theory  is  also  applicable  for  small  layered  bodies. 

Remark  2.  Two  sided  variational  estimates  for  a„  and  C  were  given  in  [18]. 

SECTION  4.  MANY  BODY  WAVE  SCATTERING 

First  we  describe  a  method  for  solving  the  scattering  problem  for  r  bodies,  r  ~  5- 
10  and,  then  we  derive  an  integral  differential  equation  for  the  self-consistent 
field  in  a  medium  consisting  of  many  (r  -  10^)  small  bodies.  We  look  for  a 
solution  of  the  scalar  wave  scattering  problem  in  the  form 


r 

u  =  u  +  E 
° 


exp(ikr  ) 

St 


<7. (t)dt. 


Applying  the  boundary  condition. 


0  ,  1  <  j  <  r  (32) 


we  obtain  the  system  of  r  integral  equations  for  the  r  unknown  functions  0  .  In' 
general  this  system  can  be  solved  numerically.  When  d  >>  X,  where  d  *  min^d^j ,i^ j , 
and  d^j  is  the  distance  between  i=th  and  j-th  body,  the  system  of  integral 
equations  has  dominant  diagonal  terms  and  it  can  be  easily  solved  by  an  iterative 
process,  the  zero  approximation  being  the  initial  field  uQ.  If  ka  »  1,  d  »  a. 
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but  not  necessarily  d  »  X,  the  average  field  in  the  medium  of  small  particles  can 
be  found  from  the  integral  equation 

C  exp(ikr  ) 

u(x,k)  *  uq(x)  -  - ^  ^  q(y)u(y,k)dy  .  (33) 

‘  xy 


Here  a(y)  is  the  average  value  of  h^Sj(l 


+  hjsjcI1)'1 


over  the  volume  dy  in  the 


neighborhood  of  y  for  bodies  with  impedance  boundary  conditions.  For  hj  *  00 
(Dirichlet  condition)  and  identical  bodies  q(y)  •  N(y)C,  where  N(y)  is  the  number 
of  the  bodies  per  unit  volume  and  C  is  the  capacitance  of  a  body.  For  Neumann 
boundary  condition  the  corresponding  equation  is  the  integral-differential 
equation 


u(x,k) 


u  (x,k)  + 
o 


f 


exp(ikrxy) 

47rr 

xy 


{B  <y) 

pq  9yq 


+ 


j  Au(y,k)b(y) >dy. 


(34) 


where 


b(y)  -  N(y)V  ,  Bpq(y)  -  ikV0pqN(y)  ,  (35) 

V  is  the  volume  of  a  body,  and  0  is  its  magnetic  polarization  tensor.  The 
solution  to  equations  (33),  (34)pSan  be  considered  as  the  self-consistent  (effec¬ 
tive)  field  acting  in  the  medium. 

Equations  (33),  (34)  allows  one  to  solve  the  inverse  problems  of  the  determination 
of  the  medium  properties  from  the  scattering  data.  For  example,  from  (33)  it 
follows  that  the  scattering  amplitude  has  the  form 


f 


_1_ 
47 7 


exp{-ik(n,y) }q(y)u(y,k)dy  . 


(36) 


For  a  rarefied  medium  it  is  reasonable  to  substitute  u  by  uq  (Bom  approximation) 
and  to  obtain 


f  3  - 


4tt 


exp{-ik(n,y) )q(y)uQ(y ,k)dy. 


(37) 


If  u  ■  exp{ik(v,x)}  formula  (37)  is  valid  for  k  »  1  with  the  error  0(k  ^)  if 
o 


q(x)€C1(R3,  1  +  M3**),  e  >  0. 

3 

Hence  if  f  is  known  for  0  <  k  <  «,  (n-v)  where  is  the  unit  sphere  in  R  , 

the  Fourier  transform  of  q(y)  is  known  and  q  can  be  uniquely  determined.  If  q(y) 
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is  finite  i.e.  q(y)  is  equal  to  zero  outside  some  bounded  domain,  then  f  is  entire 
in  k  and  knowing  f  in  any  interval  [k  ,  k.],  0  <  kQ  <  k^,  for  all  (n-v)£S1  one  can 
find  f  for  all  0  <  k  <  00  by  analytical  continuation  and  then  one  can  determine 

q(y)* 

Let  us  consider  the  r-body  problem  for  a  few  bodies  (small  r) •  Assume  that  the 
Dirichlet  boundary  condition  holds.  Let  us  look  for  a  solution  of  the  form 


u(x) 


u  +  l  l  exp  ( ik  j  x- tj_) 


J-l 


4tt  |  x—  1 1  °jdt 


(38) 


The  scattering  amplitude  is  equal  to 

i  r 

f  (n,k)  =*  jz  Z  exp{-ik(n, t .) } •  exp{-k(n,t-t .) (t)dt  (39) 

where  t.  is  some  point  inside  the  j-th  body.  Since  ka  «  1  this  formula  can  be 
rewritten 


,  r 

f(n,k)  =  Z  exp{-ik(n,t  J }  •  Q.. , 


(40) 


where 


a.  dt  +  0(ka)  ,  a  =  a. 
j°  1°  3ik=0 


(41) 


j 


This  is  the  same  line  of  arguments  as  in  §2.  Using  the  boundary  condition  one 
gets 


r 

Z 


exp(ik|x  -t | ) 


m 


„ ,  a  (t)dt  + 

in  p 

j  m 


j?tmj=l  p 

With  the  accuracy  of  0(ka)  this  can  be  written 
o_(t)dt 

I  +  E  liri^ 

mj 


exp(ik|x  -t  | ) 

- - — | — | —  c  dt  *  -u  (x  )  .  (42) 

4tt  x  -t  m  o  m 


m 


j  rt|Vt|  + 

m 


j 


-u  ,  1  <  m  <.  r 
om 


(43) 


where  d  »  lx  -t  I .  If  C  is  the  capacitance  of  the  m-th  body  we  can  rewrite 
(43)  ml  "  1 ' 


0. 


r  exp(ikd  ) 

Z  C - ..  q  t  i  _<  m  <  r. 


"C  U  •  w  v  I  J 

m  om  j-l,J*»  m  47rdmj 


(44 


This  is  a  linear  system  from  which  Qj  ,  1  <.  m  <.  r  can  be  determined.  If  dmjCm>'>' 
this  system  can  be  easily  solved  by  an  iterative  process.  If  (Qj)  are  known, 
then  the  scattering  amplitude  can  be  found  from  (40). 

More  details  about  the  described  theory  the  reader  can  find  in  the  References. 
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MULTIPLE  SCATTERING  FROM  GRATINGS  OF  COMPLIANT  TUBES  IN  FLUID 
AND  IN  A  VISCOELASTIC  LAYER  IMMERSED  IN  FLUID 


Ronald  P.  Radi inski 

Naval  Underwater  Systems  Center,  New  London,  CT  06320 
ABSTRACT 


Arrays  of  compliant  (squashed)  tubes  have  been  used  as  tuned  reflecting  baffles  to 
reduce  noise  or  to  provide  directivity  for  a  transducer.  To  gain  an  understanding 
of  the  dynamic  characteristics  of  the  compliant  tube  arrays,  a  two  dimensional 
series  formulation  has  been  developed  for  the  scattering  of  a  plane  wave  from  an 
infinite  planar  grating  of  elliptic  cylindrical  shells  in  a  fluid  medium.  With 
the  model,  one  can  study  variations  of  insertion  loss  resulting  from  tubing  of 
different  orientations,  aspect  ratios,  and  material  constants  or  from  different 
grating  spacings  of  the  array.  Analytical  predictions  and  experimental  measurements 
are  compared  for  several  cases.  The  use  of  several  gratings  in  a  baffle  is  shown 
to  increase  the  bandwidth  of  reflectivity.  For  multiple  gratings,  the  modeling  has 
been  restricted  to  plane  waves  normally  incident  to  arrays  of  rectangular  tubing. 

The  method  of  partial  domains  is  used  to  determine  the  scattering  coefficients. 

Also  shown  is  the  insertion  loss  that  results  from  encapsulating  the  compliant 
elements  in  a  rubber  layer.  The  effects  of  the  complex  valued,  frequency-dependent, 
material  properties  of  the  elastomer  on  the  array  resonances  are  discussed. 

INTRODUCTION 

A  compliant  tube  is  often  described  as  a  long  non-circular  cylindrical  shell  which 
is  sealed  at  the  ends.  The  shells  usually  have  a  static  compliance  from  twenty  to 
more  than  a  hundred  times  that  of  water.  The  low  sound  velocity  achieved  by  pack¬ 
ing  the  compliant  devices  in  a  volumetric  array  was  demonstrated  by  Toulis  (1)  by 
constructing  an  acoustic  lens  comprised  of  compliant  tubes  in  water.  The  reflec¬ 
tive  properties  of  compliant  tubes  were  also  demonstrated  by  Toulis  who  constructed 
sparsely  packed,  planar,  metal  tube  arrays  as  reflecting  baffles.  Since  the  thick¬ 
ness  of  a  planar  array  of  tubing  is  usually  less  than  an  acoustic  wavelength,  the 
static  compliance  alone  is  not  sufficient  to  reflect  appreciable  energy.  Near 
frequencies  corresponding  to  modal  resonances  of  the  shell  with  net  volume 
displacement,  the  dynamic  compliance  of  the  shell  also  exhibits  a  resonance  behavior. 
For  an  elliptic  cylindrical  shell,  the  symmetric  flexural  modes  in  a  plane  perpen¬ 
dicular  to  the  length  of  the  shell  have  a  net  volume  displacement  and  such  a 
compliant  tube  is  designed  to  have  the  first  of  these  flexural  modes  in  the 
frequency  band  where  reflectivity  is  desired.  Since,  for  a  right  circular 
cylindrical  shell,  the  higher  frequency  membrane  modes  are  the  first  modes  with 
net  volume  displacement,  a  planar  grating  of  these  shells  would  have  a  much  greater 
cross-sectional  area  than  a  grating  of  elliptical  shells.  Recently,  rectangular 
tubes  have  been  tested  as  compliant  devices.  The  fabrication  of  rectangular  plate 
tubing  may  be  considerably  simpler  than  for  elliptic  cylindrical  shells.  The 
following  sections  describe  some  analytical  methods,  other  than  the  T-matrix 
formulation,  that  have  been  used  to  study  the  multiple  scattering  of  waves  from 
compliant  tube  gratings.  In  these  cases,  the  geometries  of  the  compliant  elements 
are  not  as  general  as  allowed  by  the  T-matrix  methods. 
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MATHEMATICAL  FORMULATION  FOR  A  SINGLE  GRATING  OF  COMPLIANT 
ELEMENTS  IN  A  FLUID  MEDIUM 

For  a  two-dimensional  multiple  scattering  analysis  of  plane  waves  incident  on  a 
planar  grating  of  elliptically  shaped,  compliant  tubes  in  fluid,  the  Burke-Twersky 
grating  models  (2),  given  in  terms  of  the  scattering  amplitude  of  a  single  cylinder, 
can  be  directly  adapted  when  the  major  axes  of  the  elliptical  elements  are  aligned 
perpendicular  to  the  grating.  However,  the  following  formulation  for  arbitrary 
orientation  of  the  grating  elements  was  obtained  by  explicit  use  of  an  addition 
theorem. 

Incident  and  Scattered  Pressures 

The  following  presentation  summarize_s  the  formulation  discussed  in  reference  3. 

The  equation  for  the  time  independent  part  of  an  incident  plane  wave  is  given  by  the 
expression 

ik(Xcos8 .  +  YsinS . ) 

Y)  =  e  1  1  (1] 

where  k  is  the  wavenumber,  the  Y  axis  is  the  plane  of  the  grating  and  8^  is  the 
angle  of  the  incident  wave  with  respect  to  the  gratings  positive  X  axis  as  shown 
in  Fig.  1.  In  terms  of  the  coordinates  x,  y  of  the  s^*1  grating  element,  the 
incident  wave  is  expressed  as 

iskdsinB.  ik(xcos9.  +  ysine.) 

P.  =  e  1  e  1  1  (2) 

where  d  is  the  grating  spacing,  and  9;  is  the  polar  angular  coordinate  of  the 
incident  wave  with  respect  to  the  x  axis  of  the  ellipse.  The  incident  wave  is  then 
expressed  in  terms  of  even  and  odd  elliptical  functions  as 

CO 

=  -^it  in  ^Sen(h,  cos9^)Sen(h,  cos<{i) Je^Ch,  coshu)/Men(h) 

(3) 

1  iksd  sin3. 

+  So  (h,  cos9.)So  (h,  cosb)Jo  (h,  coshy)/Mo  (h)  e  1  , 

n  i  n  n  n  J 

where  $,  u  are  respectively  the  elliptical  angular  and  radial  coordinates,  Sen,  Son 
are  the  even,  odd  periodic  Mathieu  functions,  Men,  Mon  are  normalization  functions, 
Jen,  Jon  are  the  radial  Mathieu  functions  of  the  first  kind,  h  =  kf/2  (f  is  the 
interfocal  distance),  and  s  is  an  integer  element  number. 

The  scattered  pressure  from  the  array  can  be  expressed  in  terms  of  Mathieu  functions 
as 
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r 


iskdsinS. 

i 


Ae  Se  (h,  cos9.)Se  (h,  cos<J  )He  (h,  coshu  ) 
n  n  l  n  s  n  s 

Men(h) 
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n  n  ’  in’  s  nv  s 

McTTh) 


(4) 


where  Hen,  Hon  are  the  even,  odd  radial  Mathieu  functions  of  the  third  kind  and 
Aen,  Aon  are  the  even,  odd  undetermined  scattering  coefficients.  To  satisfy  the 
boundary  conditions  at  a  particular  elliptical  cylinder  in  the  array,  the  wave 
functions  associated  with  all  the  other  cylinders  must  be  expressed  in  terms  of  the 
coordinates  of  that  cylinder.  This  transformation  is  accomplished  by  rewriting  the 
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elliptical  wave  functions  in  terms  of  circular  wave  functions  (4),  using  the  Graf 
addition  theorem  (5)  for  cylindrical  harmonics  to  express  all  the  wave  functions  in 
terms  of  the  coordinates  of  the  reference  cylinder.  The  addition  theorem  for 
cylindrical  wave  functions  of  the  third  kind  is  illustrated  in  Fig.  2.  Finally, 
the  cylindrical  functions  are  transformed  back  to  the  elliptical  wave  functions 
of  that  cylinder. 


Y 

i 


Fig.  1.  Geometry  of  an  infinite  planar  grating  of  elliptic,  cylindrical  shells. 


The  resulting  scattering  field  from  a  particular  configuration,  including  the 
multiscattering  from  all  the  cylinders  in  the  infinite  planar  array  is  expressed 
in  terms  of  even  and  odd  elliptical  functions  of  the  elliptical  coordinates  of  the 
reference  cylinder  as 
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where  the  generalized  Schlomilch  series  for  an  array  of  elliptic  cylinders  is  given 
by 
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is  the  circular  Schlomilch  series,  and  90  is  the  angular  rotation  of  the  reference 
cylinder  with  respect  to  the  vertical  axis  of  the  array.  0O  =  0  corresponds  to  the 
major  axis  of  the  tubes  aligned  along  the  vertical  axis  of  the  array,  and  Hp+^fskd) 
is  the  cylindrical  Hankel  function.  The  terms  Den,  Don,  are  the  even  odd  coefficien 
for  the  angular  and  radial  elliptical  radiation  functions.  The  unknown  coefficients 
Aen,  Aon  are  found  by  satisfying  the  boundary  conditions  at  the  surface  of  the 
ellipse. 


Hq(kr,)  e  =f  ^Jp  (krra)  Hp_q  (krim)  ei')0m  <Ti(p  "  q)8im 

Fig.  2.  The  additional  theorem  for  cylindrical  wave  functions  of  the  third  kind. 
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Elastic  Model  of  an  Elliptical  Shell 

The  two-dimensional,  steady-state  force  equations  for  an  oval  shell  of  thickness 
hs  and  local  radius  of  curvature  of  the  midsurface  of  the  shell  r'  in  a  fluid 
medium  (6)  can  be  expressed  as 


and 


3^V 

oh  (P.+P  ) 

s  s  3^2  i  r 


(6a) 


3T_  _N_  ,  3^W 

3s'  "  r'  Ps  s  3t2 


(6b) 


where  s'  is  the  differential  arc  length  of  the  midsurface  of  the  shell  and  T  and  N 
are,  respectively,  the  tension  and  the  normal  shearing-stress  resultants  which  for 
a  shell  are  related  to  the  midsurface  deflection  (V,  W)  as 


and 


Factor  G  is  the  bending-moment  resultant  about  an  axis  at  the  midsurface  normal  to 
the  shell's  cross  section.  The  force  equations  in  Eq.  6  relate  the  normal  and 
tangential  component  of  the  deflection  of  the  shell's  midsurface  (V,  W)  to  all 
internal  reaction  stresses  and  externally  applied  stresses.  The  symbols  Es,  ps,  a 
represent  the  Young's  modulus , density,  and  Poisson  ratio  of  the  shell  material. 

If  the  analysis  is  restricted  to  frequencies  smaller  than  the  resonance  frequency 
of  the  first  membrane  mode,  then  only  the  lower  order  flexural  modes  of  the  cross 
section  of  the  shell  are  important.  In  this  case,  a  single  equation  can  be 
derived  using  the  inextentional  condition  generated  by  setting  T  =  0  in  eq.  (7a). 

The  resulting  force  equation,  including  both  even  and  odd  shell  modes,  is  written 
in  terms  of  the  flexural  eigenfunctions  for  the  normal  displacement  as  given  by 


where 
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respectively,  and  Vet,  Vot  are  the  modal  coefficients  of  the  normal  displacement. 

In  addition,  the  second  boundary  condition  to  be  satisfied  is  the  continuity  of  the 
normal  deflection  at  the  shell  fluid  interface  as  expressed  by 


"pb(l  -  ecos*)*5  Y  CVet->et  +  Vot<|«ot) 


3P. 


3P 


3p 


3U 


(9) 


where  e  is  the  eccentricity  of  the  midsurface  of  the  shell  and  p  is  the  fluid  density. 

As  detailed  in  reference  3,  from  the  orthogonality  properties  of  the  Mathieu 
functions  and  the  model  eigenfunctions  of  the  normal  deflection,  one  can  eliminate 
the  modal  coefficients  and  subsequently  solve  for  the  scattering  coefficients.  To 
calculate  the  transmitted  contribution  from  the  entire  infinite  array,  the  Sommer- 
field  integral  representation  of  the  Hankel  function  and  the  Poisson  summation 
formula  are  used  to  write  the  scattered  pressure  in  terms  of  a  sum  of  propagating 
and  exponentially  decaying  plane  waves  (7)  as  expressed  by 
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where  sinBs  =  sinSj.  +  sX/d.  Here,  s,  such  that  | s inS s I < 1  designates  the  propagating 
plane  wave  modes  scattered  from  the  grating.  The  modes  such  that  |sin8s|  >  1  are  the 
evanescent  modes  which  decay  exponentially  from  the  grating  and  thus  only  contribute 
in  the  near  field.  The  values  |sin0s|  =  1  corresponds  to  the  grazing  modes. 

If  the  center  to  center  spacing  between  array  elements  is  less  than  a  wavelength, 
only  a  single  plane  wave  will  propagate  from  the  array.  If  we  consider  only  cases 
where  the  incident  wave  is  normal  to  the  grating  and  restrict  the  analysis  to  low 
frequencies  keeping  three  even  and  one  odd  scattering  coefficients  and  no  evanescent 
modes,  then  the  total  transmitted  pressure  is 
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COMPARISON  OF  THEORY  AND  EXPERIMENT 


The  results  of  the  analytic  model  were  compared  to  measured  transmissivity  of 
large  planar  gratings  of  plastic  tubes.  The  elliptically  shaped  tubes  were 
extruded  from  Lexan  polycarbonate  thermoplastic  (Es  =  2.38  x  109N/m2,  Ps  =  1.18  x 
lO^kg/m3,  o=  0.37).  The  aspect  ratio  of  a  tube  was  about  2  to  1,  with  a  major  axis 
dimension  of  about  one  cm.  The  thickness  of  the  tube  was  about  0.13  cm.  The  first 
in-air  flexural  resonance  (fi)  of  these  compliant  tubes  was  measured  to  be  at  22 
kHz  and  the  static  compressibility  was  twenty  times  greater  than  water. 
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For  the  first  series  of  measurements,  the  plastic  tubes  were  inserted  into  a  3m  by 
3m  grating  frame  with  their  major  axes  parallel  to  the  direction  of  the  normally 
incident  plane  wave.  This  size  panel,  which  is  10X  by  10X  at  5  kHz,  was  choosen 
to  minimize  any  diffraction  effects.  The  insertion  loss  measurement  location  of 
S  cm  behind  the  panel  was  beyond  the  effects  of  the  evanescent  modes.  The  insertion 
loss  (insertion  loss  =*  20  logio | incident  pressure/ transmitted  pressure!)  is  shown 
in  Fig.  3  for  a  grating  spacing  of  0.635  cm  (X^/d  *  10.8).  A  large  insertion 
loss  implies  that  the  transmitted  pressure  is  small. 


Fig.  3.  Calculated  and  measured  insertion  loss  for  a  densely  packed  grating  of 
compliant  tubes  (9q  =  ir/2,  =  0,  d  =  0.64  cm). 

For  this  array  of  densely  packed  compliant  tubes,  the  calculated  and  measured 
insertion  loss  values  are  in  good  agreement  at  all  frequencies.  The  center 
frequency  of  the  array  resonance  is  a  function  of  both  the  resonance  of  a  single 
compliant  tube  and  the  radiation  loading  resulting  from  the  spacing  and  orientation 
of  the  array  elements.  Because  of  multiple  interactions,  the  array  resonant 
frequency  at  f/fi  =  0.41  is  much  lower  than  that  of  a  single  tube  in  water  which 
occurs  at  approximately  f/fj  =  0.77.  The  calculated  insertion  loss  represents  the 
contribution  of  the  first  three  scattering  coefficients  of  the  propagating  transmitted 
plane  wave.  Mathieu  functions  were  evaluated  from  a  computer  algorithm  developed 
by  Aerospace  Research  Laboratories  (8)  and  the  elliptical  Schldnilch  series  were 
evaluated  to  at  least  order  h*.  A  quality  factor  of  25  associated  with  the 
mechanical  hystersis  in  the  walls  of  a  single  tube  was  incorporated  into  the 
calculations  and  was  found  to  be  the  limiting  factor  for  the  maximum  calculated 
insertion  loss. 

The  insertion  loss  for  a  more  sparsely  packed  array  of  plastic  tubes  having  their 
major  axes  parallel  to  the  direction  of  the  incident  plane  wave  is  shown  in  Fig.  4. 
With  a  grating  spacing  of  2.54  cm,  the  array  resonance  approaches  that  of  a  single 
tube  in  water.  Increasing  the  grating  spacing  also  results  in  a  decrease  in  the 
maximum  insertion  loss  and  bandwidth  of  the  array  resonance. 

A  measurement  was  made  where  the  minor  axes  of  the  tubes  were  oriented  parallel 
to  the  direction  of  the  incident  plane  wave.  For  ease  of  fabrication,  a  0.76  m 
by  one  m  panel  was  constructed.  The  measured  and  calculated  insertion  losses 
are  shown  in  Fig.  5  for  a  1.27  cm  grating  spacing.  Increase  diffraction  effects 
are  evident  in  the  measurements  for  frequencies  below  the  array  resonance.  In 
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this  case,  the  array  resonance  is  slightly  higher  than  for  a  single  compliant  tube 
in  water.  The  difference  between  the  measured  and  calculated  insertion  loss  at  the 
array  resonance  can  be  attributed  to  diffraction. 


Fig.  4.  Calculated  and  measured  insertion  loss  for  a  sparsely  packed  grating  of 
compliant  tubes  (e^  =  ir/2,  6^  *  0,  d  =  2.54  cm). 


Fig.  5.  Calculated  and  measured  insertion  loss  for  a  densely  packed  grating  of 
compliant  tubes  =  0,  0^  =  0,  d  =  1.27  cm). 

SCATTERING  FROM  MULTIPLE  GRATINGS  OF  COMPLIANT  TUBES  IN  A  FLUID 


Experimental  Results 

In  this  section,  we  consider  the  broadband  insertion  loss  that  can  be  achieved 
through  the  use  of  multiple  gratings  in  a  fluid.  The  wide  separations  of  the 
center  frequencies  of  the  array  resonances  for  various  single  layer  orientations 
suggests  that  combining  the  panels  into  double  layer  gratings  will  result  in  an 
insertion  loss  with  a  wider  bandwidth.  The  measurements  for  combinations  of  the 
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single  layers  previously  considered  are  shown  in  Fig.  6.  To  a  first  approximation, 
the  insertion  loss  for  double  layered  gratings  can  be  found  by  the  superposition 
of  the  insertion  losses  for  each  individual  layer.  The  combinations  shown  in 
Fig.  6  produce  acoustic  filtering  over  a  bandwidth  of  almost  two  octaves.  If  one 
uses  gratings  of  compliant  tubes  with  resonances  at  other  frequencies,  the  bandwidth 
can  be  extended  even  further. 


Fig.  6.  Normal  incident  insertion  loss  measurements  for  three  orientations 
of  double-layered  gratings  of  compliant  tubes. 


Mathematical  Model  of  Multiple  Gratings  of  Rectangular  Tubes  in  a  Fluid  Layer 

In  many  applications,  one  wishes  to  minimize  the  thickness  of  the  baffle  but 
retain  a  wide  reflectivity  bandwidth.  In  such  situations,  multiple  layers  of 
tubing  are  used  in  the  flat  configuration  shown  in  Fig.  7.  In  this  figure,  a 
plane  wave  is  shown  normally  incident  to  a  double  grating  of  rectangular  inclusions 
in  a  fluid  layer.  Both  gratings  have  the  same  spacing  d,  but  multiple  gratings  of 
different  spacings  can  also  be  considered.  The  waveguide  solution  is  found  by 
matching  the  boundary  conditions  between  the  planes  of  symmetry  shown  in  Fig.  7. 

The  vertical  lines  between  the  planes  of  symmetry  delineate  boundaries  separating 
regions  where  the  solutions  vary. 

The  analysis  is  an  extension  of  the  work  by  Vovk,  et  al  (9)  to  include  multiple 
planar  gratings  and  to  immerse  these  configurations  in  a  finite  thickness  fluid 
layer  between  two  fluid  half  spaces.  Each  of  the  fluid  can  have  a  different 
velocity  and  density.  In  an  individual  element,  the  two  plates  may  be  of  different 
thickness,  density,  or  Young's  modulus.  In  particular,  bars  with  simply  supported 
end  conditions  are  considered  and  the  connections  between  the  plates  are  assumed 
rigid  and  immovable. 

The  differential  equations  to  be  satisfied  are  the  wave  equation  for  the  pressure 
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in  the  fluid  and  the  thin  plate  equation  which  is  assumed  to  govern  the  motion  of 
the  bars.  The  wave  equation  for  the  pressure  in  the  fluid  is  given  by 

V2  P.  +  k.2  P.  =  0  '  (12) 

ill 

where  k^  is  the  wave  number  of  the  i*h  fluid  and  P^  is  the  pressure.  The  thin  plate 
equation  for  compliant  plate  motion  of  the  inclusions  is  given  in  the  form 


d4W  (y) 


-  jij  u  Wj  (y)  = 


where  Dj  is  the  plate  stiffness  of  the  jth  plate,  p,  is  the  mass  per  unit  area  of 
the  plate,  w  is  the  circular  frequency,  and  Wj  is  the  displacement  of  the  plate. 


Fig.  7.  Double  grating  of  rectangular  compliant  elements  in  a  fluid  layer. 

The  boundary  conditions  imposed  at  the  fluid  interfaces,  symmetry  planes,  and  tubes 
surfaces  are  given  as  follows.  At  the  fluid  interfaces,  the  two  boundary  conditions 
to  be  satisfied  are  the  continuity  of  pressure 
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the  velocity  normal  to  the  symmetry  planes  is 

f  =  °-  <16> 

At  the  tube  surfaces,  the  three  boundary  conditions  to  be  met  are  for  the  nondeform- 
able  supports  as  given  by 

*  0  |y|  =  bj  -  ■ej+xj<x<xj+£j  .  (17) 

the  continuity  of  normal  displacement  at  the  flexible  plates. 


4"  ~  =  W  (y)' 
in  Or  J 


and  the  simply  supported  condition 


Wj  (y) 


(y) 


|y|  i  bj» 


|y|  3  bj 


at  x  =  +_  ij  +  Xj  where  Xj  is  the  x  coordinate  at  the  center  of  the  j  grating. 

The  solution  for  the  total  pressure  in  the  half  space  of  fluid  1  is  the  sum  of  the 
incident  plane  wave  and  an  infinite  series  of  reflected  waves  as  indicated  by  the 
expression 

®  -ik°  (x  -  xn) 

Px  =  elklx  +  £  RRe  11  (cos  any)  (20) 

n=0  n 


where 


H~2  ~T 

-  “n 


kQ  is  the  wavenumber  in  fluid  I,  xQ  is  the  x  coordinate  of  the  boundary  between 
fluid  1  and  fluid  2,  and  Rn  is  a  reflection  coefficient  to  be  determined.  When 
1c  2>q2  this  wave  propagates  away  from  the  grating.  If,  however,  k^<a2,  the 
evanescent  wave  propagates  parallel  to  the  y  axis  and  decays  exponentially  in  the 
x  direction  away  from  the  grating.  In  fluid  layer  2  with  inclusions,  the  solution 
in  each  of  the  intervening  regions  consists  of  infinite  series  of  waves  of  the  form 

Pp-1  =  £  [  Am^coskm^  (x-x°)  +  Bm^sinkm^  (x-x°)]  cosc^Cy-Cj)  (21) 


where 


^2-Kr 


Here  Cj  is  a  constant  determined  by  region  j  of  the  fluid  layer,  k_is  the  wavenumber 
in  fluid  2,  an*d  A^)  and  Bm(j)  are  unknowns  in  region  j  of  the  fluid  layer,  x^  is 
the  x  coordinate  at  the  center  of  the  j*h  region.  The  transmitted  pressure  waves 
in  fluid  3  are  of  particular  importance  and  given  by  the  expression 


£  t 


ik' (x  -  x  ) 


(cos  any) 


where 


K)2  -  “n2 


k3  is  the  wavenumber  in  fluid  3,  and  xm  is  the  x  coordinate  of  the  boundary  between 
fluid  2  and  fluid  3  and  Tn  is  the  transmission  coefficient  to  be  determined. 
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For  the  compliant  elements,  a  normal  mode  solution  for  the  simply  supported  plates 
is  given  by  the  displacement  distribution 


wj  (y) 


s 


£  W  ^cosa-'y 
s=0  s  s 


J  _  (2s*l)  TT 

s  2b. 

1 


(23) 


where  Ws  ^  are  unknown  amplitudes  determined  from  the  boundary  conditions.  If  the 
above  expression  for  the  displacement  is  substituted  into  the  homogeneous  plate 
equation,  the  natural  frequencies  of  the  bars  in  vacuum  are 


where  pj,  E  j ,  a-;,  2bj,  hj  are  the  density.  Young's  modulus,  Poisson  ratio,  length, 
and  thickness  of  the  plate. 


The  unknown  pressure  distributions  and  displacement  amplitudes  of  the  plate  motion 
are  found  by  satisfying  the  boundary  conditions  between  the  various  regions.  The 
set  of  equations  arising  from  the  matching  conditions  is  easily  transformed  on  the 
basis  of  completeness  and  orthogonality  into  an  infinite  system  of  linear  algebraic 
equations  (10). 

Model  Calculations 

Using  the  analytical  techniques  described  above,  one  can  investigate  the  interaction 
between  gratings,  transmission  resonances  of  a  fluid  layer  with  inclusions,  and  the 
effects  of  changing  material  constants  within  the  gratings.  The  calculations 
presented  here  are  for  the  maximum  grating  spacing  being  less  than  a  wavelength  in 
fluid  layer  3.  The  transmission  coefficient  is  then  completely  determined  by  the 
value  of  the  unknown  coefficient  TQ.  Calculations  of  T0  from  truncated  series 
determined  by  satisfying  the  boundary  conditions  were  shown  to  converge  by  retaining 
four  to  five  values  of  each  unknown  in  the  linear  system  of  equations. 

The  effects  on  insertion  loss  from  varying  the  velocity  of  the  fluid  layer  are 
shown  in  Fig.  8.  The  insertion  loss  is  plotted  versus  frequency  normalized  to  the 
frequency  of  the  first  bending  resonance  of  the  smaller  bars  in  vacuum  (fj) . 

The  distance  between  the  center  lines  of  the  two  gratings  is  0.0625X!.  A  structural 

damping  factor  of  0.1  was  assumed  for  the  bars.  The  elastic  plates  are  considered 
to  be  identical  and  constructed  of  Lexan  plastic  (h ^ ( 13  =  h2(l)  =  0.0185Xi). 

The  in- vacuum  first  structural  resonance  of  the  bars  was  calculated  to  be  at  15  kHz. 

For  a  fluid  layer  velocity  of  about  1500  m/sec,  shown  by  the  solid  curve,  four 

distinct  array  resonances  are  evident.  The  first  is  a  split  resonance  in  that  the 
fluid  loading  on  the  two  plates  causes  them  to  resonate  at  slightly  different 
frequencies.  Higher  order  resonances  are  also  evident  in  this  example.  When  the 
velocity  of  the  layer  is  decreased  to  about  150  m/sec,  as  shown  by  the  dashed  curve, 
transmission  resonances  appear  at  the  higher  frequencies.  The  transmission  resonanc 
are  associated  with  layer  thickness.  When  the  effective  velocity  is  such  that  the 
layer  approaches  a  half  wavelength  in  thickness,  increased  transmission  results. 
Thus,  the  lower  fluid  velocity  in  the  layer  can  negate  the  effectiveness  of  the 
baffle  in  reflecting  energy.  In  most  uses  of  compliant  elements,  the  experimental 
values  of  insertion  loss  are  reduced  by  rigid  body  motion  and  diffraction,  both  of 
which  are  not  considered  in  this  analysis. 
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Fig.  8.  Variation  of  insertion  loss  with  sound  velocity  in  fluid  layer  II. 


THE  EFFECTS  OF  EMBEDDING  A  GRATING  OF  THE  RESONANT  DEVICES  IN  A 
VISCOELASTIC  LAYER  SURROUNDED  BY  FLUID 

Mathematical  Formulation 

If  the  compliant  tube  elements  are  encapsulated  in  a  rubber  layer  as  shown  in  Fig. 

9,  the  stiffness  and  damping  of  the  elastomer  will  alter  the  performance  of  the 
arrays.  To  study  these  effects,  the  waveguide  solution  considered  in  the  previous 
section  was  reformulated  to  include  inhomogeneous  plane  dilatational  and  shear 
waves  in  the  elastic  layer.  The  expressions  for  the  reflected  and  transmitted 
pressure  waves  in  the  fluid  half  spaces  are  identical  to  those  given  in  section  II. 
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In  the  assumed  linear  viscoelastic  medium,  the  two  wave  equations  to  be  satisfied 
are  for  the  scalar  $  and  vector  potentials  A  given  by 

2  2 

V  <j>  +  k  $  =  0 

p  C25 

7*  2 

V  A  +  k  A  =  0, 

s 


where 


o)/c  =  u/ 
P 


[(x+2u)/p]! 


ks  =  “/cs  =  [y/,p]  **  » 

X  and  u  are  the  frequency  dependent,  complex  valued,  material  properties  that 
reduce  to  Lame'  constants  in  the  limiting  elastic  case.  The  above  formulation  is 
equivalent  to  the  Kelvin- Voigt  model  with  harmonic  time  dependence  assumed.  In  the 
viscoelastic  layer  of  regions  two,  three  and  four  of  Fig.  9,  the.  scalar  and  vector 
displacement  potentials  for  the  dilatation  <*> j  and  shear  waves  A-J  in  the  elasto¬ 
meric  region  are  written  as  infinite  series  of  inhomogeneous  waves  travelling  in 
both  directions  given  by 


<j>.  =  [  A  ^  cosk^  (x-x?)  +  B  ^sink*;^  (x-x?)  ]  cosct-jfy-c.) 

J  m  mp  ]  m  mp  j  -i  m  j 


A^  =  fCc  Cj)  cosk^-*  (x-x?)  +  D  ^sink^(x-x°)  ]  sina-jfy-c.) 
z  m  m  jm  m  1  J  m  J 

m=u  s  s 


where 

k  2  =  k  2  -  (a-5)2;  k  2  ■  k  2  -  C31)2;  =  TT“ 

m  d  '•nr’m  s  '■m  m  a-c-; 

p  r  s  J 

and  Cj  is  a  constant  determined  by  the  region.  A^ ,  ,  Cm'’'1,  Dm^  are  again 

scattering  coefficients  determined  by  satisfying  the  boundary  conditions  at  the 
region  interfaces. 

The  normal  and  tangential  displacements  are  calculated  from  the  scalar  and  vector 
potentials  as  3A 

“*■  If*  IF 

..  9A  (2’ 


/3u.  3u.\ 

and  the  stress  as  =  XA<$^  + yy +  Ty~)  *  =  x»  y*  J  =  x» 


u  = 

3<t>  + 

y 

3y 

r3u. 

3u.' 

l 

+  — I 

,3x. 

3y> 

where  6  is  the  Kronecker  delta  and 

A 


3u 

_I  . 
3/ 


The  displacement  potentials  in  the  elastic  layer  are  chosen  to  satisfy  the  boundary 
conditions  of  zero  transverse  velocity  Uy  and  zero  shear  stress  aXy  at  the  planes 
of  symmetry  and  at  the  plate  supports.  At  the  fluid-elastomer  interface,  the 
boundary  conditions  to  be  satisfied  are  (1)  the  shear  stress  aXy  is  zero,  (2)  the 
normal  deflection  ux  is  continuous,  and  (3)  the  normal  stress  o ^  in  the  elastomer 
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must  be  equal  to  the  negative  of  the  total  pressure  in  the  fluid.  At  the  boundaries 
of  region  3,  the  normal  and  tangential  displacements  and  stresses  are  assumed 
continuous.  At  the  plate  boundaries,  the  normal  displacements  of  the  vis-oelastic 
layer  are  equal  to  the  displacement  at  the  tube  walls  and  for  the  equation  of  motion 
of  the  plate, the  pressure  is  replaced  by  the  normal  stress.  Further  details  of  the 
use  of  the  above  conditions  to  derive  an  infinite  system  of  linear  algebraic 
equations  can  be  found  in  reference  11. 

Measured  and  Calculated  Results  from  Encapsulation  of  Plastic  Compliant  Tubing 

The  configuration  of  plastic  tubes  considered  in  Fig.  5  were  encapsulated  in  two 
different  rubbers.  The  values  of  the  frequency  and  temperature  dependent  complex 
wavenumbers  were  determined  from  measurements  of  the  complex  moduli  of  the  visco¬ 
elastic  material.  The  complex  shear  modulus  was  assumed  to  be  one-third  that  of 
measured  values  of  the  complex  Young's  modulus.  The  bulk  moduli  and  the  density 
of  the  encapsulants  were  similar  to  that  of  the  fluid.  For  the  materials  selected 
in  this  study,  the  loss  tangent  of  the  shear  waves  is  much  greater  than  that  for 
the  dilatational  waves.  For  rubbers  in  general,  the  complex  shear  modulus  y  varies 
much  more  rapidly  with  frequency  and  temperature  than  A.  For  a  comparison  with 
experimental  data  of  insertion  loss  from  the  plastic  tubes,  fixed  end  conditions 
and  identical  velocity  displacements  were  assumed  for  the  two  plates  of  the  tube. 

To  a  first  approximation,  the  frequencies  and  compliant  mode  shapes  of  an  elliptical 
tube  can  be  approximated  by  a  plate  with  fixed  end  conditions.  Uncoupled  rigid 
body  displacement  of  the  compliant  elements  was  also  included  in  the  analysis. 

In  Fig.  10,  the  measured  and  calculated  insertion  loss  is  shown  for  the  plastic 
compliant  tubes  encapsulated  in  a  rubber  with  a  low  shear  modulus  of  about  10^N/M^ 
and  with  a  0.2  loss  factor.  The  loss  factor,  shown  as  delta,  is  the  ratio  of  the 
imaginary  part  of  the  complex  shear  modulus  to  the  real  part.  A  comparison  is  made 
for  the  measured  insertion  loss  of  the  compliant  elements  with  no  encapsulant  as 
shown  by  the  dotted  curve,  and  for  the  corresponding  measured  curve  of  encapsulated 
array  as  given  by  the  solid  line.  The  calculated  insertion  loss  for  the  encapsulated 
panel  is  shown  by  the  dashed  line.  The  maximum  measured  insertion  loss  of  20  dB 
for  the  encapsulated  panel  is  about  6  dB  less  than  that  for  the  unencapsulated 
tubes.  The  net  effect  of  this  encapsulant  is  to  add  a  small  damping  factor.  Good 
agreement  is  found  between  measurements  and  calculation  of  the  insertion  loss  for 
the  encapsulated  layer.  From  these  curves,  we  can  conclude  that  placing  the 
compliant  devices  in  a  rubber  material  possessing  both  a  low  shear  modulus  and  low 
shear  loss  factor  results  in  an  insertion  loss  which  at  the  tube  array  resonance  is 
similar  to  that  for  an  unencapsulated  tube  layer  of  the  same  spacing. 


NORMALIZED  FREQUENCY  (f/f,) 

Fig.  10.  Measured  and  calculated  insertion  loss  of  a  compliant  tube  grating 
encapsulated  in  a  low  shear  modulus  material  (y^lO^N/m^,  0^=0,  S^=0,  d=  1.21  cm). 
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A  more  detailed  investigation  of  the  effects  of  damping  is  shown  in  Fig.  11  by- 
holding  the  shear  modulus  constant  at  10&N/M2  and  varying  the  shear  loss  factor 
between  one  and  ten.  Certain  materials  such  as  gels  have  a  realizable  loss  factor 
of  about  ten,  but  most  rubbers  have  values  less  than  two  for  the  temperatures  and 
frequencies  of  interest.  Note  that  with  increased  loss  factors,  not  only  does  the 
effective  Q  of  the  array  resonance  decrease,  but  also,  the  center  array  resonance 
shifts  to  a  lower  frequency.  If  one  is  interested  in  minimizing  the  transmitted 
pressure  near  the  center  array  frequency,  highly  damped  material  have  a  detrimental 
effect. 


Fig.  11.  Calculated  insertion  loss  of  a  compliant  tube  grating  with  respect  to 
loss  factor  variations  (9q=0,  3^=0,  d=1.27  cm). 

We  now  consider  in  Fig.  12  the  effects  of  encapsulating  the  compliant  elements  in 
a  material  whose  shear  modulus  is  two  orders  of  magnitude  higher  than  the  previous 
low  shear  modulus  material.  The  value  of  the  shear  modulus  for  this  material  is 
10®N/M^  and  the  loss  tangent  of  0.4  is  of  the  same  order  of  magnitude  as  that  for 
the  low  shear  modulus  material.  The  measured  insertion  loss  for  the  encapsulated 
panel  as  given  by  the  solid  curve  significantly  changes  from  that  of  a  tube  layer 
without  an  encapsulant  as  shown  by  the  dotted  curve.  The  net  effect  of  the 
encapsulant  stiffness  is  to  decrease  the  compliance  of  the  array  and  provide  a 
better  impedance  match  to  water.  Thus  more  of  the  energy  is  transmitted  through  the 
encapsulated  layer.  The  stiffness  of  the  elastomer  also  increases  the  center 
frequency  of  the  array  resonance. 


Fig- 


12.  Calculated  and  measured  insertion  loss 
high  shear  modulus  material  (yr=10®N/nr, 


for  a  compliant  tube  grating  in  a 
PQ=0,  3^0,  d=l .27  cm)  . 
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CONCLUS IONS 

In  this  paper,  methods  have  been  described  which  are  used  to  study  the  two  dimen¬ 
sional  multiple  scattering  of  acoustic  waves  from  compliant  tube  arrays  in  either 
fluid  or  in  viscoelastic  layers  in  fluid.  In  each  case,  either  a  shell  theory  or 
a  plate  theory  was  used  to  describe  the  elastic  response  of  the  compliant  elements. 
The  T-matrix  formulation  offers  an  alternative  method  of  investigating  the  scattering 
from  noncircular  cylindrical  shells.  With  this  approach,  the  shells  could  also  be 
described  by  two  dimensional  elasticity  theory.  Multiple  scattering  from  an  array 
of  shells  in  fluid  or  elastic  material  would  be  of  interest.  For  the  rectangular 
compliant  elements,  some  approximations  to  the  sharp  edges  would  have  to  be  made 
to  conform  to  the  smoothness  conditions  required  for  use  of  the  T-matrix. 
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ABSTRACT 


Vector  variational  expressions  for  the  scattering  of  electromagnetic  waves  from 
random  systems  are  reviewed.  These  formulations  are  based  on  deterministic  vari¬ 
ational  principles  of  the  general  form  T  =  (1/4tt)NiN2/D  for  the  scattering  ampli¬ 
tude  T.  The  nonstochastic  nature  of  the  incident  field  allows  the  statistical 
moments  of  T  and  of  the  differential  scattering  cross  section  dc/dfi  =  | T | 2  to  be 
expressed  as  the  stochastic  variational  principles  (4Tr)n(Tn)  =  (Nin)(N2n)/(Dn)  and 
(4it) 2n( Jt j 2n)  =  ( | N 1 1 2n> ( | N 2 | 2n)/(|D | 2n)  for  arbitrary  scatterer  statistics.  These 
new  variational  principles  are  readily  seen  to  be  inherently  more  tractable  than 
the  direct  averages  of  the  deterministic  expressions,  e.g.,  4m(T)  =  (N1N2/D),  and 
promise  to  allow  practical  application  of  variational  techniques  to  random  scatter¬ 
ing  problems. 

INTRODUCTION  -  THE  STOCHASTIC  VARIATIONAL  PRINCIPLE 


The  modeling  of  electromagnetic  wave  scattering  is  of  interest  in  many  diverse 
areas  such  as  sensor  systems,  light  scattering  from  polymers,  aerosols,  and  rain, 
and  the  study  of  amorphous  surfaces.  Of  special  interest  are  interactive  scatter¬ 
ing  effects  such  as  interference  and  multiple  scattering.  In  order  to  investigate 
such  effects  numerous  approximation  methods  have  been  developed.1  In  particular, 
the  variational  method2  is  recognized  as  having  certain  advantages  which  distin¬ 
guish  it  from  other  approximation  methods.  The  primary  one  is  its  variational  in¬ 
variance,  which  implies  the  cancellation  of  first  order  errors  introduced  by  the 
trial  approximation  of  the  field  at  the  scatterer.  A  variational  expression  for 
the  far-field  scattering  amplitude  T  is  a  ratio  of  integrals  with  the  form  T  = 
(1/47t)NiN2/D.  The  averaging  of  this  ratio  for  the  case  of  stochastic  scatterers 
has  generally  proven  intractable,3'4  so  that  application  of  the  variational  method 
to  random  scattering  problems  has  been  extremely  limited.4'5 

In  1977,  Hart  and  Farrell3  demonstrated  that  this  apparent  intractability  could  be 
overcome.  They  considered  the  scalar  Neumann  scattering  problem  and  proved,  for 
arbitrary  scatterer  statistics,  that  the  average  of  the  ratio  of  integrals  for  T 
equals  the  ratio  of  their  individual  averages  (where  the  exact  fields  are  to  be 
used  in  evaluating  Ni,  N2,  and  D),  that  is,  (T)  =  (1/47T) (N1N2/D)  =  (  l/4m) (Ni) (N2>/(D) , 


•This  work  was  supported  by  the  Department  of  the  Navy,  Naval  Sea  Systems  Command 

under  Contract  N00024-78-C-5384 .  l3r - 
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where  (  )  denotes  the  average.  Moreover,  they  proved  that  both  forms  are  valid 
variational  expressions  for  (T) .  Evaluation  of  the  mean  of  each  individual  inte¬ 
gral  in  the  ratio  is  inherently  more  tractable  than  the  direct  average  of  the 
ratio. 

This  new  stochastic  variational  approach  was  subsequently  applied1*'5  to  a  classical 
random  rough  surface8  consisting  of  parallel  conducting  hemicylinders  randomly  dis¬ 
tributed  on  a  conducting  plane,  in  order  to  test  its  tractability  and  to  examine 
its  accuracy.  Gray,  Hart,  and  Farrell4  and  Krill  and  Farrell5  performed  variation¬ 
al,  first-order  perturbational  (Bom),  and  exact  calculations  in  the  Rayleigh  fre¬ 
quency  limit,  and  demonstrated  that  the  variational  result  is  more  accurate  than 
the  Bom  approximation  and  accounts  for  multiple  scattering  as  well  as  interfer¬ 
ence. 

In  order  to  account  explicitly  for  the  vector  nature  of  the  electromagnetic  field, 
i.e.,  to  investigate  polarization  effects,  we  have  recently  developed  vector  sto¬ 
chastic  variational  principles  for  the  scattering  of  a  plane  electromagnetic  wave 
by  perfect  conductors  as  well  as  by  conducting  dielectrics.  In  this  paper  we  will 
outline  the  derivation  of  vector  stochastic  variational  expressions  for  electro¬ 
magnetic  wave  scattering  from  conducting  dielectrics;  a  more  complete  description 
of  this  work  appears  in  Ref.  7. 

ELECTROMAGNETIC  WAVE  SCATTERING  FROM  CONDUCTING  DIELECTRICS 


We  consider  here  the^scattering  of  an  incident  plane  wave  [with  electric  field 
?i(x)  =  Aei  exp(ikj*x)]  by  a  localized  inhomogeneous,  anisotropic  conducting  di¬ 
electric.  The  time  harmonic  electric  field  t  (with  frequency  oj)  satisfies  the 
vector  wave  equation 

VxVxE(x)  -  k2E(x)  =  U(x) *E(x),  (1) 


where  the  dyadic  operator  lJ(x)  =  k2[e£x)  +  (4T7i/oj)a(x)  -  I]  depends  on  the  tensor 
conductivity  a(x)  and  permittivity  Tfx) . tand  where  T  is^the  unit  dyadic.  For  the 
free-space  Green  dyadic  Go(x,x’)  =  (T  +  W/k2)exp(ik|x-x'  |)/4ir|x-x'  | ,  Green's  Theo¬ 
rem8  allows  (1)  to  be  rewritten  as  the  familiar  integral  equation 


-KS  -*■ 

E(x)  =  Ex(x) 


G  o  (x ,  x ' )  •  U  (x ' )  •  E  (x ' ) , 


(2) 


the  asymptotic  form  of  which  yields  the  vector  scattering  amplitude 

TOc^l)  =  (l/4irA)7/s*/  d3x'  exp(-iks*x')U(x’) -E(x') ,  (3) 


where  the  appearance  of  the  projection  operator  7ft  =  7  -  fifi  guarantees  the  asymp¬ 
totic  transversality  of  the  scattered  field  propagating  in  the  direction  fi  =  ks/k. 


This  scattering  amplitude  can  be  recast  into  an  invariant  form  by^expressing  the 
amplitude^  of  the  incident  field  in  terms  of  the  adjoint  field  E  and  an  adjoint 
operator  U,  to  yield  the  deterministic  variational  result 

T  =  (1/4tt)  (NXN2/D) .  (4) 

A 

In  (4)  T  =  es*T  is  the  (experimentally  measurable)  polarization  component  of  the 
scattering  amplitude  along  es,  and  the  functionals  Ni,  N2,  and  D  are 

N i  =  /  d3x'[es*7j.  exp(-iks*x')]  *U(x')  *E(x') , 

N2  =  /  d3x  f(x)‘UI'r(x)*[ei  exp(ilci*x)]. 


(5a) 

(5b; 


and 


Stochastic  Variational  Formulations  of  Electromagnetic  Wave  Scattering 


D  -  J  d!x  E(x)-ITr(x)-?(x)  -  /  d3x  /  d3x'  t(x)  •UI'r(x) -Go  (x,x' ) 

•U(x')-f(x'),  (5c) 

where  the  superscript  Tr  denotes  matrix  transposition.  The  requirement  that  the 
(first)  variation  of  (4)  with  respect  to  ?  and  1:  vanish,  i.e., 

<5T/T  =  <5Ni/Ni  +  6N2/N2  -  6D/D  =  0,  (6) 

yields  integral  equations  for  the  fields  E  and  t  inside  the  scatterer  and,  further- 

—  — Tr 

more,  suggests  the  natural  choice  U  =  U  .  Equations  (4)  and  (5)  then  show  that 
es*T (ics,k^;lJ)  =  e^Tf-ic^-k^lF1),  which  is  a  reciprocity  relation. 

For  random  systems  the  quantity  of  interest  is  generally  a  statistical  moment,  the 
simplest  of  which  is  the  ensemble  average  (T) .  The  direct  average  of  (4)  is 

<T>  =  (1/4tt)<NiN2/D),  (7) 

which  is  generally  impossible  to  evaluate  except  in  special  simple  cases.  However, 
as  in  Ref.  3,  it  can  be  shown  that  a  more  tractable  variational  expression  for 
(T)  may  be  obtained  with  the  form 

<T>  =  (1/4tt)(Ni)(N2)/(D>.  (8) 

The  proof  rests  on  the  observation  that  for  the  exact  fields  E  and  E  the  quantity 
D/N2  is  simply  the  nonstochastic  amplitude  A  of  the  incident  plane  wave,  so  that 
(D)  =  A(N2),  and  therefore  (D/N2)  =  A  =  (D)/(N2).  Substitution  of  this  relation 
into  (7)  leads  directly  to  (8).  Similarly,  D/Ni  is  proportional  to  the  amplitude 

of  the  incoming  plane  wave  in  the  integral  equation  for  E  [obtained  from  (6)]  and 
is  thus  also  nonstochastic,  thereby  implying  D/Ni  =  <D)/(Ni).  Substitution  of 
these  expressions  into  ..the  first-order  variation  of  (8)  gives,  by  virtue  of  (6), 
the  stationary  condition  <5(T)  =  0.  Thus,  (8)  is  established  as  a  valid  stochastic 
variational  expression,  in  the  sense  that  the  expression  is  exact,  and  that  errors 
cancel  to  first  order  when  approximate  fields  are  substituted  in  place  of  the  ex¬ 
act  ones. 

In  a  similar  fashion,  one  can  show  that 

<Tn>  *  (l/4TT)n<Nin><N2n)/<Dn)  (9a) 

and 

<  |  T 1  2n)  =  (l/4ir)2n(|N,|2n><|N2|2n)/(|D|2n>  (9b) 

are  stochastic  variational  principles  for  the  arbitrary  n-th  statistical  moments  of 
the  scattering  amplitude  T  and  of  the  differential  scattering  cross  section  da/dil 
=  |T | 2 .  Equation  (9b)  may  be  applied  to  obtain  a  variational  expression  for  the 
Fourier  transform  of  the  probability  density  function  f(|T|2)  of  the  differential, 
cross  section  through  the  relation9 

f{f(|T|2)}  =  l  [(iv)n/n!]<|T|2n),  (10) 

n=»0 

where  F  denotes  the  Fourier  transform  over  parameter  v.  A  similar  expression  may 
be  obtained  for  F{f(T)}. 
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DISCUSSION 

We  have  reviewed  the  development  of  vector  stochastic  variational  expressions  for 
the  scattering  of  a  plane  electromagnetic  wave  by  an  inhomogeneous,  anisotropic 
conducting  dielectric.  These  expressions  are  based  on  the  corresponding  determin¬ 
istic  variational  formulations  and  allow  the  variational  evaluation  of  the  statis¬ 
tical  moments  and  probability  density  functions  of  T  and  |T|2.  Analogous  varia¬ 
tional  principles  with  the  forms  (9)  and  (10)  may  be  derived  for  permeable  materi¬ 
als  (by  considering  the  magnetic  field)  and  for  perfect  conductors.  We  observe 
that  a  variational  expression  of  the  form  (T)  =  (1/47T) (Ni) (N2)/(D)  is  inherently 
more  tractable  than  (T)  3  (l/47r)  (NiN2/D)  ,  as  was  demonstrated  for  scalar  wave  scat¬ 
tering  by  Gray,  Hart,  and  Farrell1*  and  by  Krill  and  Farrell.5  The  potential  trac- 
tability  of  the  new  vector  stochastic  variational  approach  shows  promise  of  allow¬ 
ing  broader  application  of  variational  methods  to  electromagnetic  wave  scattering 
from  random  systems. 
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ABSTRACT 


One  of  the  major  applications  of  elastic  wave  scattering  theory  is  in  the 
characterization  of  flaws  in  structural  materials,  as  needed  to  implement  lifetime 
predictions  based  upon  fracture  mechanics.  This  paper  reviews  experimental  'work 
performed  as  a  part  of  the  development  of  nondestructive  techniques  for  this 
purpose.  The  basic  philosophy  for  the  use  of  scattering  information  in  flaw 
character!’ zation  is  first  discussed.  A  discussion  is  then  given  of  the  experi¬ 
mental  techniques  used  in  gathering  the  data,  including  the  limitations  which  they 
impose  on  the  available  information.  Comparisons  of  the  results  to  various  exact 
and  approximate  models  are  next  presented.  Finally,  the  results  of  the  applica¬ 
tion  of  several  algorithms  to  invert  the  data  and  predict  flaw  parameters  are 
included.  Here,  despite  the  occasional  il 1-posedness  of  the  inversion  problem, 
many  useful  estimates  of  flaw  size  have  been  obtained. 


I.  INTRODUCTION 

The  level  of  interest  in  many  of  the  practical  aspects  of  elastic  wave  scattering 
has  recently  grown  rapidly  because  of  its  importance  in  the  area  of  nondestructive 
evaluation  of  structural  materials  (1,  2).  Here  the  elastic  waves  taka  the  form 
of  ultrasonic  signals  which  are  used  to  determine  quantitatively  the  locations  and 
sizes  of  flaws. 


From  the  time  of  emergence  of  this  technology  in  the  early  1940' s,  the  primary 
emphasis  was  on  flaw  detection  and  location.  For  these  purposes,  it  was  not 
necessary  to  consider  seriously  the  elastic  nature  of  the  wave  motion,  and  simple 
scalar  models  were  able  to  satisfactorily  explain  most  of  the  phenomena  of 
interest.  However,  advances  in  the  materials  science  community  placed  a  new 
demand  on  ultrasonic  nondestructive  testing.  As  shown  in  Fig.  1,  the  discipline 
of  fracture  mechanics  provides  the  keystone  of  a  failure  prediction  methodology 
which  makes  it  possible  to  predict  the  remaining  lifetime,  before  catastrophic 
failure,  of  a  part.  In  order  to  apply  this  technique,  three  inputs  are  needed: 
stress  levels  and  other  parameters  defining  the  environment  in  which  the  part  must 
serve,  material  parameters  such  as  fracture  toughness  defining  its  resistance  to 
crack  growth,  and  geometrical  properties  describing  the  flaw.  The  former  two  can 
be  estimated  from  design  calculations  and  tabulations  of  materials  test  results. 
However,  no  good  techniques  are  available  for  field  use  to  determine  flaw  sizes 
and  orientations  nondestructive^ . 


As  a  response  to  this  need,  a  number  of  research  efforts  have  been  initiated  to 
provide  the  scientific  foundation  necessary  to  make  such  flaw  size  evaluations. 
Ultrasonics  is  an  important  form  of  interrogating  energy,  due  to  its  ability  to 
penetrate  deeply  into  the  interior  of  solid  bodies  and  recover  detailed  flaw 
information.  Therefore,  much  of  this  effort  has  been  placed  on  improving  various 
aspects  of  ultrasonic  theory  and  technology. 
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Fig.  1  Role  of  flaw  size  measurement  in  life  prediction 

In  the  investigation  of  the  theory,  it  was  found  that  nearly  all  practical  inter¬ 
pretation  of  NDE  data  was  being  made  on  the  basis  of  scalar  theories  developed 
previously  for  the  case  of  fluid  media.  The  elastic  wave  scattering  from  only  a 
few  simple  geometries,  such  as  spherical  (3)  and  cyl indrical  (4,  5)  shaped  objects 
had  been  calculated.  However,  these  results  clearly  indicated  that  substantial 
differences  existed  between  the  fluid  and  elastic  cases,  and  that  these  had  to  be 
taken  into  account  if  quantitative  information  was  to  be  deduced  from  the 
ultrasonic  signals. 

One  of  the  major  responses  to  this  need  was  the  Interdiscipl inary  Program  for 
Quantitative  Flaw  Definition  (6),  sponsored  jointly  by  the  Defense  Advanced 
Projects  Agency  and  the  Air  Force  Materials  Laboratory.  Some  of  the  results  of 
this  program,  produced  by  the  collaborative  efforts  of  a  group  of  university  and 
industrial  scientists,  are  described  in  this  paper. 

Figure  2  describes  the  scientific  methodology  which  has  guided  this  effort. 

Initial  effort  was  placed  on  obtaining  solutions  to  the  direct  scattering  problem, 
in  which  the  scattering  properties  of  flaws  of  known  shape  were  predicted. 

Because  of  the  complex  shapes  of  many  naturally  occurring  flaws,  considerable 
effort  was  placed  on  the  development  of  approximate  theories  which  could  be 
applied  to  such  shapes.  Exact  results  obtainable  for  simpler  shapes,  and 
experimental  results  on  a  variety  of  shapes,  were  both  used  to  guide  the 
theoretical  development  and  test  its  results. 

It  was  also  recognized  that,  even  if  these  problems  were  completely  solved,  the 
results  would  not  be  directly  applicable  to  the  practical  problem  of  identifying 
an  unknown  flaw  from  a  set  of  ultrasonic  signals.  Consequently,  later  emphasis 
was  shifted  to  the  ultimate  objective  of  using  the  theoretical  results  as  a  basis 
for  developing  inversion  solutions. 

The  majority  of  the  papers  in  these  proceedings  deal  with  the  development  of  some 
of  the  theoretical  scattering  solutions.  This  paper  will  present  experimental 
results  which  have  been  obtained  to  test  those  theories  and  to  evaluate  inversion 
procedures. 


Comparison  of  Experimental  &  Computational  Results 
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Fig.  2  Philosophy  for  developnent  of  quantitative 
ultrasonic  measuranent  capability 

II.  EXPERIMENTAL  TECHNIQUE 


The  relatively  slow  rate  of  progress  in  elastic  wave  scattering  theory  had  been, 
in  part,  caused  by  the  inability  to  fabricate  samples  with  finite,  three  dimen¬ 
sional,  scattering  objects  of  controlled  shape.  This  has  recently  been  overcome 
by  the  use  of  diffusion  bonding  techniques  (7,  3,  9).  A  titani um-6Al-4V  sample  is 
constructed  from  two  mating  sections  which  are  joined  by  applications  of  heat  and 
pressure.  Prior  to  bonding,  the  voids  or  inclusions  are  placed  at  desired 
locations  in  the  bonding  plane  by  appropriate  machining.  Under  the  correct 
bonding  conditions,  the  original  bond  plane  disappears  and  all  that  remains  is  the 
intended  scattering  object  in  an  essentially  homogeneous  sample. 

Figure  3  shows  a  schematic  view  of  one  such  sample,  which  has  had  its  exterior 
surface  machined  into  a  spherical  shape.  This  "trailer  hitch"  geometry  allows  the 
scatterer  to  be  viewed  from  all  angles,  so  that  many  possible  scattering  direc¬ 
tions  can  be  studied  in  a  single  sample.  The  spherical  exterior  also  ensures  that 
the  metal  path  traveled  is  the  same  in  all  measurements,  so  that  the  angular 
dependence  of  scattering  can  be  directly  determined  at  a  given  frequency  with  no 
correction  factors  needed. 

Elastic  waves  are  excited  and  detected  by  piezoelectric  transducers  as  shown  in 
the  photograph  in  Fig.  4.  These  are  coupled  to  the  sample  by  end  caps  having  one 
planar  face  on  which  the  transducer  is  permanently  bonded  and  a  second  concave 
surface  which  mates  with  the  spherical  exterior  of  the  sample.  For  longitudinal 
waves,  a  fluid  bond  can  be  used.  However,  for  transverse  waves  the  bond  must 
either  be  extremely  viscous  or  solid. 

The  flaws  have  been  placed  at  the  center  of  the  samples,  and  have  included  a  wide 
variety  of  shapes.  Their  dimensions  are  tabulated  at  the  bottom  of  Fig.  3. 

The  data  was  primarily  obtained  using  a  broadband  measurement  system  (10).  The 
transducer  was  excited  by  a  sharp  voltage  impulse  and  an  elastic  wave  of  a  few 
cycles  was  injected  into  the  material.  Frequency  content  typically  ranged  from  1- 
10  MHz. 

After  detection  by  the  same  (pulse-echo)  or  a  second  (pitch-catch)  transducer,  the 
signal  was  digitized  by  a  fast  (100  MHz)  A-D  converter  and  transferred  to  a  mini- 
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Fig.  3  Sample  configuration  and  Fig.  4  Photograph  of  measurement 

list  of  samples  apparatus 

computer.  Therein,  a  number  of  operations  were  performed  to  improve  signal-to- 
noise  and  extract  information.  Included  were  signal  averaging  to  reduce  the 
random  receiver  noise,  Fourier  analysis,  and  deconvolution  to  eliminate  effects  of 
transducer  response  from  the  measurements. 


It  is  important  to  note  some  of  the  limitations  of  the  measurements  which  limit 
the  fidelity  of  the  data  and  the  range  of  frequencies  and/or  flaw  sites  for  which 
it  can  be  obtained.  First  of  these  is  the  attenuation  of  the  ultrasonic  waves 
caused  by  scattering  of  the  energy  at  grain  boundaries  in  the  metal.  Not  only 
does  this  limit  the  strength  of  available  signals,  but  it  also  produces  a  coherent 
background  noise  which  can  obscure  the  signals  from  small  flaws.  This  effectively 
places  an  upper  limit  of  about  10  MHz  for  samples  made  using  a  Ti-6A1-4V  alloy  of 
the  dimensions  shown  in  Fig.  3. 

A  second  limitation  is  the  existence  of  near  field  effects.  Since  the  transducer 
may  be  viewed  to  first  order  as  a  piston  radiator,  there  will  be  a  series  of  near 
field  peaks  and  nulls  in  its  radiation  pattern  before  the  beam  enters  the 
Fraunhofer  diffraction  regime  in  which  it  begins  to  spread  spherically.  The  loca¬ 
tions  of  these,  in  principle,  can  be  calculated.  However,  in  practice  such  compu¬ 
tations  are  in  error  due  to  uncertainties  in  the  driving  profile  of  the  trans¬ 
ducer.  Consequently,  they  are  usually  avoided  by  restricting  measurement  frequen¬ 
cies  below  the  value  for  which  they  approach  the  flaw  position.  For  a  0.5  inch 
diameter  transducer  used  with  the  "trailer  hitch"  samples,  the  first  near  field 
null  occurs  at  about  8  MHz. 


At  low  frequencies,  data  collection  is  limited  by  the  ringing  of  the  transducer 
after  it  is  excited  by  the  electrical  impulse,  and  by  wave  vibrations  in  the  end 
caps.  These  effects  restrict  measurements  below  about  0.5  MHz- 

On  real  parts,  these  effects  are  accompanied  by  other  geometrical  constraints 
which  may  limit  the  set  of  angles  from  which  a  flaw  can  be  viewed.  Because  of  all 
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these  conditions,  it  is  important  ultimately  to  develop  techniques  for  identifying 
flaws  which  can  successfully  operate  on  limited  sets  of  data. 

Other  details  of  the  experimental  technique,  as  well  as  data  not  presented  herein, 
can  be  found  in  References  8-12. 


III.  EXPERIMENTAL  RESULTS 


The  experimental  technique  was  first  checked  by  making  a  detailed  comparison  to 
exact  calculations  (3)  for  the  scattering  from  spherical  voids  and  inclusions. 
Figures  5-9  present  some  of  these  results  which  demonstrate  the  experimental 
accuracy  (10).  In  Fig.  5,  the  angular  dependence  of  the  longitudinal  wave 
scattering  between  a  pair  of  transducers  is  presented.  Here,  the  spherical 
scatterer  is  a  tungsten  carbide  inclusion  having  an  800  _m  diameter  and  measure¬ 
ment  is  at  a  frequency  of  4.0  MHz.  This  is  an  absolute  comparison  which  shows 
that  not  only  the  angular  variation  but  also  the  absolute  value  of  the  scattered 
signals  can  be  accurately  measured  (13).  Figure  6  shows  the  backscattered  signal 
as  a  function  of  frequency  for  a  spherical  void  of  the  same  size.  Here  the  agree¬ 
ment  between  theory  and  experiment  is  excellent  for  frequencies  ranging  up  to 
about  6  MHz.  At  that  point  the  experimental  results  fall  below  the  theory  because 
of  the  previously  mentioned  near  field  effects,  since  a  null  in  the  radiation 
pattern  of  the  transducer  develops  at  the  location  of  the  void. 

Figure  7  presents  the  time  domain  equivalent  of  those  results  for  a  1200  „m  diam¬ 
eter  void  in  titanium.  Here  the  time  harmonic  theory  has  been  used,  together  with 
a  Fourier  analysis  of  the  transducer  response,  to  synthesize  the  time  domain  be¬ 
havior.  Both  the  specular  reflection  from  the  front  surface  of  the  void  and  the 
reradiated  signal  from  the  creeping  wave  traveling  around  its  periphery  can  be 
seen. 

Transverse,  as  well  as  longitudinal,  waves  can  be  measured.  However,  the  measure¬ 
ments  are  somewhat  more  difficult  because  of  the  need  to  establish  a  solid,  or 
highly  viscous,  bond  between  the  transducer  and  the  part.  Figure  8  illustrates 
this  capability  by  comparing  theory  and  experiment  for  the  angular  variation  of 
5  MHz  shear  wave  scattering  from  an  300  ym  spherical  cavity  in  titanium.  Figure  9 
presents  measurements  of  mode  converted  signals  on  the  same  sample,  demonstrating 
the  reciprocity  between  longitudinal  to  transverse  and  transverse  to  longitudinal 
scattering. 

These  results  establish  the  ability  to  measure  quantitatively  a  variety  of  fea¬ 
tures  of  scattered  elastic  wave  signals.  The  measuranents  can  then  be  used  with 
high  confidence  as  a  tool  in  guiding  and  checking  more  complex  or  approximate 
theoretical  models. 

Before  presenting  such  results,  a  definition  of  some  of  the  models  of  interest  is 
presented  in  Fig.  10.  Here  it  is  noted  that,  in  general,  a  scattering  model  can 
be  viewed  as  a  double  power  series  in  the  two  parameters  that  determine  the 
strength  and  character  of  the  scattering  (14).  These  are  the  ratio  of  flaw  size 
to  wavelength,  ka,  and  the  fractional  change  in  elastic  constants  and  density  of 
the  flaw  from  those  of  the  host  medium,  AC/C.  These  are  multidimensional  param¬ 
eters  in  general,  but  will  be  treated  as  scalars  for  the  purposes  of  simplicity  in 
this  discussion.  The  models  illustrated  are  results  of  iterative  solutions  to  the 
volume  integral  formulation  of  the  scattering  problem,  as  developed  by  Krumhansl' s 
group  at  Cornell.  In  this  framework,  the  Born  approximation  (15)  is  equivalent  to 
a  simplified  power  series,  in  which  only  the  lowest  order  term  in  (AC/C)  is  re¬ 
tained.  It  asymptotically  approaches  the  correct  result  as  the  properties  of  the 
flaw  approach  those  of  the  host  mediun.  Tie  quasi-static  approximation  (16) 
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Fig.  7  Comparison  of  theory  and  experiment  for  time  dependent 
scattering  from  a  spherical  cavity 


Fig.  3  Comparison  of  exact  theory  and  experiment  for  anyul  ar 
variation  of  shear  wave  scattering  from 
a  spherical  cavity 
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Fig.  9  Demonstration  of  reciprocity  for  a  spherical  cavity 


Fig.  10  Summary  of  approximate'  theoretical  models 
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represents  the  limit  in  which  only  the  lowest  order  terms  in  ( ka )  are  retained, 
which  in  this  case  are  quadratic.  Hence,  accurate  results  are  obtained  in  the 
long  wavelength  limit.  Other  techniques  have  also  been  recently  developed  which 
are  essentially  quivalent  to  an  evaluation  of  the  full,  double  power  series  to 
obtain  essentially  exact  results.  Included,  is  the  T-matrix  approach  (17),  which 
is  the  subject  of  several  other  papers  in  this  proceedings. 

In  Figs.  11  and  12,  experimental  results  (10)  for  the  scattering  from  an  800  nin 
spherical  cavity,  as  measured  at  2.25  MHz  and  5  MHz,  are  used  to  illustrate  the 
strength  and  weaknesses  of  the  8orn  approximation  (15).  These  plots  show,  that 
when  ka  =  0.9,  and  for  angles  close  to  the  backscattered  direction,  good  agreement 
is  observed  between  exact  theory,  experiment,  and  the  Born  approximation.  This 
occurs  despite  the  fact  that  the  cavity  is  a  strong  perturbation  in  elastic 
constants,  with  (AC/C)  =  -1.  Thus  the  experimental  results  have  indicated  a 
practical  applicability  of  the  Born  approximation  in  a  region  which  could  not  be 
expected  on  purely  theoretical  grounds. 

At  higher  frequencies,  however,  the  agreement  is  not  nearly  as  good,  as  shown  in 
Fig.  12.  This  illustrates  the  limits  of  applicability  of  the  Born  approximation 
as  appl ied  to  a  cavity. 

Based  on  these  results,  and  experience  gained  in  similar  quantum  mechanical 
scattering  problems,  it  has  been  postulated  that  the  Born  approximation  can  use¬ 
fully  predict  angular  variations  of  scattering  from  voids  when  averaged  over  fre¬ 
quency  to  suppress  some  of  the  detailed  errors  in  frequency  dependent  effects. 

This  implies  that  it  can  successfully  serve  as  an  easily  applied  tool  to  predict 
experimental  trends,  although  being  deficient  with  respect  to  highly  precise  pre¬ 
dictions.  Figure  13  is  an  experimental  confirmation  of  this  hypothesis  for  the 
case  of  backscattering  from  an  oblate  spheroidal  cavity  (10).  Here  the  angle  of 
measuranent  has  been  varied  from  the  spheroid  axis,  0°  to  the  spheroid  edge,  90°. 
The  theory  has  been  averaged  over  a  range  of  frequencies  equal  to  the  bandwidth  of 
the  transducer.  Excellent  agreement  between  the  two  is  observed. 


Fig.  11  Comparison  of  exact  theory,  Born  approximation,  and  experiment 
for  scattering  from  a  spherical  cavity  at  ka  =  0.9 
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A  second  approximation  of  interest  is  the  quasi-static  approximation  (16),  which 
asymptotically  approaches  the  exact  results  at  long  wavelengths.  The  scattering 
can  be  characterized  by  a  parameter  A2,  which  is  the  coefficient  of  the  leading, 
quadratic  term  in  a  power  series  expansion  of  scattered  amplitude  versus  fre¬ 
quency.  Figure  14  illustrates  the  results  of  such  a  measurement  for  tne  cases  of 
a  spherical  and  an  oblate  spheroidal  cavity  (18).  Theory  and  experiment  have  been 
fitted  with  one  scalar  multiplier  for  the  spherical  cavity.  No  further  adjustable 
parameters  were  used  for  the  oblate  spheroidal  case.  The  excellent  agreement 
obtained  confirms  the  accuracy  of  the  quasi-static  modal  in  the  long  wavelength 
1  iinit. 


Fig.  14  Comparison  of  low  frequency  scattering  coefficient  ^ 
and  experiment  for  spherical  and  oblate  spheroidal  void 

As  noted  elsewhere  in  these  proceeding  (17),  the  T-matrix  approach  represents  a 
more  computationally  intensive  model  which  is  accurate  over  a  broader  range  (-C/C) 
and  (ka)  than  these  simpler  models.  Experimental  verifications  of  these  are 
presented  in  Figs.  15  and  16,  which  show  the  frequency  dependence  of  the  ultra¬ 
sonic  backscattered  signal  for  two  different  oblate  spheroidal  cavities  at  three 
distinct  angles  of  illumination  (19).  The  rather  complex  frequency  spectra  are 
accurately  confirmed  by  the  experiment  with  the  exception  of  shift  in  the  position 
of  a  minor  peak  in  the  60°  data  for  the  200  ym  by  400  ym  spheroid. 


IV.  INVERSION 


As  noted  in  the  Introduction,  the  practical  problem  which  has  motivated  this 
research  is  the  need  to  measure  nondestructive^  geometrical  characteristics  of 
flaws,  such  as  size,  shape,  or  orientation,  which  are  needed  for  the  prediction  of 
lifetimes  in  structures.  Once  adequate  models  have  been  developed  for  the  forward 
scattering  problem,  emphasis  shifts  to  the  inverse  problem,  whereby  the  parameters 
of  an  unknown  flaw  are  identified  from  measured  fields.  Because  of  the  presence 


R.K.  Elsley,  J.M.  Richardson,  R.B.  Thompson,  B.R.  Tittmann 


(a)  e  =  30° 


12345  678 

Frequency  (MHz) 

(b)  9  =  60° 


1  234  56  78 

Frequency  (MHz) 


1  2  3  4  5  6  7  8 

Frequency  (MHz) 


Fig.  15  Comparison  of  T-maxtrix  cal 
culation  and  experiment  for  scatter¬ 
ing  from  100  urn  x  400  um  oblate 
spheroidal  cavity 
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Fig.  16  Comparison  of  T-matrix  cal 
culation  and  experiment  for  scatter 
ing  from  200  ym  x  400  pm  oblate 
spheroidal  cavity 
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of  experimental  error  and  limitation  on  the  amount  of  information  that  can  be 
practically  determined,  the  inversion  prodl  an  is  occasionally  ill  posed.  Never¬ 
theless,  a  wide  variety  of  practical  approaches  have  been  developed  for  estimating 
the  desired  flaw  parameters.  These  are  ordered  in  Fig.  17  in  accordance  with  the 
ratio  of  flaw  size  to  wavelength  required  to  apply  the  technique.  For  reference, 
the  frequency  dependence  of  the  backscatteri ng  from  a  spherical  cavity  is 
reproduced  at  the  bottom  of  the  figure.  At  short  wavelengths,  it  is  useful  to  try 
to  reconstruct  a  detailed  picture  of  the  flaw.  Implicit  in  any  such  approach  is  a 
physical  model  of  the  elastic  wave- flaw  interaction.  Imaging  systems  are  usually 
designed  with  the  implicit  assumption  that  the  flaw  is  a  diffuse  reflector.  That 
is,  any  incident  ray  is  assumed  to  be  converted  into  a  divergent  cone  of  rays, 
enanating  from  the  point  of  illumination.  For  cavities  with  rough  surfaces,  this 
model  can  accurately  describe  the  scattering  process  and  high  quality  images  can 
be  formed.  However,  for  inclusions  or  flaws  whose  surfaces  are  smooth  with 
respect  to  a  wavelength,  specular  reflections,  mode  converted  signals,  reradiation 
from  creeping  rays,  and  internal  reverberations  can  all  produce  degradations  of 
the  reconstruction.  One  example  is  the  formation  of  ghost  images. 
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Fig.  17  Inversion  techniques 

To  overcome  these  problems,  it  is  necessary  to  base  the  reconstruction  on  a  more 
precise  model  of  the  elastic  wave-flaw  interactions.  The  basic  strategy,  as 
illustrated  in  Fig.  18  for  the  case  of  the  Born  approximation  (20),  is  to  use  the 
model  to  specify  a  relationship  between  measurement  and  the  Fourier  transfonm  of 
the  object  shape  function.  Inverse  Fourier  transforms  can  then  be  used  to  recon¬ 
struct  the  object.  One  such  approach,  based  on  the  extended  quasi-static  model, 
is  described  by  Rose  (21)  in  a  subsequent  paper  in  this  proceeding.  A  second,  by 
Bleistein  and  Cohen  (22),  is  illustrated  in  Fig.  19.  The  model  used  in  this  case 
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Fig.  13  Usa  of  3orn  approximation 
to  relate  measurements  to  Fourier 
transform  of  flaw  shape  function 


Fig.  19  Reconstruction  of  oblate  spheroid 
from  synthetic  data  using  POFFIS 
al  gori thm 


was  the  physical  optics  approximation,  which  has  been  shown  (23,  24)  to  asymp¬ 
totically  approach  the  exact  result,  for  the  case  of  elastic  wave  backscattering, 
in  the  high  frequency  limit.  Here  the  shape  of  an  oblate  spheroidal  cavity  has 
been  reconstructed  by  applying  the  POFFIS  (physical  optics  far  field  inverse 
scattering)  algorithm  to  simulated  experimental  data  (25). 


A  review  of  reconstruction  procedures  has  recently  been  prepared  by  Lee  (24). 


At  longer  wavelength,  there  is  not  sufficient  information  to  develop  a  detailed 
reconstruction  of  a  flaw  shape.  Furthermore,  because  of  nonlinearities  caused  by 
such  effects  as  strong  multiple  scattering,  analytic  solution  to  the  inverse 
problem  are  difficult  to  develop.  Consequently,  adaptive  learning  procedures  (26) 
have  been  utilized  as  tools  to  find  empirical  solutions.  Use  has  been  made  of  the 
forward  scattering  models  in  the  training  procedure  as  illustrated  in  Fig.  20. 

The  output  from  the  training  is  an  empirically  derived  expression  whereby  specific 
flaw  characteristics  can  be  predicted  from  measured  features.  This  takes  the  form 
of  a  polynomial  in  the  measured  parameters,  whose  coefficients  are  determined  by 
the  training  process.  Table  I  cor, pares  the  actual  and  predicted  values  of  the 
size,  shape,  and  orientation  of  oblate  spheroidal  cavities  when  the  3orn  approxi¬ 
mation  was  used  as  the  theoretical  model  for  the  training  process.  It  will  be 
noted  that  a  good  deal  of  the  observed  error  is  systematic,  which  is  believed,  to 
be  caused  by  inaccuracies  in  this  model  when  applied  to  such  a  strong  scatter. 

Work  is  now  in  progress  to  retrain  the  procedures  using  the  more  accurate  T-matrix 
calculations,  to  evaluate  the  extant  of  the  improvement. 

At  still  lower  frequencies,  when  the  wavelength  is  large  with  respect  to  the  flaw 
size,  the  forward  scattering  problem  can  be  treated  using  the  quasi-static 
approximation  (16).  An  analysis  of  this  solution  shows  that  there  are,  in 
general,  22  independent  parameters  which  control  the  flaw-elastic  wave  inter¬ 
action.  This  suggests  that,  contrary  to  initial  intuition,  considerable  flaw 
information  can  be  deduced  from  an  appropriately  selected  set  of  long  wavelength 
measurements.  This  result  is  a  direct  consequence  of  the  tensor  nature  of  the 
fields  involved  in  the  scattering  process,  and  is  richer  in  information  than  the 
scattering  behavior  observed  in  situations  governed  by  a  scalar  wave  equation. 
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Fig.  20.  Procedure  for  development  and  evaluation  of 
adaptive  learning  techniques 

The  existence  of  this  source  of  long  wavelength  information  has  led  to  a  new  set 
of  inversion  procedures.  As  shown  in  Fig.  21,  the  frequency  dependence  of  the 
ultrasonic  scattering  is  first  measured  and  the  coefficient,  Ag,  of  the  quadratic 
term  in  a  frequency  expansion  is  deduced.  As  noted  above,  A2  is  in  general  a 
function  of  22  independent  parameters  of  the  flaw.  Hence,  measurements  of  ^  a^  a 
sufficient  number  of  angles  can  in  principle  be  used  to  deduce  these  parameters. 

It  is  obvious  that  this  is  not  sufficient  information  to  reconstruct  a  detailed 
shape  of  the  flaw.  However,  recent  work  has  shown  that,  if  independent  a  priori 
information  is  available  limiting  the  flaw  to  membership  in  a  certain  class,  the 
long  wavelength  information  can  be  used  quite  effectively.  Sudiansky  and 
Rice  (27)  have  shown  that,  for  an  elliptical  crack,  three  measuranents  are  suffi¬ 
cient  to  determine  orientation  and  the  reduced  stress  intensity  factor,  essen¬ 
tially  independently  of  the  ellipticity  of  the  flaw.  This  result  is  of  great  sig¬ 
nificance,  since  it  represents  a  direct  relationship  between  an  elastic  wave 
measurement  and  a  parameter  used  in  the  prediction  of  part  lifetime. 

An  experimental  demonstration  of  the  inversion  of  long  wavelength  data  is  illus¬ 
trated  in  Table  II  (23).  In  this  case,  the  flaw  was  an  oblate  spheroidal  cavity, 
and  this  fact  was  assuned  in  the  analysis.  Thus  the  number  of  independent  param¬ 
eters  was  reduced  from  22  to  4.  Based  on  pulse  echo  and  pitch-catch  measurements 
of  long  wavelength  scattering,  estimates  of  three  parameters  (major  axis,  minor 
axis,  orientation)  of  the  spheroid  were  obtained  using  a  least  squares  estimation 
procedure.  The  additional  angle  was  not  considered  because  measurements  were  made 
in  a  symmetry  plane.  The  accuracy  of  the  answer,  and  small  estimated  standard 
derivations,  illustrate  the  power  of  the  approach.  The  fact  that  the  pulse-echo 
results  are  superior,  demonstrates  the  higher  leverage  that  this  configuration  has 
on  the  desired  information. 
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TABLE  I  Comparison  of  Actual  (True)  and  Predicted  (Meas.) 
Size  and  Orientation  for  Oblate  Spheroids  3a sad 
On  Adaptive  Learning  Results 


Size  (in  Microns)  Orientation  (in  Degrees) 

ALN1  ALN2  ALN3  ALN4 


True 

Meas. 

True 

Meas. 

True 

Meas. 

True 

Meas. 

Defect 

No. 

A 

A 

A 

A 

A 

A 

B 

B 

a 

a 

0 

0 

1 

200 

154 

400 

493 

0 

37 

. 

197 

2 

200 

163 

400 

523 

30 

2 

225 

215 

3 

100 

100 

400 

506 

30 

63 

150 

165 

4 

100 

114 

400 

521 

0 

0 

- 

- 

5 

200 

202 

400 

533 

30 

22 

160 

174 

6 

100 

126 

400 

599 

30 

60 

180 

196 

7 

200 

114 

400 

569 

30 

21 

130 

178 

8 

100 

130 

400 

645 

30 

42 

225 

218 

Average 

Absolute 

30 

149 

h 

3 

Error 

Percent  Average 
Absolute  Error 

15.0 

37.3 

25.6 

2.2 

Fig.  21  Long  wavelength  measuranent  technique 
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Oblate  Spheroid 

-  Pul se  Echo 

Measurements 

True 

Estimated 

u 

a  (nm) 

400 

395 

14 

c  (*m) 

200 

200 

26 

0 

<10“4 

.24 

Oblate  Spheroid 

-  Pitc'n-Catch  Measurenents: 

True 

Estimated 

<7 

a  (►*  m) 

400 

430 

31 

c  (*.m) 

200 

160 

99 

^x 

0 

<10-4 

.28 

V.  CONCLUSIONS 


Elastic  wave  scattering  has  become  an  important  tool  in  the  quantitative  measure¬ 
ment  of  flaw  sizes,  and  hence,  in  the  prediction  of  part  lifetimes,  for  structural 
materials.  Direct  comparison  of  theory  and  experiment  has  helped  guide  and  estab¬ 
lish  the  accuracy  of  several  scattering  algorithms.  Present  areas  of  greatest 
challenge  include  extending  these  to  treat  flaws  and  parts  of  complex  shapes  and 
in  the  development  of  inversion  procedures.  An  important  feature  of  the  latter  is 
the  optimum  use  of  the  available  a  priori  information  about  the  flaw. 
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ABSTRACT 

Certain  approximate  methods  for  the  solution  of  the  direct  scattering  problem  in 
the  high-frequency  domain,  such  as  physical  elastodynamics  and  geometrical 
diffraction  theory,  yield  expressions  for  the  scattered  fields  which  suggest  the 
application  of  Fourier- type  integrals  to  solve  inverse  problems.  In  this  paper 
we  explore  the  application  of  two  kinds  of  inversion  integrals  to  far- field 
high-frequency  longitudinal  scattering  data  from  flat  cracks  of  arbitrary  shape. 
The  inversion  problem  becomes  relatively  simple  if  some  a-priori  information, 
such  as  the  orientation  of  the  plane  of  the  crack  or  of  a  plane  of  symmetry  of 
the  crack  is  available.  The  general  three-dimensional  problem  will,  however,  also 
be  considered.  Results  are  checked  for  an  elliptical  crack  for  which  "exact" 
results  are  available.  Some  computational  technicalities  are  discussed,  and 
numerical  results  are  presented. 

INTRODUCTION 

An  important  method  in  quantitative  non-destructive  evaluation  of  materials  (QNDE) 
is  based  on  scattering  of  ultrasonic  waves  by  flaws.  The  presence  of  a  flaw  is 
relatively  easy  to  detect.  The  determination  of  the  size,  shape  and  orientation 
of  a  flaw  from  the  scattered  field  does,  however,  pose  a  challenging  inverse 
scattering  problem. 

It  is  known  that  at  high  frequencies  i  e  far- field  generated  by  a  volume  scatter- 
er  in  an  acoustic  medium  is  proportional  to  the  Fourier  transform  of  the 
characteristic  function  associated  with  the  scatterer.  The  characteristic 
function  is  defined  so  that  it  has  unit  value  for  every  point  inside  the 
scatterer  and  vanishes  elsewhere.  The  Fourier  transform  parameter  which  enters 
in  this  relation  is  a  function  of  the  wave-number  and  the  angle  of  observation. 

A  number  of  studies  have  recently  been  devoted  to  examine  the  extent  to  which 
the  far- field  data  can  be  used  to  numerically  invert  this  Fourier  transform  re¬ 
lation  and  recover  the  size,  shape  and  the  location  of  the  scatterer.  In  these 
studies  the  possible  limitations  on  the  bandwidths  of  the  observed  scattered 
signals  has  been  taken  into  account,  as  well  as  the  restricted  range  of  the 
aperture  covered  by  the  angles  of  observation.  For  details,  the  reader  is  re¬ 
ferred  to  the  recent  work  of  Bleistein  and  Cohen  [  l]. 

In  the  present  paper  it  is  assumed  that  the  flaws  that  are  to  be  detected  are  of 
the  most  dangerous  variety,  namely,  flat  cracks.  We  discuss  the  inversion  of 
far-field  crack- scattering  data  in  the  high  frequency  range  by  a  method  which 
does  not  involve  a  three  dimensional  Fourier  inversion  but  only  a  single  inte¬ 
gration  in  the  wave-number  domain.  The  method  was  introduced  in  Ref. 12],  and 
it  is  further  discussed  in  the  present  paper. 
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Exact  and  approximate  analytical  solutions  to  the  direct  scattering  problem  for 
flat  cracks,  which  provide  indispensable  insight  into  the  inverse  problem  can  be 
found  in  Ref. [3]  and  [4]. 


The  inversion  of  the  crack  scattering  data  is  achieved  by  constructing  first  the 
plane  of  the  crack  and  then  sets  of  lines  tangential  to  the  crack  edge.  The 
results  are  checked  against  a  known  solution  for  scattering  by  an  elliptical 
crack.  The  method  is  illustrated  by  numerical  examples.  The  numerical  results 
include  an  iterative  technique  for  improving  the  accuracy  of  the  inversion.  A 
comparison  with  experimental  results  can  be  found  in  Ref.[2j. 


The  analysis  is  for  time-harmonic  motions  with  the  time  factor  exp(-ixt)  implied 
throughout.  For  a  homogeneous,  isotropic  and  linearly  elastic  solid  the  dis¬ 
placement  gradients  u^  .  (x)  and  the  stresses  t^.Cx)  are  related  by 


ij 


V  U, 


k,k  “ij 


+  (u 


+  uj.i) 


where  X  and  ^  are  the  Lame's  constants, 
is  (see  Ref.L5]) 


(1.1) 


The  equation  governing  elastic  motion 


p.  u 


i.jj 


+  (X  +  Ik) 


Uj,jt  + 


2 

U)  u. 


■F. 
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(1.2) 


where  p  is  the  mass  density,  and  F^  are  the  components  of  the  body  force  dis¬ 
tribution  (per  unit  volume).  The  relation 


"  Tk£  “k 


gives  the  components  of  traction  across  a  surface  with  a  unit  normal 


V 


(1.3) 


2.  SCATTERING  OF  ELASTIC  WAVES  AT  HIGH  FREQUENCIES 

As  a  preliminary  to  an  expression  for  the  far-field  generated  by  scattering  of 
high  frequency  elastic  waves  by  a  crack,  we  introduce  some  well-known  results 
from  e las todynamic  theory. 


Basic  singular  solution 

The  basic  singular  solution  for  Eq.(1.2)  is  that  due  to  a  point  load  at  x  =  X 
defined  by  F  =  f  6(x  -  X),  where  6(  )  denotes  the  Dirac-delta  function, 

corresponding  elastic  displacement  u^  and  stresses  are  given  by 


The 


G  * 
u.  f 
i  ;m  m 


ij 


G  c 

T.  .  f 
ij  ;m  m 


(2.1) 


where  u,  is  well  known,  see  e.g.  Ref. [2]. 
i;m 


Representation  Integral 

The  field  generated  by  scattering  of  incident  waves  by  an  obstacle  with  surface 
S  can  be  expressed  in  terms  of  a  representation  integral  over  S,  see  e.g.  [2] 
and  [4].  For  a  stress-free  crack  with  plane  faces  A+  and  A'  the  representation 
integral  can  be  further  simplified.  If  the  total  field  is  written  as 
uc  =  uin  +  usc  where  u^n  is  the  incident  field  and  usc  is  the  scattered  field, 
then  the  latter  is  given  by 

<°(5>  '  *  i+  Tty,JsS>  -j  "CS> 


(2.2) 
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vhere 


(u 


sc.  A 
i  } 


(u 


sc.  A 
i  } 


(2.3) 


In  Eq.(2.2)  x  represents  any  point  outside  of  the  crack,  and  n  is  the  outward 
normal  (pointing  from  the  A+  to  the  A  face). 


The  far-field  longitudinal  solution 

Let  us  assume  that  the  origin  0  of  the  coordinate  system  is  close  to  the  crack 
while  the  source  S  of  the  incident  field  and  the  observation  point  Q  are  far 
away,  see  Fig.  1). 


Fig.  1.  Flat  crack,  with  source  point  S  and  point  of  observation  Q. 

Thus  if  x„,  xrt,  and  X  denote  the  position  vectors  of  S ,  Q  and  any  point  on  the 

crack,  and  xg  =  |xg |  »  xq  =  lxql  and  x  =  |x|,  then  xg,  x^  »  X.  Defining  the 

unit  vector  x_  *  xn/xn,  we  can  write 
~Q  ~Q  Q’ 


l*q  -  J l  "*  XQ  -  (xq  •  X)  ,  xQ»  X  (2.4) 

Q 

The  ixnression  for  t,  .  obtained  from  Eq.(2.1)  then  simplifies. Considering 
only  the  longitudinal  wave  we  obtain 

Tij;m  (V5)  *  ikLbij;m(2Q>  GL(xQ>  “P^i&j-S)  (2*5) 

where 


bi]-M  ’  <X  +  2^)'1  +  Xeij>  S»  <2'6) 

gL<»)  "  4^  «cp(ikLx)  (2.7) 

kL  -  m/cL  >  cl  “  ^  +  (2.8a,b) 


Substituting  from  Eq.(2.5)  into  Eq.(2.2)  we  obtain 
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L-r^]1  =  -ikL  b?i;m(2Q)  GL(XQ}  nj  Ii(^Q) 


where 


Ii(^Q)  "  J  ,  6 
A 


n  -ikTX-.X 
r  ~  *  sc 


Aup(X)  dA(X) 


(2.9) 


(2.10) 


Physical  elastodynamics 

The  displacements  u^  on  the  crack  faces  are  yet  unknown.  They  can,  for  example, 

be  solved  as  part  of  a  canonical  problem  following  a  ray- theoretic  approach  as 
in  [4].  For  our  analysis  we  retain  only  the  leading  contributions  arising  from 
the  incident  field  u^n  and  the  specularly  reflected  body  waves,  ure,  from  the 
illuminated  face  A*.  This  is  the  physical  elastodynamlc  approximation,  equiva¬ 
lent  to  the  well-known  physical  optics  approximation.  Thus  it  can  be  shown  that 

Au  -  (u  +  u.  )  (2.11) 

For  the  incident  field  we  assume  a  longitudinal  wave  from  S  given  by 

uin  ■  -  A  xg  GL(xs)  exp(-ikjXg .X)  ,  xg  »  X  (2.12) 

TT6  “ 

The  reflected  field  u  from  A  can  be  found  from  the  standard  results  on  re¬ 
flection  of  plane  waves  (see  [5]).  Thus  we  obtain 

AuSC  w  A  or(xs)  GL(xs)  exp(-ikLxs  .x)  (2.13) 


where 


N  L  ,  _L  Lr  ,  _L  ,Tr 
a(xs)  =  pL  +  \  P  +  Rt  d 

Here,  pb  =  -  x  is  the  propagation  vector  of  the  incident  wave,  while  p1"37  and 
Tr  ~ L  ~S  ~ 


(2.14) 


p  are  the  propagation  vectors  of  the  reflected  longitudinal  and  transverse 
^aves,  respectively.  The  corresponding  reflection  coefficients  are  defined  by 
Rb  and  Rb  .  The  vector  d^  defines  the  direction  of  the  displacement  of  the 
reflected  transverse  wave.  Expressions  for  these  quantities  are  given  in  Ref. 
[2]. 


Scattered  longitudinal  far-field 


Substituting  Eq.(2.13)  into  Eq.(2.9)  we  obtain  the  scattered  longitudinal  far- 
field  as 


r  sc  .1L 

La»  (^o)J 

WQlS 


G ;  L 


(O  -  -  A  ai(5s>  bij;m(^Q)  nj  I(V 


where 


I(kL) 


ik 


L  J 


-ikL3-X 

e  L  dA(X) 


(2.15) 


(2.16) 


and 


(2.17) 
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is  a  vector  in  the  bisector-direction  of  OS  and  OQ.  The  far-field  dependence  on 

the  crack  occurs  only  through  the  function  I(k  ),  which  depends  on  the  wave- 

L 

number  kT  and  the  bisector-vector  a. 

L 


Transformation  of  co-ordinates 

In  Fig.  1  we  have  defined  the  coordinate  system  with  origin  0| 
of  the  crack,  and  with  the  normal  to  that  plane.  Let  00 ' 

Eq.(2.16)  can  be  rewritten  as 

-ikLx  -ikL3-S 

KkL)  -  ikLe  J,  e  d?1  d?2 

A+ 


in  the  plane 

■  X  .  Then 
~o 


(2.18) 


where 


x  -  3-X0 

Let  us  consider  still  another  system  |  defined  by  (see  Fig.  2) 
=  ^1  +  ^2  ^2  ’  ^2  "^2  ^1  +  ^1  ^2  ’  ^3  ^3 


(2.19) 


(2.20) 


Note  that  the  5^-axis  is  parallel  to  the  projection  of  3  on  the  crack-plane. 

The  q^  used  here  are  defined  in  the  ^-system.  Then  Eq.(2.18)  can  be  reduced  to 
the  simple  form,  see  Ref. [2], 


I(kL) 


-ikLx 


ZL  2  J 


q-i+q 


1  M2  c 


-^1 


(2.21) 


where  C  is  the  edge  of  the  crack.  Thus  the  scattered  field  is  expressed  in 
terms  of  a  distribution  of  equivalent  sources  along  the  edge  of  the  crack. 

This  is  analogous  to  the  concept  of  edge  currents  in  electromagnetic  scattering 
(see  for  instance  [6]). 


Local  coordinates 

Another  useful  approximation  results  by  introducing  local  coordinates  near  the 
points  E(C1,C2»°)  and  F(Tl1,T|2 ,0)  on  C  where  the  tangents  are  parallel  to  the 

lines  -  constraint,  (see  Fig.  2).  For  instance,  near  E  (C1»C2»°)»  the  Points 
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on  C  can  be  represented  by 

5l-<l+F>28o+3T  *301  <2'22> 

?2  =  C2  +  S  '  3T  0o  (2'23) 

where  s  is  the  arc- length  measured  from  E  while  @q  and  are  the 

curvature  of  C  and  the  value  of  d@  /ds  at  this  point.  We  next  substitute  (2.22) 
aid  (2.23)  into  Eq.(2.21)  and  apply  the  stationary-phase  approximation.  The 
contribution  from  E(C^>C2>®^  then  becomes 


-i  tt/4  , 

I(kL)  *  "  .  2^2.%  kL  exp^-ikL(^1  + 

(q1^2)eo 


A  similar  contribution  arises  also  from  F(T|^ ,T)2 > 0)  - 


(2.24) 


3.  INVERSION  INTEGRALS 

The  different  forms  of  I(k^)  in  Eqs . (2. 16) , (2. 21)  and  (2.24)  suggest  simple 
Fourier-type  inversion  integrals  to  recover  the  size,  shape  and  orientation  of 
a  crack  from  the  far-field  data.  We  examine  two  such  inversion  integrals: 

*  ,®  ik  g.X 

1.  fx(\)  =  Jjtokj)}  -  j  e  f(kL)  dkL  (3.1) 

-00 

,®  ,  ik  q.X 

2.  f2(X)  =  d2{f(kL)}  =  j  kj  e  ^  ~  f(kL)  dkL  (3.2) 

-CO 

where  X  defines  any  test-point  in  the  medium. 

The  inverse  operator  di 


Application  of  the  operator  of  Eq.(3.1)  to  the  expression  for  I(k^)  in  Eq. 
(2.16)  gives 

I*(X)  =■  j  6'[3.(X  -  X)]  dA(X)  (3.3) 

A+ 

where  6'(  )  denotes  the  derivative  with  respect  to  the  argument  of  the 

6-function.  In  Eq.(3.3)  we  have  used  the  property  that 

ik  a) 

j  e  L  dkL  =  2n  6(0)  (3.4) 

-00 

The  argument  of  the  6-function  in  Eq.(3.3)  wi^l  vanish  only  when  (X-X)  is  at 
right  angles  to  3  for  X  on  the  crack.  Thus  I^X)  *  0  everywhere  except  when 

X  lies  within  a  layer  between  two  planes  normal  to  3.  The  crack  touches  the  end- 
planes  of  the  layer.  Thus  from  different  observation  points  we  can  obtain  a 

number  of  such  layers  or  equivalently  pairs  of  parallel  end-planes  which  enve¬ 
lope  the  crack-edge.  The  intersection  of  two  such  envelopes  from,  say,  two 
locations  of  the  source  point  will  lead  to  the  crack  itself. 


597 


Inversion  of  Crack  Scattering  Data  in  the  High-Frequency  Domain 

k 

The  exact  nature  of  I^(X)  for  any  X  within  a  given  layer,  and  in  particular  the 

behavior  at  the  end-planes  of  the  layer  will  next  be  examined,  from  the  point  of 
view  of  identifying  such  planes  from  actual  data.  For  this  purpose  we  now  apply 
the  operator  to  I(k  )  given  by  Eq.(2.21).  This  gives 


•k 


“2^2  I  6[q*X  -  X  -  d%2 

ql+q2  C 


ix  1 6k-<i-*o>  •  V  2T  d?i 

^ql+q2>  C  d?l 


(3.5) 


where  we  have  used  the  expression  for  x  given  by  Eq.(2.19). 

Evaluating  the  integral  in  Eq.(3.5)  by  the  sifting  property  of  the  6- function 
we  obtain 


★ 

I,U> 


r  d|  ,A  ^d?  B- 


(q‘+q‘)  "  <15 


to  ,  (k  <  Tlj_  ;  k  >  Cx) 


(3.6) 


where 

*  *  s-(£  -  x0)  <3-7> 

Here  the  range  of  variation  of  on  C  is  given  by  T|^  <  <  C-j_>  where  Tl^  and 

were  defined  earlier  in  the  context  of  the  local  co-ordinate  system.  In 

Eq.(3.6)  A  and  B  are  the  points  at  which  the  plane  5^  =  k  intersects  the  crack 

edge  C  when  T|^  <  k  <  C.  At  the  extreme  positions  x.  =  T).  and  k  =  Cj  the 

gradient  terms  in  Eq.(3.6)  become  infinite,  usually,  in  the  inverse  square-root 
sense,  as  will  later  be  illustrated  by  the  example  of  an  elliptical  crack. 

In  practice,  we  can  choose  X  along  the  ^-direction  from  0  and  determine  the 
finite  layer  normal  to  3  which  contains  the  crack.  The  singular  behavior  of  the 
gradient  terms  will  be  the  principal  test  for  identification  of  the  end-planes 
of  the  layers.  We  further  note  that  although  7]^,  and  x.  in  Eq.(3.6)  and 

Eq.(3.7)  intrinsically  depend  on  the  choice  of  the  origin  0^  the  location  of 
the  layer  is  unique  for  a  given  3  in  the  initial  co-ordinate  system  at  0,  with 

reference  to  which  X  is  defined.  This  is  easily  verified  as  shown  below  by 

taking  two  arbitrary  positions  for  0'  and  comparing  the  values  of  X  along  3 

corresponding  to  the  end-planes  of  the  layers  for  the  two  choices  of  0' .  The 

same  value  of  X  is  reached.  To  prove  this,  consider  two  such  origins  0^  and  0^ 

with  00..'  =  and  OOi  *  X^2\  At  each  of  these  points  we  take  the  coordinate 

1  ~o  _2  ~o  r  _(k) 

axes  parallel  to  the  ^-system  and  we  denote  these  by  £  ,  k  ■  1  and  k  =  2,  with 

— (k) 

»  0  on  the  crack  plane.  We  retain  the  notation  £  to  denote  a  coordinate 
system  with  reference  to  a  reference  origin  at  some  point  0  . 

(k)  (k) 

Let  the  point  E(C^,C2»0)  *-n  the  new  systems  have  the  coordinates  (C^  ,Q2  >0)> 

k»l,2.  If  the  point  along  3  at  which  the  singular  behavior  of  I.  in  Eq.(3.6) 

(k)  L  / 

occurs  would  be  defined  by  X  ,  k  *  1,2  for  the  two  locations  of  0  ,  then  we 

have  to  show  that  X^  ■*  X^ .  First  we  obtain  from  Eq.(3.6)  and  Eq.(3.7)  that 
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(3.8) 

for  k  =  1  and  k  *  2  we  obtain 

(3.9) 

Let  j l  and  d  denote  the  projections  of  along  the  direction  of  the  3-vector 

and  along  the  projection  of  3  on  the  crack  plane,  respectively.  Then  we  have 

3.0^  *  |s l  X  -  vq^+q*)*  d  (3.10) 

Moreover,  since  E  is  a  fixed  point  on  the  crack  edge. 


3.(X 


GO 


*ik)> 


.GO 


,  k  =  1,2 


Taking  the  difference  of  the  two  relations 
3.(X(2)-X(1))«  a.^oj  +  (C<2)  -  c£l)) 


(C 


(2)  .  (1)) 


‘  U5Jo'  '  j 


(3.11) 


where  the  ^-system  is  defined  at  the  reference  origin  0  .  We  also  note  that  the 
difference  between  the  ^  coordinates  of  any  two  points  is  the  product  of  the 
projection  of  the  line  connecting  them  along  the  direction  of  the  IT^-axis  and 

the  scaling  factor  of  the  (^.^"system  in  the  crack-plane,  see  Eq.(2.20).  For 

the  two  points  0»  and  O'  the  above  projection,  by  definition,  is  d,  while  the 

*  22^ 

scaling  factor  for  Eq.(2.20)  a  and  b  is  (q^+q^)  .  Thus  Eq.(3.11)  yields 


-  gh 


(q2  +  q2)%  d 


(3.12) 


Employing  Eq.(3.10)  and  Eq.(3.12)  in  Eq.(3.9)  we  obtain  that  X^2^  =  X^  and 
hence  the  proof  is  completed. 


The  elliptical  crack 

The  inverse  square  root  singularity  of  I^(X)  in  Eq.(3.6)  will  now  be  verified  for 
an  analytic  example  in  which  the  crack  is  of  elliptical  shape,  defined  by 


52i  « 


2+2 
i  b 


1  ,  S, 


Then  Eq.(2.21)  can  be  evaluated  analytically  to  give 
ab 


-lkLx 


I(kL)  -  -  2nl  Jt(kLp)  . 

where  J^(  )  is  the  cylindrical  Bessel  function  and 

.2  22  2,% 

p  -  (a  qx  +  b  q2V 

The  inverse  operator  of  Eq.(3.1)  when  applied  to  Eq.(3.14)  gives 


w  - 


2TTab 


2  .2  2.^  ‘  <  P 

P  (p  -H  ) 


10;  >  p 


(3.13) 


(3.14) 


(3.15) 


(3.16) 
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which  clearly  exhibits  the  inverse  square  root  singularity  at  x  »  ±  p,  where  x 
is  defined  in  Eq.(3.7).  Conversely  it  is  not  difficult  to  verify  that  the 
planes 

x  -  ±  p  (3.17) 

touch  the  ellipse  at  the  following  points  in  the  J- system: 


(3.18) 


The  inverse  operator  q 

It  is  often  desirable  to  identify  the  end  planes  of  the  layer  by  a  singularity 
of  the  Dirac  delta  function  type.  To  this  end  we  apply  the  inverse  operator 
^2  defined  by  Eq.(3.2)  to  the  stationary  phase  approximation  of  I/q)  given  by 

Eq . (2.24) .  This  gives 


•k  , 

I,(X) 


f2n)3/ViTT/4  .fJL 
~  -  *  2  2  — r 5( 
(q1^2) 


3/2  in/4 

q)  -  (2  }2  v6(K  -  q> 


(3.19) 


These  expressions  have  the  desired  6- function  behavior  across  the  planes 
x  ■  q  and  x  ■  q 


4 .  NUMERICAL  EXAMPLES 

The  method  of  inversion  of  far-field  longitudinal  crack  scattering  data  is  now 
applied  to  two  analytical  examples.  In  the  first  example  we  assume  that  a 
plane  of  symmetry  of  the  crack  is  known,  and  that  both  the  source  and  the 
receiver  are  located  in  that  plane.  Within  the  context  of  that  example  we  also 
discuss  an  iterative  technique  to  improve  the  accuracy  of  the  inversion  method. 
The  second  example,  which  is  three-dimensional  in  nature,  is  concerned  with  the 
computation  of  points  on  the  edge  of  an  elliptical  crack,  on  the  basis  of 
Eq . (3 . 17) . 


Source  and  receiver  in  a  plane  of  symmetry  of  the  crack 

The  position  of  the  origin  0  of  the  coordinate  system  x,  must  be  close  to  the 
crack.  Ihe  diffracted  field  is  taken  in  the  form  given  by  Eq.(2.24).  Note  that 
for  this  case  the  flash  points  defined  by  q  “  q  and  q  ■  q  are  located  in  the 

plane  of  symmetry.  Adding  the  contributions  from  the  two  flash  points  we  write 


I(kL) 


2  2 

q-^2 


2tt\^  , 


where 

2  -ikT(x.  +  xc).X 

T,N~0 

J-Z  D  e 
j-1  J 


(4.1) 


(4.2) 


1  “if- 


-irr/4 


in/4 


«o>2 


(4.3) 
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The  position  vectors  of  the  crack  tips  X^(j=l,2)  are  defined  in  Fig.  3. 


Fig.  3  Source  and  receiver  in  plane 
of  symmetry  of  the  crack 

Actual  crack-scattering  data  must  first  be  deconvolved  into  the  form  given  by 
Eqs.(2.15)  with  I(k^)  defined  by  Eq.(4.1).  The  two  exponentials  in  Eq.(4.2) 

can,  however  be  obtained  by  combining  information  from  the  arrival  time  of  the 
first  diffracted  signal  with  information  obtained  from  the  periodicity  of  the 
amplitude  spectrum.  The  arrival  time  of  the  first  diffracted  signal  provides 
the  total  length  S0^  +  O^Q.  Since  SO  and  0Q  are  known,  we  have 

S0^  +  O^Q  -  S0-0Q  *  -  (*s  +  xQ) (4.4) 

To  investigate  the  amplitude  spectrum,  the  absolute  magnitude  of  J  is  computed 
from  (4.2)  as 

I J|  -  (|d1|2+|d2|2+2|d1||d21  sinlk^-^gKX^)]}^  (4.5) 

Equation  (4.5)  implies  that  the  amplitude  of  the  longitudinal  field  is  modulated 
with  respect  to  k^  »  ui/c^  period 


*  “  ZTT/Ux^g).^-^)] 


(4.6) 


Experimental  results  for  the  amplitude  spectrum,  see  e.g.  Ref. [7]  do  indeed 

show  this  periodicity.  Thus,  if  Cusc(x-)]L  on  the  left-hand  side  of  Eq.(2.15) 

m 


represents  experimental  data,  we  can  define  Pq  as  the  period  of  ([u^  (xq)] 
By  virtue  of  Eq.(4.6)  we  then  obtain 


CSq-^s)-^-^)  -  2tt/pq  <4-7> 

Equations  (4.4)  and  (4.7)  provide  the  information  to  express  the  diffracted 
field  in  the  form  given  by  Eq.(4.2). 

It  follows  from  (4.2)  and  (3.19)  that  the  observation  at  one  location  Q  leads  to 
one  strip  normal  to  the  bisector  of  0Q  and  OS.  Thus  end-planes  of  this  strip 
are  touched  by  E,  where  E  is  the  trace  of  the  crack  in  the  plane  of  symmetry. 

A  second  point  of  observation  (which  can  be  the  point  S  for  backscatter)  de¬ 
fines  a  second  strip,  whose  intersection  with  the  first  one  yields  four  points, 
which  provide  two  possibilities  for  E.  The  final  determination  of  E  is  obtained 
by  using  data  from  a  third  point  of  observation. 

Iterative  procedure 

The  exponential  terms  obtained  from  experimental  data  involve  actual  ray-path 
lengths,  and  thus  they  will  differ  from  the  ones  derived  from.  Eqs . (4.4)  and 
(4.7)  which  employ  approximations  such  as  in  Eq.(2.4).  This  means  that  the 
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strips  (leading  to  the  crack  location)  will  be  shifted  by  small  amounts.  How¬ 
ever,  the  points  of  intersection  of  these  strips  can  shift  considerably  from  the 
true  crack-tip  positions.  In  order  to  rectify  this  error  we  introduce  an 
iterative  scheme. 


Let  the  error  terms  e 


j 

S 


and  e 


j 


be  defined  by 


«S  -  IXj  -  *S1  -  <xs  •  VXj)  (4.8) 

eQ  =  l5j  *  3qI  -  <XQ  -  xQ-X j)  (4.9) 


where  X  ,  j  =>  1,2  are  the  true  crack  tip  positions  as  defined 
let  the^positions  of  these  tips  calculated  by  the  use  of  (4.4) 

X^^  ,  j  ■  1,2.  Then  the  following  identities  hold  good: 


in  Fig.  3.  Also 
and  (4.7)  be  at 


<5s-^q)-(X,  -  X<°)  *  4  +4  (j  -  1,2) 


'j  ~j 


(4.10) 


is-CXj  -  -  es  (J  *  l*V  (4-u> 

which  arise  from  the  longitudinal  far-field  at  Q  and  the  far-field  back-scatter 
at  S  respectively.  The  above  equations  are  then  solved  iteratively  as  follows. 
The  first  approximation  is  given  by  X^  *  xj^)  where  we  assume  eJ  **  0  , 

*  0.  Next  we  evaluate  and  at  X^'frora  Eqs.(4.8)  and  (4.9).  Sub¬ 
stituting  these  in  Eqs.(4.10)  and  (4.11)  and  solving  the  resulting  equations 
for  X.  leads  to  the  next  higher  order  solution  for  the  crack-tip  positions. 

This  procedure  is  repeated  till  the  necessary  convergence  is  achieved.  Usually 
four  to  five  iterations  are  found  adequate .  This  is  illustrated  by  the  ex¬ 
ample  of  Fig.  4  for  which  we  have  assumed  0Q  =  OS  =  25 ,  0C  =  2  (where  C  is  the 


Fig.  4  Geometry  for  numerical 
calculations 


Fig.  5  Edge  error  at  0^; 

-  no  iteration;  -  1  iteration 


center  of  the  crack),  0^  *  n/3,  0^  *  tt  and  0^  *  rr/2.  The  crack  half-length  is 

taken  as  the  unit  of  length.  Figure  5  shows  the  edge-error  for  the  crack  edge 
at  0^  as  a  function  of  the  angle  0^.  The  edge-error  is  the  absolute  distance 

between  the  true  and  calculated  locations.  Both  the  iterated  and  non- iterated 
errors  are  shown  for  comparison.  Other  examples  of  the  iteration  procedure  are 
given  in  Ref. [2]. 
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In  band- limited  observations  the  range  of  kL  that  can  be  covered  will  be  finite, 
say,  k  s  JkT |  £  k,  .  The  corresponding  effects  on  the  sharpness  of  the 

6- function  behavior  which  govern  our  inverse  procedure  have  been  discussed  in 
Ref. [2]. 

The  3-D  Crack 

As  a  3-D  example  we  consider  an  elliptical  crack  of  semi-major  and  semi-minor 
axes  a  and  b  respectively.  Relative  to  a  coordinate  system  at  the  center  of 
the  crack,  we  have 

x2/a2  +  x2/b2  =  1  ,  x3  =  0  (4.12) 

The  diffracted  far- field  will  be  assumed  in  the  form  discussed  earlier,  with 
I(k^)  given  by  Eq.(3.14)  in  terms  of  a  Bessel  function.  For  any  given  pair  of 
source  and  observation  points,  the  inverse  operator  will  then  lead  to  a 
pair  of  end-planes  touching  the  crack  edge  as  given  by  Eq.(3.17).  The  plane  of 
the  crack  and  segments  of  the  crack-edge  will  now  be  constructed  by  using  the 
far- field  diffraction  data  from  two  source  locations  S,  ,  k  =  1,2  and  a  set  of 

observation  points  Q  ,  n  ■  1,  20.  For  our  numerical  example  the  spherical 

coordinates  of  S.  (kn=  1,2)  are  taken  as  (25,  n/6,  tt/2)  and  (25,  tt/6,  2tt/3). 

K  /  \ 

The  points  are  taken  at  r  where 

x£n)  =  10  +  (n-5)  sin(rr/3)  cos(3rr/4)  (4.13) 

x<n)  =■  10  +  (n-5)  sin(n/3)  sin(3rr/4)  (4.14) 

x<n)  **  (n  -  5)  cos(tt/3)  ,  n  «  1,  — -20  (4.15) 

A  tentative  origin  0  in  the  neighborhood  of  the  crack  is  taken  at  (0.2,  0.3, 

0.15).  The  inversion  integral  then  leads  to  a  number  of  layers  for  given  source 

and  observation  points  as  described  earlier.  For  a  source  at  and  an 
observation  point  at  the  pair  of  layer- end- planes  Q(k,n;p)  ,  p  =  1,2  ob¬ 
tained  from  Eq . (3 . 17) ,  are  defined  by 

q1(k,n)  Xj+q2(k,n)  x2  -  ±  {a2q2(k,n)  +  b2q2(k,n)}^  (4.16) 

where  ±  signs  correspond  to  p  =  1,2,  respectively.  The  bisector  vector  o(k,n) 
is  associated  with  0S^  and  OQ^. 

For  large  n,  each  set  of  planes  Cl(k,n;p)  defined  by  Eq.(4.16)  for  a  given  k, 
forms  a  prismatic  surface,  which  will  touch  the  crack-edge  C  at  a  set  of  points. 
These  points  span  a  polygon,  which  approximates  a  segment  C(k;p)  of  the  edge  C. 
The  intersection  of  the  two  prismatic  surfaces  for  the  same  p  but  k  =  1  and 
k  *  2,  respectively,  will  lead  to  points  on  C  common  to  C(l;p)  and  C(2;p).  We 
can  use  these  points  to  generate  the  crack-plane.  The  above  points  are  obtained 
as  follows.  The  prismatic  surface  formed  by  the  first-set  of  planes 
(1(1, n;p)  will  be  intersected  by  the  various  individual  planes  of  the  set 
(1(2, n;p)  along  a  set  of  polygons  F(2,n;p),  which  we  initially  determine.  The 
points  where  the  polygons  of  this  set  intersect  in  3-D  space  constitute  points 
for  an  approximate  determination  of  the  crack-plane.  These  points  are  easily 
found  by  testing  where  any  polygon  F(2,n;p)  with  a  given  n  is  intersected  by 
the  remaining  planes  of  (1(2, n;p).  The  plane  of  the  crack  can  thus  be  deter¬ 
mined,  and  once  this  has  been  achieved  the  intersection  of  this  plane  with  the 
set  of  planes  (l(k,n;p)  gives  the  desired  tangent  lines  enveloping  the  crack 
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edge.  For  a  =  1  and  b  *  0.5,  Table  1  gives  the  vertices  of  the  polygon  formed 
by  the  tangent- lines  corresponding  to  (1(1, n;l)  which  envelopes  the  arc  C(l;p) 
with  p  =  1.  These  points  evidently  lie  very  close  to  the  crack-plane  x^  =  0. 

The  last  column  of  Table  1  shows  that  these  points  lie  very  close  to  the 
elliptical  boundary  as  well.  A  similar  set  of  points  corresponding  to  the  arc 
C(l;p)  with  p  *  2  is  also  generated  by  the  above  calculations,  sinca  they  de¬ 
fine  an  opposite  quadrant  of  the  crack-edge  referred  to.  the  origin  at  the  center 
of  the  crack. 

The  extent  of  the  crack-edge  recovered  will  depend  on  the  relative  locations  of 
S  and  Q  with  respect  to  the  crack-plane.  A  proper  choice  can  usually  be  made 
once  thencrack-plane  is  determined  from  an  initial  configuration. 


X1 

x2 

*3 

2 ,  2  2  ,.2  . 
x^/a  +x^/ b  -1 

.85076 

.26265 

.00041 

- . 26033E-03 

.82938 

.27927 

.00036 

- . 16001E-03 

.80476 

.29679 

.00031 

-.40334E-04 

.77657 

.31505 

.00026 

. 10016E-03 

.74455 

.33388 

.00020 

•26192E-03 

.70851 

.35301 

.00014 

.44407E-03 

.66841 

.37211 

. :ooo7 

.64425E-03 

.62437 

.39084 

.00000 

•85866E-03 

.57670 

.40881 

-.00007 

. 10824E-02 

.52589 

.42566 

-.00014 

. 13099E-02 

.47260 

.44107 

-.00022 

. 15359E-02 

.41760 

.45480 

-.00029 

.  17556E-02 

.36175 

.46667 

-.00036 

.  19654E-02 

.30585 

.47661 

-.00043 

•21628E-02 

.25070 

.48464 

-.00049 

.23466E-02 

.19695 

.49085 

-.00055 

.25162E-02 

.14513 

.49538 

-.00061 

.26719E-02 

. 09565 

.49841 

-.00066 

•28143E-02 

.04877 

.50014 

-.00071 

.29440E-02 

Table  1:  Computed  coordinates  of  vertices  of  polygon  enveloping  the  crack  edge, 
for  a  =  1  and  b  =  0.5.  Coordinates  relative  to  origin  at  center  of  elliptical 
crack. 
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ABSTRACT 


The  determination  of  flaw  characteristics  from  ultrasonic  scattering  amplitudes  is 
discussed  in  terms  of  the  Born  and  the  extended  quasi-static  approximation.  The 
resulting  inversion  algorithms  have  been  tested  for  both  spheres  and  2-1  oblate 
and  prolate  spheroids.  Accurate  results  are  obtained  for  the  size,  shape  and 
orientation  of  the  flaw. 


INTRODUCTION 


Recent  developments  in  ultrasonic  scattering  theory  have  been  strongly  motivated 
by  the  non-destructive  evaluation  needs  of  the  structural  materials  community. 

Their  primary  question  is;  given  a  set  of  ultrasonic  measurements  (e.g.  scattering 
amplitudes)  from  some  industrial  component,  when  will  it  break?  An  intermediate 
step  in  answering  this  question  is:  given  the  scattering  data,  what  are  the 
characteristics  of  the  flaws  in  the  piece?  Here  one  would  like  to  know  if  one  has 
a  volume  flaw  such  as  a  void  or  inclusion,  or  if  one  has  a  crack.  Also,  one  would 
like  to  know  the  size,  shape  and  orientation  of  the  flaw:  and,  if  it  is  an 
inclusion,  what  it  is  made  of.  Answering  these  questions  is  what  we  will  refer  to 
as  the  ultrasonic  inversion  problem. 

The  current  status  of  the  ultrasonic  inversion  oroblem  depends  upon  the  ratio  of 
the  characteristic  size  of  the  flaw  (a  )  to  the  wavelength  X  (k  =  2tt / A ) .  When  the 
size  of  flaw  is  much  larger  than  the  wavelength,  ka  >>1,  then  imaging  techniques 
can  be  used,  and  a  good  deal  of  progress  has  been  made.  In  the  opposite  limit, 
kaQ<<l,  there  has  been  some  recent  progress,  both  in  terms  of  describing  what 

information  can  be  extracted  in  principle  and  in  terms  of  practical  algorithms  for 
simply  shaped  flaws  (1).  Between  these  two  limits  we  have  the  intermediate  regime, 
where  the  wavelength  is  on  the  order  of  the  size  of  the  object.  This  paper 
focuses  on  the  intermediate  regime  and  studies  the  geometric  features  of  single 
voids. 

We  will  review  the  theoretical  development  of  an  inversion  algorithm  for  the 
intermediate  wavelength  case  (2) .  Further  we  will  summarize  the  progress  of  our 
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group  effort  to  empirically  verify  this  algorithm.  The  need  for  detailed 
empirical  verification  stems  from  the  theoretical  justification  of  the  algorithm, 
which  is  based  on  perturbative  solutions  of  the  wave  equation  and  is  valid  only  if 
the  scattering  is  sufficiently  weak!  However,  many  of  the  flaws  of  interest  in 
NDE  are  anything  but  weak  (e.g.  a  void).  It  is  not  clear  how  to  extend  our  current 
inversion  algorithm  formally  to  the  strong  scattering  case.  However,  for  voids  of 
simple  shape,  the  algorithm  yields  good  results  as  we  will  report. 

It  is  in  this  empirical  verification  scheme  that  recent  developments  in  elastic 
wave  scattering  theory  (such  as  the  T-matrix  method  (3)  )  have  a  key  role  to  play. 
For  in  order  to  establish  the  limits  of  validity  of  this  algorithm  and  other 
empirical  inversion  algorithms,  it  is  desirable  to  have  the  scattering  amplitudes 
for  a  wide  range  of  differently  shaped  flaws.  Particularly  interesting  for  this 
purpose  would  be  flaws  with  sharp  edges  such  as  cones  and  pill  boxes.  Up  to  the 
present  time  we  are  limited  to  investigating  spherical,  and  oblate  and  prolate 
spheroidal  flaws. 

The  structure  of  the  paper  is  as  follows.  In  the  second  section  we  review  the 
derivation  of  the  algorithm.  In  section  III  we  indicate  how  the  theory  was 
simplified  for  the  case  of  ellipsoidally  shaped  flaws.  In  the  fourth  section  we 
report  the  results  of  testing  the  algorithm  with  experimentally  generated  data. 

In  the  fifth  section  we  report  the  results  of  testing  the  inversion  algorithm 
using  scattering  amplitudes  generated  by  the  T-matrix  method  for  2-1  oblate  and 
prolate  spheroidal  voids.  Finally  in  section  six  we  provide  a  discussion  of  our 
results  and  conclude. 


GENERAL  THEORY 


The  algorithm  to  be  discussed  below  is  a  procedure  for  approximately  determining 
the  Fourier  transform  of  the  characteristic  function,  y (?) ,  of  the  flaw.  Here 
y(r)  is  1  for  ?  inside  the  flaw,  and  y(r)=0  for  ?  outside  the  flaw.  We  restrict 
our  review  of  the  theory  to  the  simplest  experimental  situation.  That  is  we 
assume  a  pulse-echo  geometry  as  shown  in  Fig.  1.  Here  a  longitudinally  (or  shear) 
polarized  plane  wave  is  incident  on  the  flaw,  and  the  directly  backscattered 
longitudinal  (or  shear)  amplitude  is  determined.  The  pulse  echo  scattering 
amplitudes  can  be  written  for  an  arbitrarily  shaped  flaw  as 

A(£)  =  a(£,{y})S(2k)k2  (2-1) 


Here  S(2k),  the  shape  factor,  is  the  Fourier  transform  of  the  characteristic 
function  of  the  flaw.  The  wavevector  of  the  incident  wave  is  denoted  by  5c  and 
a(Ic,{y})  is  a  function  to  be  calculated  which  yields  the  correct  scattering 
amplitudes  A  for  an  arbitrary  5c.  Here  {y}  denotes  the  material  parameters  of  the 
host  material. 

The  virtue  of  writing  the  scattering  amplitudes  in  the  form  of  Eq.  2-1  is  that 
several  approximate  theries  (4,5)  yield  very  simple  forms  for  the  factor 
a(Ic,{y}).  In  particular  we  will  use  the  form  of  a(5ic,{y})  which  can  be  derived 
from  the  extended  quasi-static  approximation.  In  that  approximation  one  takes 
account  of  the  long  wavelength  elastic  deformation  of  the  flaw  correctly,  and 
hence  obtains  the  angular  features  of  the  scattering  correctly  in  this  limit. 

For  the  extended  quasi-static  approximation  a(5c,{y})  is  assumed  to  be  independent 
of  |k|  and  given  by  its  long  wavelength  limit  which  depends  only  on  the  direction 
of  k,  k,  and  on  {y}.  We  denote  this  approximate  form  of  a(ic,{y})  as  aQgA(k,{y}). 
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Fig.  1.  The  geometry  of  a  pulse  echo  experiment.  The  distance  from 

the  center  of  the  flaw  to  the  tangent  plane  is  the  effective  radius, 

r  ,  discussed  in  the  text, 
e 


Using  this  approximation  we  rewrite  equation  2.1  as 


S(2k)  ,  A(k)/(k  aQSA(k,{y») 


(2-2) 


Experimentally,  a  can  be  obtained  for  an  arbitrarily  shaped  object  by  measure¬ 
ments  of  the  long^wavelength  scattering  amplitudes.  In  that  limit  S(2k)  goes  to 
a  constant,  and  aOCA  can  be  determined  from  the  angularly  dependent  coefficients 
of  A  QSA 


aQSA(k’{y}) 


lim  A(k)/k4 
k-K) 


(2-3) 


Once  a  is  obtained  we  can  determine  S(2k)  from  Eq.  2-2  via  an  experimental 
measurement  of  the  backscattered  amplitudes.  Taking  the  Fourier  transform  of 
S(21c)  then  allows  us  to  determine  the  characteristic  function  of  the  flaw,  and 
hence  its  size,  shape  and  orientation.  .The  major  approximation  in  using  aQS  is 
that  we  assume  that  it  depends  only  on  k  and  not  on  |k|.  The  characteristic 
function  is  given  explicitly  in  terms  of  the  shape  function  as  (6) 


d3£  e2ik*r  Re(A(k))/(k2aQSA(k,{u>)) 


(2-4) 
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SIMPLIFIED  THEORY  FOR  ELLIPSOIDALLY  SHAPED  FLAWS 


In  the  last  section  we  described  an  approximate  procedure  for  determining  the 
size  and  shape  and  orientation  of  an  arbitrary  three  dimensional  flaw.  In  order 
to  use  this  inversion  technique  one  requires  pulse-echo  measurements  from  all 
incident  directions  £.  The  characteristic  function  is  then  obtained  (Eq.  2-4) 
as  an  inverse  Fourier  transform  which  involves  integrating  over  both  |k|  and  k. 

For  the  class  of  ellipsoidally  shaped  flaws,  one  can  obtain  all  relevant  informa¬ 
tion  about  the  flaw  by  5 averting  each  pulse-echo  record  independently  as  discussed 
below.  This  avoids  the  angular  integration  over  k  in  the  inverse  Fourier  trans¬ 
form,  and  significantly  simplifies  the  application  of  the  algorithm. 

In  order  to  illustrate  how  this  simplification  comes  about,  let  us  consider  the 
weak  scattering  limit.  Then  the  theory  of  the  last  section  is  rigorously  valid 
and  Eq.  2-2  becomes 


S(2k)  -  const.  Aj^OO/k2 


(3-1) 


We  have  used  the  fact  that  a(k,{y})  is  a  constant  in  the  weak  scattering  limit  as 
a  function  of  k.  For  an  ellipsoid  we  know  that  S(2k)  is  given  by  the  following 
equations 


S(2k) 


sin(2krg)  -  2krecos(2krg) 
(2kre)3 


(3-2) 


and 


2  2  2  2  2  2 
(a  cos  0sin  4  +  a  cos  0cos  d 
x  y 


+  a  2sin2e)ls 
z 


(3-3) 


Here  the  axes  of  the  ellipsoid  are  a 


(a^.a^.a^),  and  0  and  $  define  the  direction 


of  k  in  spherical  coordinates.  The  angular  dependence  of  the  shape  factor  comes 
in  strictly  through  the  function  which  we  have  called  r  (9,$).  In  a  pulse-echo 
measurement,  the  incident  direction  k  is  kept  fixed,  an  r  is  a  constant  for  that 
set  of  data.  We  note  for  a  fixed  incident  direction,  Eq.  3-2  has  the  same  form 
as  a  Fourier  transform  of  a  sphere  with  an  effective  radius  r  .  For  each  incident 

direction  k,  we  obtain  rg  in  the  following  way.  First  we  obtain  S(2|k|)  from 

Eq.  3-1.  We  then  extend  S(2|£|)  to  be  spherically  symmetric  in  k-space. 

Thus  we  obtain  the  three  dimensional  Fourier  transform  of  a  sphere  of  radius 
r  (9, ip).  This  Fourier  transform  is  then  inverted  to  yield  the  effective  radius  for 
tflat  direction.  The  resulting  effective  radius  (Eq.  3-3)  has  a  simple  geometric 
interpretation  as  shown  in  Fig.  1.  When  a  wavefront  strikes  the  surface,  it  is 
first  tangent  at  some  one  point  (which  is  an  accumulation  point  for  phase) .  The 
radius  r  is  the  distance  from  the  center  of  the  flaw  to  the  plane  of  the  wave- 
front.  Xn  important  consequence  of  Eq.  3-3  is  that  pulse-echo  measurements  along 
the  axis  of  an  ellipsoid  yield  the  axis  length  directly.  For  example,  a  measure¬ 
ment  along  the  a  axis  yields  an  effective  radius  equal  to  ax.  Hence  one  can 
obtain  the  length  of  the  ellipsoid  axes  directly  from  three  measurements  if  one 
knows  the  orientation  of  the  ellipsoid. 


So  far  we  have  been  discussing  the  weak  scattering  limit  for  the  sake  of  illustra¬ 
tion.  The  appropriate  extension  to  the  strong  scattering  case  is  straightforward 
Equation  2-2  is 
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S(2k)  s  const.  A(k)/(k2aQSA(k,{ii})) 


(3-4) 


For  a  given  incident  direction  a(k,{y})  is  just  a  constant  since  it  doesn’t  depend 
on  |k|  in  the  quasi-static  approximation.  With  this  approximation  we  recover 
Eq.  3-1  and  can  proceed  in  an  approximate  way  with  the  entire  procedure  which  was 
given  above.  Of  course  for  a  strongly  scattering  flaw,  our  analysis  is  only 
approximate  and  must  be  checked  empirically.  In  the  next  sections  we  provide  some 
empirical  tests  of  the  strong  scattering  limit. 


INVERSION  OF  EXPERIMENTAL  DATA 


We  summarize  the  initial  results  of  testing  the  algorithm,  in  its  simplified  form 
for  ellipsoids,  with  experimental  data.  More  extensive  results  and  a  comprehensive 
treatment  of  both  experiment  and  data  analysis  will  be  given  in  Ref.  7.  We  report 
results  for  a  spherical  void  with  a  radius  of  400  microns,  and  an  oblate  spheroid 
with  a  semi-major  axis  of  400y  and  a  semi-minor  axis  of  200u.  These  were  machined 
flaws  in  the  center  of  large  spheres  of  T1-6A1-4V.  Details  of  the  construction  of 
the  flaws  and  their  use  as  calibration  samples  are  given  in  Refs.  8  and  9. 

The  simplified  algorithm  allows  us  to  treat  each  pulse-echo  measurement  separately, 
and  it  yields  the  distance  from  the  center  of  the  flaw  to  the  tangent  plane  of  the 
incoming  wavefront.  For  the  sphere  we  obtained  a  single  pulse-echo  record  which 
suffices  to  determine  the  size  of  the  flaw  due  to  its  spherical  symmetry.  However, 
for  the  spheroid  we  only  examined  the  pulse  echo  record  fcr  a  measurement  along 
the  axis  of  symmetry. 

Before  presenting  the  results,  we  want  to  discuss  two  crucial  details  of  the  data 
analysis  scheme.  First,  for  sufficiently  small  wavevector,  k,  the  phase  of  the 
scattering  amplitudes  must  be  constant  and  zero.  This  reflects  the  fact  that  the 
real  part  of  the  scattering  amplitude  rises  as  k2  for  small  k  while  the  imaginary 
rises  much  more  slowly.  This  constraint  on  the  phase  allows  one  to  establish  the 
phase  of  the  experimental  data,  which  otherwise  would  not  be  entirely  determined  (7). 
The  second  point  concerns  the  effects  of  limited  bandwidths.  A  lack  of  low 
frequency  data  would  leave  the  phase  of  the  data  undetermined  as  just  indicated. 

A  lack  cf  high  frequency  data  causes  the  characteristic  function  to  be  blurred,  and 
this  introduces  some  uncertainty  in  determining  the  size  of  the  flaw.  In  large 
part  the  effects  of  blurring  due  to  the  limited  bandwidth  can  be  overcome  by  an 
appropriate  calibration  procedure.  For  the  simplified  form  of  the  algorithm,  the 
analysis  is  carried  out  in  terms  of  equivalent  spheres.  The  effects  of  a  limited 
high  frequency  bandwidth  on  the  characteristic  function  of  a  sphere  can  be 
determined  in  the  following  way.  We  consider  the  Fourier  transform  of  a  sphere  in 
k-space.  We  then  bandlimit  it  with  a  rectangular  window  extending  from  k-0  to 
k  .  Then  we  transform  it  back  to  r-space.  The  resulting  curves  can  then  be 
compared  to  the  experimentally  determined  characteristic  functions  and  thus  serve 
as  a  calibration  for  the  effects  of  blurring. 

Inverting  the  pulse  echo  data  for  the  sphere  (0<ka<4)  where  a  is  the  radius.  We 
find  a  radius  of  approximately  400y  with  an  uncertainty  of  about  40y  •  This 
should  be  compared  to  the  exact  value  of  400u.  The  inversion  of  the  spheroid  data 
yields  an  estimate  of  the  semi-minor  axis  of  220y  with  an  uncertainty  of  about  20u. 

The  exact  value  is  200y.  We  consider  these  results  to  be  quite  encouraging.  It  is 
clear  however,  that  considerably  more  scattering  data  for  other  orientations  of  the 
spheroids,  for  other  materials  and  for  other  types  of  volume  flaws  (e.g.  inclusions) 
will  be  necessary  before  the  algorithm  can  be  considered  fully  tested.  To  partially 
examine  these  questions  we  turn  to  the  theoretically  generated  data  of  the  next  sectic 
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r/a0 


Fig.  2.  The  calculated  characteristic  function  for  a 
spherical  void  of  radius  a0  in  titanium.  The  result  was 
obtained  by  inverting  theoretical  scattering  amplitudes 
with  a  bandwidth  0<kao<10. 


INVERSION  OF  THEORETICAL  DATA 

The  inversion  algorithm  was  tested  for  three  different  flaws  in  titanium  using  data 
generated  from  theory.  The  first  flaw  was  a  spherical  void  with  0<ka<10.  The 
second  flaw  was  a  2-1  oblate  spheroid  with  0<ka<4  (where  a  denotes  the  semi-major 
axis).  The  third  flaw  was  a  2-1  prolate  spheroid  with  0<kb<4  (here  we  define  b  as 
the  semi-minor  axis) .  The  sphere  data  was  generated  using  the  exact  theory  of 
Ying  and  Truell  and  isotropic  elastic  constants  for  titanium.  The  T-matrix  method 
was  used  to  obtain  the  scattering  amplitudes  for  the  (400u  by  200u)  prolate  and 
oblate  spheroidal  flaws. 


The  spherical  flaw  is  considered  first.  Figure  2  shows  the  characteristic  function 
obtained  from  the  inversion  procedure.  Using  the  50%  point  to  define  the  boundary, 
we  find  that  the  radius  is  determined  to  within  about  5%.  We  note  that  the 
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inversion  procedure  was  tested  for  sensitivity  to  noise  for  this  spherical  flaw  and 
found  to  be  quite  insensitive  (7). 

The  preliminary  analysis  of  the  spheroidal  data  is  confined  to  an  approximate 
determination  of  the  semi-major  and  semi-minor  axes  using  the  simplified  theory 
of  section  III.  The  simplified  theory  has  the  feature  that  a  pulse-echo  waveform 
along  one  of  the  axes  can  be  used  to  determine  the  radius  of  an  equivalent  sphere 
with  the  radius  of  that  axis.  In  figure  3  we  show  the  characteristic  function 
derived  from  the  pulse-echo  waveform  measured  along  the  semi -minor  axis.  Figure  4 
is  the  equivalent  result  for  the  semi-major  axis.  Using  these  results  we  obtain 
estimates  of  420y  and  210u  for  these  axes  compared  to  the  exact  results  of  400y 
and  200y. 

Similar  results  for  the  oblate  spheroid  are  360y  and  210y  compared  to  exact  values 
of  400y  and  200y. 

In  section  IV  we  calculated  the  characteristic  function  for  the  semi-minor  axis  of 
an  oblate  spheroid  from  experiment.  In  this  section  we  computed  the  same  result 
using  scattering  amplitudes  obtained  from  the  T-matrix  method.  We  now  compare 
both  results  (with  a  bandwidth  0<kb<2) .  The  results  are  shown  in  Fig.  5,  and  the 
agreement  is  essentially  exact. 


Fig.  3  Calculated  characteristic  function  for  the 
semi-minor  axis  of  the  prolate  spheroid  using  theory 
data  with  a  bandwidth  of  C<kb<4. 
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Fig.  4  Calculated  characteristic  function  for  the 
semi -major  axis  of  the  prolate  spheroid  using  the  theory 
data  with  a  bandwidth  of  0<ka<4. 
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Fig.  5  The  calculated  characteristic  functions  for  the 
semi -minor  axis  of  the  oblate.  Theory  and  experiment  are 
compared. 


CONCLUSION 

We  have  presented  an  inversion  algorithm  for  the  intermediate  scattering  regime 
when  the  size  cf  the  flaw  is  comparable  to  the  wavelength  of  the  ultrasound. 

Tests  of  the  algorithm  were  performed  for  the  case  of  spherical  and  spheroidal 
voids  in  titanium.  Good  results  were  obtained  for  the  size  and  shape  of  the 
flaws.  These  results  suggest  that  this  algorithm  may  be  of  practical  use  for  the 
non-destructive  testing  community  in  determining  the  characteristics  of  volume 
type  flaws  in  various  solids. 
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I.  INTRODUCTION 

The  inverse  scattering  problem  for  an  arbitrary  target  cannot  be  solved  exactly 
in  practice.  The  reason,  quite  apart  from  mathematical  complexities,  is  that 
the  scattering  function  must  be  known  for  an  infinite  range  of  certain  param¬ 
eters  and  consequently  would  require  an  infinite  number  of  measurements  (1). 
Practical  approaches  must  compromise  and  restrict  the  measurements  to  an  avail¬ 
able  range  of  the  variables  which  are  frequency  and  observation  angle.  The  re¬ 
sults  are  thus  approximate,  and  require  the  interpretation  of  an  observer.  The 
observer,  assuming  a  human,  uses  a  priori  information  in  terms  of  expected  tar¬ 
get  shape  and  previous  experience  and  declares  the  identify  of  the  target.  The 
goal  of  the  observer  is  to  correctly  identify  the  target,  i.e.,  to  minimize  the 
probability  of  a  wrong  decision.  A  similar  process  of  identification  can  be 
done  automatically  much  faster  and  perhaps  with  better  results,  more  predict¬ 
able  results,  and  with  considerably  more  flexibility  regarding  input  data.  A 
common  example  is  the  radar  image  of  an  airplane  that  is  apparent  only  to  the 
trained  observer.  It  is  possible  to  train  an  automatic  classifier  by  feeding 
all  the  possible,  or  probable,  radar  images  relating  to  the  expected  types  of 
airplanes  and  thus  duplicate  the  performance,  of  the  human  observer  with  his  ex¬ 
perience.  It  is  not  necessary,  however,  to  be  restricted  to  visual  displays 
or  images  for  an  automatic  classifier  to  provide  reliable  target  identification. 
Any  set  of  features  uniquely  representing  a  set  of  targets  will  do.  Indeed  the 
problem  may  be  treated  in  a  fashion  similar  to  the  communication  problem  of  mes- 
age  transmission.  If  a  message  is  properly  encoded  and  then  transmitted  through 
a  noisy  channel  an  optimum  receiver  can  be  designed  to  receive  and  decode  the 
message  with  minimum  probability  of  error.  The  target  identification  problem 
is  more  restricted  in  the  encoding  aspect  since  we  have  a  limited  access  to  the 
target  via  its  radar  (or  acoustic)  illumination  and  the  resulting  return.  The 
optimum  choice  of  the  illumination  parameters  corresponds  to  the  optimum  com¬ 
munication  code.  But  beyond  this  point,  the  signal  reception  and  decision  proc¬ 
essor  may  be  optimized  using  the  well  established  techniques  of  decision  theory 
which  are  capable  of  optimum  use  of  any  a  priori  knowledge  regarding  the  targets 
and  their  environment  and  will  produce  the  most  reliable  decisions  consistent 
with  the  above  conditions.  It  is  also  possible  to  include  in  the  decision  proc¬ 
ess  certain  cost  functions  such  as  Is  done  in  target  detection,  where  desired 
false  alarm  probability  versus  detection  probability  are  set  in  advance.  Thus 
it  may  be  considered  more  important  not  to  err  regarding  some  target  identities 
as  compared  to  others.  Decision  theoretic  techniques  have,  indeed,  been  applied 
to  pattern  recognition  problems  (2),  Including  the  target  identification  (3,4). 

The  most  difficult  part  of  the  target  identification  problem  is  feature  selection 
since  there  are  no  analytical  techniques  that  can  be  used  to  obtain  an  optimum 
set.  The  effectiveness  of  a  feature  set  can  only  be  evaluated  after  the  fact 
and  optimality  often  can  only  be  tested  by  an  exhaustive  search.  On  the  other 
hand  the  choice  of  appropriate  features  for  target  identification  can  be  readily 
made  if  the  physics  of  the  problem  is  well  understood.  It  is  important  to  note 
that  most  pattern  recognition  techniques  are  best  suited  for  statistical  prob¬ 
lems  where  the  patterns  are  random  and  are  specified  in  terms  of  their  statis¬ 
tics.  In  the  target  identification  case  the  targets  are  usually  specified  pre¬ 
cisely  and  their  responses  to  an  electromagnetic  or  acoustic  excitation  is 
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predictable  within  measurement  errors.  The  problem  is  therefore  deterministic 
and  the  random  aspects  are  due  to  noise,  measurement  errors  and  unknown  observa¬ 
tion  angles.  Thus  the  object  is  to  choose  features  that  would  provide  reliable 
identification  in  the  presence  of  corruptive  influences,  v:hich  is  again  similar 
to  the  communication  problem  or  more  precisely  a  hypothesis  testing  problem. 

The  various  hypotheses  relate  to  the  presence  of  the  various  possible  targets. 
Given  a  set  of  relevant  features  the  procedure  then  reduces  to  the  choice  of 
the  most  likely  hypothesis  based  on  the  parametric  values  of  the  features.  In 
the  following  sections  we  will  discuss  the  choice  of  features,  the  technique 
used  to  identify  targets  based  on  these  features,  and  the  identification  results 
obtained  for  both  simple  and  complex  objects. 

II.  FEATURE  SELECTION 

The  features  selected  should  be  directly  related  to  the  physical  properties  of 
each  target  that  distinguish  it  from  other  targets.  Thus  if  targets  differ  in 
volume  or  size  then  the  features  should  represent  volume  or  size  respectively. 

In  order  to  assure  successful  identification  one  must  derive  an  unequivocal  re¬ 
lationship  between  a  target  response  parameter  and  the  volume  or  size  of  the 
target.  Many  attempts  were  made  in  the  past  to  relate  any  set  of  measured  re¬ 
sponses  to  a  set  of  targets  and  determine  empirically  a  relationship  based  strict¬ 
ly  on  the  data  available,  called  a  learning  set.  Such  approaches  usually  fail 
since  the  relationship  derived  is  likely  to  be  accidental.  This  approach  is 
appropriate  for  patterns  specified  statistically  since  the  statistics  can  be 
learned  from  representative  samples.  This  approach  is  inappropriate  for  a  de¬ 
terministic  problem  since  there  is  usually  much  less  room  for  error  in  that  the 
targets  are  often  quite  similar  and  statistically  would  most  likely  appear  as 
a  single  class.  An  example  of  this  is  the  case  for  target  identification  from 
radar  returns.  Attempts  to  use  signatures  at  high  frequencies  such  as  x  band 
did  not  succeed  since  no  inherent  relationships  were  established  for  feature 
selection.  On  the  other  hand  when  low  frequency  scattering  returns  were  used 
which  were  shown  to  be  directly  related  to  object  sizes  and  shapes  the  results 
were  very  gratifying  (3, 4, 5, 6).  In  the  above  case  of  radar  the  frequency  "ange 
of  operation  was  chosen  in  view  of  a  proven  physical  relationship.  Other  fre¬ 
quency  ranges  may  be  shown  to  be  relevant  to  certain  target  characteristics  and 
accordingly  adopted.  Once  the  frequency  range  is  determined  the  specific  fre¬ 
quencies  chosen  are  subject  to  an  optimization  search.  Of  course  the  number 
of  frequencies  used  is  an  appropriate  parameter.  It  is,  however,  a  very  costly 
parameter  and  at  least  in  the  radar  case  its  use  must  be  minimized.  Of  course, 
the  dimensionality  of  the  feature  vector  should  always  be  minimized  since  it 
simplifies  both  measurement  as  well  as  computational  complexity.  Examining  the 
features  available  in  the  frequency  domain,  amplitude,  phase  and  polarization 
are  available  at  each  frequency  used.  More  succinctly  expressed  the  complex 
scattering  matrix  providing  six  independent  components  is  available  at  each  fre¬ 
quency.  The  six  components  are  the  real  and  imaginary  components  at  each  polari¬ 
zation  and  the  cross  polarized  components  (4).  The  "cost"  of  each  feature  as 
well  as  its  effectiveness  vary.  The  amplitude  feature  is  the  easiest  to  obtain 
and  corresponds  to  the  conventional  radar  cross  section,  but  it  is  limited  in 
its  effectiveness.  The  phase  information  is  very  useful  when  combined  with  the 
amplitude  in  producing  a  highly  reliable  identification,  as  will  be  shown  below. 

It  is,  however,  much  harder  to  extract  the  phase  information  in  addition  to  re¬ 
quiring  a  coherent  radar,  as  compared  to  the  amplitude  for  which  an  incoherent 
radar  is  adequate.  Polarization  is  a  very  desirable  feature  since  it  tends  to 
compensate  for  observation  angle  dependence  and  target  orientation.  Most  tar¬ 
gets  exhibit  polarization  dependence  due  to  their  shape.  For  example,  a  long 
relatively  thin  object,  such  as  a  missile  or  airplane  fuselage  will  exhibit  a 
much  stronger  response  to  a  signal  polarized  parallel  to  its  long  dimension  as 
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compared  to  one  polarized  perpendicular  to  it.  Having  both  polarizations  assures 
a  relatively  strong  return  independently  of  the  orientation  of  the  objects  with 
respect  to  the  radar. 

An  alternate  set  of  features  to  the  frequency  domain  may  be  obtained  by  time 
sampling  of  the  return  signal  and  utilizing  the  samples  as  features.  Theoret¬ 
ically  the  time  and  frequency  domain  representations  of  the  return  signal  are 
equivalent,  but  the  effectiveness  of  a  subset  of  time  samples  vs  frequency  do¬ 
main  features  is  quite  different  especially  when  the  subset  is  small. 

Another  set  of  features,  quite  attractive  In  principle,  are  the  poles,  or  reso¬ 
nances,  of  the  object  (7)  which  could  represent  the  object  independently  of  its 
observation  angle.  Also  the  dominant  poles  are  quite  small  in  number,  assuring 
a  small  dimensionality  for  the  feature  vector.  So  far,  however,  it  has  been 
difficult  to  extract  the  required  poles  with  sufficient  accuracy  to  provide  re¬ 
liable  target  identification. 

As  may  be  inferred  from  the  above  discussion  various  sets  of  features  have  been 
tried  and  the  frequency  domain  features  located  in  the  low  frequency  range  have 
been  selected  as  the  most  effective  ones.  Comparative  studies  were  made  of  the 
effectiveness  of  various  subsets  of  features  and  the  results  will  be  presented 
in  section  IV. 

III.  CLASSIFICATION 

The  classification,  or  identification,  process  utilizes  the  selected  features 
and  bases  its  decision  on  the  numerical  values  of  these  features  as  observed 
by  the  receiver.  As  mentioned  in  the  introduction  the  process  of  feature  se¬ 
lection  is  somewhat  analogous  to  the  encoding  process  in  communication.  It  in¬ 
herently  determines  the  locations  of  the  signals  or  target  returns  in  feature 
space  or  signal  space.  In  the  communication  encoding  process  the  attempt  is 
made  to  locate  each  symbol  as  far  as  possible  from  other  symbols  so  as  to  mini¬ 
mize  the  chance  that  noise  and  errors  will  push  one  symbol  into  the  region  of  an¬ 
other,  thus  causing  a  decision  error.  The  location  in  feature  space  of  the  dif¬ 
ferent  targets  is  represented  by  continua  of  points  corresponding  to  the  values 
of  the  scattering  parameters  for  say  the  polar  observation  angles  0  and  <j>.  They 
thus  form  a  two  dimensional  surface  in  hyperspace  of  a  dimensionality  equal  to 
the  number  of  features  used  (8).  It  is  obvious  that  it  is  not  possible  to  lo¬ 
cate  these  distributions  corresponding  to  different  targets  at  arbitrary  dis¬ 
tances  or  locations  in  feature,  or  signal,  space.  Indeed  they  may  not  even  be 
separable,  that  is,  two  different  objects  may  produce  the  same  scattering  re¬ 
turns  for  one  or  more  observation  angles.  This  is  particularly  true  when  the 
targets  are  similar  in  shape,  such  as  in  airplane  identification.  If  the  tar¬ 
gets  are  separable  In  feature  space  it  is  possible  to  attain  arbitrarily  low 
identification  errors  when  the  noise  and  measurement  errors  are  sufficiently 
low.  Targets  that  are  relatively  simple  in  shape  and  different  such  as  a  cube 
and  a  sphere,  or  a  cone  and  a  cylinder,  can  be  shown  to  be  separable,  indeed  lin¬ 
early  separable  (see  section  IV).  There  are  various  transformations  (2)  mostly 
non  linear  that  can  place  the  various  targets  at  large  separations  in  a  trans¬ 
formed  space,  thus  apparently  capable  of  suppressing  classification  errors  due 
to  noise.  Such  transformations  are  most  often  misleading  in  that  they  also  dis¬ 
tribute  the  noise  and  measurement  errors  over  large  regions  of  the  transformed 
space  and  provide  no  advantage  for  the  target  identif ication  problem.  If  prop¬ 
erly  treated,  however,  some  transformations  can  be  obtained  that  do  improve  per¬ 
formance  (9).  The  difficulties  due  to  the  Inherent  similarities  between  objects 
cannot  be  overcome  by  data  manipulations.  In  fact  the  selection  of  an  optimum 
classification  algorithm  is  far  less  important  than  the  choice  of  the  appropri¬ 
ate  features.  This  applies  particularly  to  deterministic  problems  as  contrasted 
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to  statistical  ones.  As  the  data  representing  the  various  targets  approach  each 
other  (for  basically  similar  targets)  it  becomes  more  difficult  to  effect  a  global 
separation  and,  if  possible,  one  should  resort  to  local  discrimination.  For 
example,  in  the  case  of  aircraft  in  flight  it  is  possible  to  determine  with  fair 
accuracy  the  aircraft  orientation  with  respect  to  the  radar.  This  information 
permits  the  identif ication  of  the  aircraft  based  on  local  rather  than  global 
differences  between  the  scattering  characteristics  of  the  alternate  aircraft 
considered.  The  orientation  information  reduces  substantially  the  misclassi- 
fication  probabilities  and  may  eliminate  class  overlap  which  puts  a  non  zero 
lower  bound  on  misclassification  probability.  The  above  is  an  example  of  the 
importance  of  utilizing  any  a  priori  information  available  for  the  classification 
process. 

The  classification  algorithms  used  to  produce  the  results  shown  in  section  IV 
were  the  linear  discriminant  and  the  Nearest  Neighbor  Rule.  The  linear  discrimi¬ 
nate  (2)  searches  for  a  hyperplane  in  the  multidimensional  feature  space  that 
would  separate  the  classes  and  then  provide  a  linear  decision  surface  permitting 
the  identification  of  an  observed  target  return  by  its  location  with  respect 
to  the  hyperplane.  An  optimum  choice  of  such  a  hyperplane  is  one  that  minimizes 
the  average  probability  of  misclassif ication.  The  linear  discriminant  is  straight¬ 
forward  to  apply  and  permits  easy  computation  of  the  resulting  misclassification 
probabilities.  The  Nearest  Neighbor  Rule  (2)  as  its  name  implies,  classifies 
an  unknown  target  return  to  a  class  to  which  its  nearest  neighbor  belongs.  The 
Nearest  Neighbor  Rule  is  a  nonparametric  classifier  in  that  is  does  not  require 
knowledge  of  the  signal  or  noise  statistics  and  is  by  its  very  nature  a  local 
test:'  The  Nearest  Neighbor  Rule  is  thus  ideally  suited  for  discrimination  of 
objects  of  similar  overall  shapes  and  only  local  variations.  The  next  section 
presents  the  classification  performance  for  both  simple  and  complex  shapes. 

IV.  PERFORMANCE  RESULTS 

The  classification  performance  for  simple  shapes  has  been  previously  reported 
(3,4,9)  and  only  a  limited  sample  will  be  shown  here,  mostly  for  convenience. 

As  to  complex  shapes,  such  as  airplanes,  the  performance  for  four  airplanes  of 
similar  size  has  been  published  (3,4).  The  results  shown  here  involve  a  much 
more  extensive  group  of  aircraft  in  both  size  and  shape  varying  from  a  Mi g  19 
to  a  Bl.  The  effect  of  feature  selection  as  well  as  dimensionality  will  be 
demonstrated. 

The  method  of  selection  of  training  sets  and  test  sets  is  as  follows:  The  "train¬ 
ing  sets"  consist  of  the  scattering  data  obtained  either  by  measurement  or  com¬ 
putation.  In  the  case  of  simple  shaped  objects  such  as  a  sphere,  cube,  cone, 
etc.,  the  data  were  obtained  by  measurement.  In  the  case  of  airplanes  the  com¬ 
plex  scattering  matrix  was  obtained  by  computation  (10).  The  training  sets  pro¬ 
vide  the  information  that  is  needed  to  choose  the  appropriate  hyperplane  in  the 
case  of  the  linear  discriminant  classifier,  and  the  class  representation  prox¬ 
imity  which  will  determine  class  belonging  of  an  unknown  target  in  the  Nearest 
Neighbor  classifier.  The  "test  sets"  representing  the  "unknown"  are  obtained 
by  adding  to  the  training  set  gaussian  noise  whose  variance  is  proportional 
to  the  scattering  cross  section  of  the  target.  The  constant  of  proportionality 
Is  varied  and  the  misclassification  probability  Is  plotted  as  a  function  of  the 
noise  level  injected.  Thus  for  o=C. 1  the  noise  standard  deviation  is  10%  of 
the  average  level.* 


*The  only  exceptions  to  the  normalization  of  noise  are  the  first  two  figures 
where  the  noise  standard  deviation  is  given  in  terms  of  centimeters  which  com 
pares  directly  to  the  square  root  of  the  scattering  cross  section. 
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The  noise  model  representing  the  noise  and  errors  of  a  radar  system  should 
have  both  additive  and  multiplicative  components.  The  additive  components  cor¬ 
respond  to  corruptive  influences  such  as  thermal  noise  and  the  multiplicative 
components  reflect  such  effects  as  measurement  errors  and  clutter.  Because  of 
the  mathematical  complexity  introduced  by  multiplicative  noise,  the  noise  model 
chosen  here  is  additive  only  but  represents  the  multiplicative  components,  which 
are  signal  level  dependent,  by  normalizing  the  noise  variance  to  the  signal  power 
level.  This  normalization  of  the  noise  further  removes  such  parameters  as  range 
to  the  target,  antenna  gains,  transmitter  power,  etc.  from  affecting  the  rela¬ 
tive  strengths  of  noise  vs  signal.  The  statistical  nature  of  the  noise  model 
is  gaussian  due  to  the  assumption  that  several  relatively  independent  sources 
of  noise  and  error  contribute  to  the  total  corruptive  influence;  invoking  the 
central  limit  theorem  their  sum  tends  to  a  gaussian  distribution. 

It  should  be  borne  in  mind  that  the  precise  nature  of  the  noise  is  less  important 
than  its  effect  on  the  classification  performance.  Thus  no  attempt  is  made  to 
combat  the  noise  effect  by  devising  schemes  taylored  to  its  statistics.  The 
noise  serves  strictly  the  purpose  of  determining  the  degradation  of  performance 
with  increasing  noise  levels,  and  the  assessment  of  such  performance  as  the  se¬ 
lected  feature  sets  are  varied. 

The  classification  performance  of  "simple  objects"  is  represented  by,  a  cube 
2.1  cm  on  the  side,  a  hemispherical  boss  of  diameter  2.385  cm,  a  60°  cone  with 
a  base  of  4.3  cm,  a  prolate  spheroid  4.77  cm  by  2.38  cm.,  a  square  plate  2.1 
cm  on  the  side  and  .006  cm  thick,  a  wire  .015  cm  in  diameter  and  3  cm  long,  and 
3  spheres,  2  metal  ones  2  cm  and  3  cm  in  diameter  and  a  dielectric  one  having 
a  diameter  of  2  cms  and  a  relative  dielectric  constant  e  =  2.208.  All  of  the 
objects  except  for  the  lasc  one  were  metal  (highly  conducting).  The  features 
used  were  amplitude  returns  at  10  harmonically  related  frequencies  from  1.08 
GHz  through  10.8  GHz,  thus  the  wavelengths  varied  from  about  2.7  centimeters  to 
27  centimeters.  The  sizes  of  the  objects  in  terms  of  wavelengths  were  from  a 
tenth  of  a  wavelength  to  one  wavelength.  This  frequency  range  was  found  to  pro¬ 
vide  the  relevant  information  of  a  target's  size  and  gross  shape  characteris¬ 
tics  (3). 

The  scattering  measurements  were  taken  at  10°-15°  increments  in  0  and  <)>  polar 
coordinates.  The  grid  density  was  chosen  in  each  case  to  assure  that  any  sig¬ 
nificant  changes  in  scattering  parameters  were  represented.  The  performance 
shown  in  Fig.  1  displays  the  probability  of  misclassifying  one  of  the  objects, 
a  hemispherical  boss  from  each  one  of  the  others.  It  is  representative  of  other 
pairwise  classifications  of  the  objects  listed.  As  can  be  seen  the  probability 
of  misclassif ication  Is  quite  low  indicating  a  good  reliability  of  identifica¬ 
tion  when  only  alternative  targets  are  possible,  namely  pairwise  classification. 
Wherl  any  one  out  of  K( >2)  classes  are  potentially  present  it  is  possible  to  com¬ 
bine  the  K  classes  Into  two  sets,  one  containing  only  one  class  and  the  other 
consisting  of  the  remaining  (K-l)  classes.  This  procedure  reduces  a  multiclass 
problem  to  one  of  pairwise  classification,  but  may  cause  difficulties’.  The  classes 
grouped  together  may  not  be  sufficiently  similar  to  each  other,  or  may  not  as 
a  group  be  distinct  from  the  remaining  object.  It  can  be  seen  from  Fig.  2  that 
the  misclassification  probabilities  indeed  depend  on  the  groupings  and  that  some 
do  not  produce  very  satisfactory  results.  The  difficulties  encountered  in  the 
multiclass  case  do  not  reflect  the  close  proximity  or  inseparability  in  feature 
space  of  the  objects  considered  but  rather  the  particular  method  used  for  clas¬ 
sification.  As  discussed  above,  the  linear  discriminant  approach,  although 
straightforward  and  simple  to  Implement  and  evaluate,  is  not  very  effective 
unless  the  different  object  classes  can  be  easily  separated  by  hyperplanes. 
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p. 


1.  half  sphere  vs.  spheroid 

2.  half  sphere  vs  cube 

3.  half  sphere  vs  plate 

4.  half  sphere  vs  2  ca  dielectric  sphere 

5.  half  sphere  vs  60°  cone 

6.  half  sphere  vs  thick  wire 

7.  half  sphere  vs  3  cn  sphere 

S.  half  sphere  vs  2  cn  sphere 


Fig.  1.  Average  probability  of  misclassification  for  pairwise 
classification  by  linear  discriminant  using  amplitudes 
at  10  frequencies. 
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3  cm  sphere  vs  all  others 
plate  vs  all  others 
cube  vs  all  others 

2  ait  dielectric  sphere  vs  all  others 
thick  wire  vs  all  others 
half  sphere  vs  all  others 
60®  cone  vs  all  others 
2  cm  sphere  vs  all  others 


Spheroid  was  found  not  to  be  linearly  seoarable 
from  the  rest  combined  as  one  class 


Fig.  2.  Average  probability  of  misclassification  by  a  linear 
discriminant  where  3  classes  are  combined  together  into 
1  class  and  separated  from  remaining  class,  using 
amplitudes  at  10  frequencies. 
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In  the  present  case  of  multiple  classes,  such  linear  separation  may  not  be 
possible  even  though  single  classes  do  not  overlap.  Here  the  more  effective 
approach  is  the  nearest  neighbor  rule  whose  effectiveness  is  demonstrated  in 
Fig.  3.  As  can  be  seen,  all  groups  are  separable  including  the  spheroid  vs 
all  other  objects  (curve  9).  Note  that  the  value  of  a  is  not  in  centimeters, 
but  has  been  normalized  to  the  average  of  the  object's  signal  return  which  is 
given  as  J  =  3.48  cm.  Thus  the  error  level  corresponding  to  a  =  0.5  cm  in  Fig. 
2  corresponds  to  a  =  0.144  in  Fig.  3  indicating  negligible  error  probabilities 
even  in  the  case  of  "spheroid  vs  all  others". 


p« 


1.  3  ca  sphere  vs  til  others 

2.  plate  vs  all  others 

3.  cube  vs  all  others 

4.  2  an  dielectric  sphere  vs  all  others 

5.  thick  wire  vs  all  others 
5.  half  sphere  vs  all  others 

7.  SO0  cone  vs  all  others 

8.  2  cm  sphere  vs  all  others 

9.  spheroid  vs  all  others 

• 

Fig.  3.  Average  probability  of  misclassification  by  N.N.  classifier 
where  8  classes  are  combined  together  into  1  class  and  dis¬ 
criminated  from  remaining  class,  using  amplitudes  at 
10  frequencies,  J  -  3.48. 


From  the  above  results  it  is  apparent  that  relatively  simply  shaped  objects  can 
be  reliably  identified  using  the  10  frequency  amplitude  features  selected.  Al¬ 
though  the  linear  discriminant  is  not  capable  of  handling  the  multiclass  prob¬ 
lem  the  Nearest  Neighbor  classifier  dries  provide  highly  reliable  identification 
even  in  the  presence  of  considerable  amounts  of  noise  and/or  errors.  The  suc¬ 
cess  of  the  Nearest  Neighbor  classifier  is  due  to  the  fact  that  it  considers 
the  various  alternative  classes  in  the  immediate  neighborhood  of  the  unknown 
point.  Thus,  as  long  as  each  class  occupies  a  disjoint  part  of  feature  space 
reliable  identification  can  be  achieved  with  the  precise  error  probability  de¬ 
pendent  on  signal  to  noise  ratio.  Note  that  no  a  priori  information  of  obser¬ 
vation  angle  was  required  for  the  above  shapes.  This  global  separability  or 
disjointness  in  feature  space  may  not  hold  for  basically  similar  but  complex 
objects  such  as  airplanes  to  be  considered  next.  The  global  inseparability  is 
particularly  true  when  the  dimensionality  of  the  feature  vector  is  lowered. 

Since  the  frequency  parameter,  as  mentioned  above,  is  the  most  difficult  to  come 
by,  the  attempt  was  made  to  use  first  a  single  frequency  and  utilize  not  only 
amplitude  but  phase  and  polarization  as  well.  The  objective  was  to  demonstrate 
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the  classification  performance  with  varying  features.  The  most  readily  avail¬ 
able  is  the  amplitude  of  the  return  signal,  the  next  is  the  polarization  diver¬ 
sity.  One  can  present  the  performance  for  a  fixed  linear  polarization  but  its 
utility  is  marginal  since  the  relative  orientation  of  the  target  with  respect 
to  the  target  is  unknown  and  changing  with  time,  resulting  in  variable  incident 
and  reflected  polarizations.  It  was  thus  decided  to  assume  that  both  horizontal 
and  vertical  polarizations  are  available  and  that  both  are  used.  Thus  the  first 
level  of  feature  complexity  to  be  considered  is  single  frequency  amplitude  re¬ 
turns  at  two  orthogonal  polarizations.  The  next  level  involves  the  introduction 
of  phase  information  which  is  used  to  obtain  the  quadrature  components  of  the 
signal.  At  this  stage  the  feature  vector  is  four  dimensional.  With  an  addi¬ 
tional  frequency  the  dimensionality  can  rise  to  eight.  The  set  of  airplanes 
used  for  testing  the  classification  performance  were:  Mi g  19,  Mi g  21,  Mig  25, 
F-104,  F-d,  F-14,  SR-71  and  B-l.  The  scattering  data  were  obtained  by  compu¬ 
tation  (10),  and  the  range  of  frequencies  used  was  from  2  MHz  to  24  MHz  in  in¬ 
crements  of  2  MHz.  The  target  sizes  ranged  from  a  13  m  fuselage  to  a  43  m  one 
and  wing  spans  varied  from  6  m  to  23  m.  Thus  the  target  sizes  ranged  from  the 
order  of  a  wavelength  to  a  small  fraction  of  wavelength,  which  was  consistent 
with  the  optimum  choice  of  frequency  range.  The  complex  scattering  matrix  was 
computed  for  an  observation  angle  grid  of  5°  increments  in  the  polar  coordinates 
9  and  <}>,  and  covered  the  complete  observation  sphere.  Some  information  about 
the  aspect  angle  of  the  aircraft  was  assumed  to  be  available  from  the  doppler 
and  range  data.  These  combined  with  known  airplane  flight  dynamics  can  provide 
very  close  estimates  of  observation  angle.  The  estimate  was  assumed  to  be  good 
only  to  within  -5°  in  0  and  <t>.  Thus  an  angular  region  of  10°  in  0  and  4>  cen¬ 
tered  on  selected  points  of  the  observation  sphere  were  tested  such  as  nose  on, 
|ide  view,  bottom  view,  etc.  The  scattering  matrices  for  grids  of  points  at 
-5°  in  0  and  4>  for  all  targets  considered  were  then  used  as  the  "learning  set" 
or  class  representations  in  feature  space.  The  test  sets  were  obtained  by  add¬ 
ing  to  the  above  data  random  noise  of  varying  amounts  and  computing  the  result¬ 
ing  misclassification  probabilities.  The  level  of  the  noise  was  normalized  to 
the  average  scattering  return  as  discussed  above.  The  error  probabilities  using 
a  Nearest  Neighbor  classifier  were  computed  by  Monte  Carlo  simulation,  since 
the  analytical  calculations  would  involve  multidimensional  integrations  over 
very  complicated  boundaries.  In  the  Monte  Carlo  approach  used,  600  random  num¬ 
bers  were  generated  in  each  case  and  added  to  the  noise  free  signals  to  form 
test  vectors.  These  were  then  classified  by  the  Nearest  Neighbor  rule  and  the 
number  of  misclassification  were  divided  by  the  number  of  total  trials  to  pro¬ 
vide  an  estimate  of  misclassification  probability. 

In  the  figures  below  the  following  symbols  are  used  to  represent  the  various 
airplanes:  C,  -  F104,  C2  -  Mig  19,  C3  -  F4,  C.  -  Mig  21,  Cg  -  Mig  25,  Cg  -  SR71, 
C,  -  Bl,  Co  -  F14.  As  can  be  seen  from  Fig.  4^the  performance  varies  substan¬ 
tially  witn  the  individual  airplane.  The  curves  indicate  that  when  the  test 
sample  is  a  noisy  return  from  an  F4  (C3)  it  is  much  more  likely  to  be  misclas- 
sified  than  one  returned  from  a  Bl  (C7f.  This  may  be  expected  since  the  Bl  is 
substantially  larger  than  most  of  the'group  and  will  be  located  in  a  different 
portion  of  feature  space,  thus  being  less  susceptible  to  noise  and  errors.  This 
is  particularly  true  for  the  lower  frequencies  where  the  scattering  amplitude 
is  proportional  to  the  target's  size  (Rayleigh  Range).  The  overall  performance 
is  not  too  impressive,  but  only  single  frequency  amplitudes  are  used,  namely 
two  features  (for  the  two  polarizations).  The  frequency  f-  is  4  MHz,  the  sub¬ 
script  indicates  the  multiple  of  the  fundamental  which  is  2  MHz.  The  response 
at  this  frequency  was  found  to  produce  the  best  performance.  Frequency  selec¬ 
tion  is  very  important  as  can  be  seen  by  comparing  to  the  performance  displayed 
in  Fig.  5  at  f,  =  14  MHz.  Note  that  C.  approaches  almost  unity  error  for  high 
levels  of  noise  while  C2  keeps  declining  with  increased  noise.  This  phenomenon 
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is  known  as  bias,  which  may  occur  when  one  class  if  surrounded  by  one  or  more 
other  classes  in  feature  space.  Thus  as  noise  is  added  to  the  surrounded  class 
its  elements  are  "captured"  by  the  surrounding  classes.  The  reverse  happens 
for  a  surrounding  class  and  its  error  probability  will  drop  beyond  a  certain 
noise  level  (11).  A  comparison  of  the  average  error  probability  for  the  best 
four  frequencies  is  shown  in  Fig.  6.  For  further  comparison  another  observation 
angle  performance  is  shown  in  Fig.  7.  Note  that  performance  differences  are 
very  substantial  even  among  the  best  frequencies.  Here  again  f~  is  the  optimum 
frequency. 

A  very  dramatic  improvement  in  performance  can  be  attained  by  introducing 
phase  information,  i.e.,  utilizing  the  two  quadrature  components  of  the  complex 
return.  This  is  demonstrated  in  Fig.  8  which  presents  the  misclassif ication 
probabilities  for  the  individual  airplanes  at  the  optimum  frequency  f,-.  It 
can  be  seen  that  even  for  o  =  .3  where  previous  errors  were  extreme 1 high  the 
present  errors  are  negligibly  small  and  even  for  a  =  .5  the  errors  are  relatively 
small.  The  optimum  frequency  was  found  to  be  at  the  opposite  end  of  the  fre¬ 
quency  range  from  the  previous  cases  where  amplitudes  only  were  used.  The  rela¬ 
tive  performance  of  the  various  frequencies  for  amplitudes  alone  as  well  as  for 
complex  features  is  shown  in  Fig.  9.  The  average  probability  of  misclassif i- 
cation  is  seen  to  be  drastically  lower  for  complex  returns  than  amplitudes  alone 
for  all  except  the  lowest  two  frequencies  where  the  performance  is  approximately 
the  same.  The  reason  for  lack  of  improvement  at  the  low  frequencies  is  due  to 
the  fact  that  in  the  low  Rayleigh  range  of  frequencies  the  target's  scattering 
phase  is  very  small  and  has  little  if  any  informational  content.  Utilizing  both 
quadrature  components  may  indeed  degrade  somewhat  the  performance  due  to  the 
introduction  of  additional  noise  components  in  the  higher  dimensional  feature 
vector.  As  the  phase  becomes  more  significant  at  increasing  frequencies  the 
error  is  progressively  reduced.  Note  that  this  improvement  in  performance  with 
frequency  does  not  occur  for  the  amplitude  features.  In  fact  the  performance 
progressively  deteriorates  as  the  frequency  rises  above  4  MHz.  The  reason  for 
this  behavior  can  be  seen  from  the  variation  of  the  scattering  amplitudes  with 
frequency  for  the  various  airplanes  depicted  in  Fig.  10.  As  can  be  seen  there 
is  a  substantial  spread  amplitudes  among  most  of  the  various  classes  at 
frequencies  below  8  MHz.  As  the  frequency  rises  above  6  MHz  the  largest  tar¬ 
gets  B1  (C7)  and  SR71  ( Cg )  go  through  their  first  resonance  and  their  return 
amp! itudes'start  decreasing.  From  then  on,  i.e.,  8  MHz  and  up  the  spread  of 
amplitudes  fluctuates  and  is  reflected  in  the  error  fluctuation  in  curve  A  of 
Fig.  9. 

A  comparative  evaluation  of  the  various  features  is  summarized  in  Fig.  11.  It 
is  clear  that  the  number  of  features  is  not  the  most  important  parameter  since 
curve  2  represents  the  same  number  of  features  as  curve  3  yet  it  is  far  superior 
in  performance.  Thus  the  phase  plays  a  very  important  role  in  the  identifica¬ 
tion  process  (4).  The  curve  No.  4  representing  the  utilization  of  two  frequency 
complex  returns  shows  extremely  low  error  probabilities  and  Indicates  that  the 
introduction  of  additional  frequencies  beyond  two  would  not  be  necessary,  if 
phase  information  is  available.. 
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NOISE  STANDARD  DEVIATION 

The  average  performance  at  different  Fig.  7.  The  average  performance  at  different 
frequencies,  using  single  frequency  frequencies,  using  single  frequency 
amplitude  returns.  The  observation  amplitude  returns.  The  observation 
angle  is  6=0°,  4>=0°.  angle  is  0=90  ,  <t>=0  . 
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V.  CONCLUSIONS  AND  COMMENTS 

The  above  discussion  and  results  indicate  that  reliable  target  identif ication 
is  possible  utilizing  a  limited  amount  of  data.  The  quality  of  the  results, 
or  level  of  decision  reliability  regarding  the  target’s  identity  are  dependent 
on  the  system's  sophistication,  such  as  coherence,  phase  estimates,  frequency 
agility,  and  of  course  signal  to  noise  ratio.  Of  major  importance  is  also  the 
extent  of  a  priori  information  available  regarding  the  target  such  as  airplane 
orientation. 

One  of  the  most  time  consuming  tasks  in  designing  a  target  classifier  is  the  se¬ 
lection  of  optimum  features.  Even  when  the  physical  characteristics  upon  which 
identification  is  based  are  well  understood,  there  are  still  many  alternate  fea¬ 
ture  sets  to  choose  from.  As  was  shown  the  difference  in  performance  may  be 
very  substantial  between  optimum  and  suboptimum  choices  of  features.  The  selec¬ 
tion  process  often  involves  an  exhaustive  search  which  may  be  costly  in  computer 
time.  The  classification  process  itself,  however,  when  the  features  have  been 
selected,  is  quite  rapid  and  easily  implementable  in  real  time. 

One  problem  which  should  be  mentioned  involves  the  case  of  the  unexpected  tar¬ 
get.  The  assumption  is  usally  made  in  automatic  target  identification  is  that 
a  list  of  all  possible  classes,  or  targets,  is  available  and  that  the  classi¬ 
fier  will  pick  the  one  most  likely  to  be  present,  based  on  received  data.  The 
list,  however,  may  not  be  exhaustive  since  it  may  become  excessively  long.  Thus 
the  relatively  unlikely  targets  would  not  be  listed  and  if  one  did  appear  it 
would  be  wrongly  classified  as  a  member  of  the  list.  The  problem  of  the  unex¬ 
pected  target  may  be  particularly  serious  in  a  situation  where  the  a  priori  in¬ 
formation  on  possible  target  shapes  is  limited  because  of  innovations  or  secrecy. 
A  satisfactory  solution  to  the  problem  has  been  recently  obtained  (12).  The 
technique  provides  the  alternative  of  an  unlisted  target  and  institutes  a  search 
for  its  physical  characteristics  if  one  is  detected.  The  technique  can  be  easily 
incorporated  in  conventional  classifiers  and  does  not  degrade  perceptibly  the 
overall  performance. 
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ABSTRACT 


A  technique  for  generating  a  target  image  utilizing  electromagnetic  transient 
response  signature  data  is  explained  and  demonstrated.  Geometry-related  fea¬ 
tures  of  the  time  domain  ramp  response  signature  are  discussed,  and  several  meas¬ 
ured  waveforms  are  presented.  The  imaging  algorithm  Is  discussed.  The  tech¬ 
nique  combines  features  of  physical  optics  inverse  diffraction  and  feature-space 
target  identification  approaches.  Recent  advances  Including  a  linear  direct 
search  iteration  process  for  optimizing  the  estimated  image  quality  are  discussed. 
Finally,  example  Images  using  just  2  look  angles  separated  by  30°,  a  severely 
underspecif ied  but  practical  case,  are  presented.  Possible  generalization  of 
this  approach  is  briefly  discussed. 

I.  INTRODUCTION 

This  paper  describes  recent  progress  in  the  investigation  of  techniques  for  gen¬ 
erating  the  image  of  a  radar  target  from  measured  transient  signature  informa¬ 
tion.  Specifically,  a  spatial  reference  frame  is  assumed,  and  this  frame  is 
fixed  with  respect  to  the  interrogating  radar  system(s).  A  single  target  is 
assumed  to  be  quasi  stationary  within  this  system,  centered  at  the  origin.  Back- 
scattered  signature  information  is  obtained  at  a  small  set  of  directions  within 
the  reference  frame.  Based  on  these  data,  a  three-dimensional  approximate  sur¬ 
face  is  to  be  reconstructed,  from  which  images  for  any  designated  look  angle 
may  be  produced. 

A  large  body  of  research  concerning  Physical  Optics  Inverse  Diffraction  is  per¬ 
tinent  to  this  study.  In  a  series  of  reports  Norbert  Bojarski  (1,2, 3, 4, 5)  has 
formulated  a  relationship  between  the  monostatic  scattered  far  field  cross  sec¬ 
tion  of  perfect  conductors  and  the  geometry  of  the  conductors.  The  results  are 
based  on  the  physical  optics  approximation. 

If  the  scatterer  is  expressed  In  three  dimensions  by  its  characteristic  func¬ 
tion  y(x)  where, 

1  Inside  the  body 

y(x)  (1) 

0  outside  the  body 

and  If  the  scattered  far  field  cross  section  a(p")  is  used  to  define  T(p)  where, 

r(p)  ■  Jit  Pi  Pi  *  fl-P)  (2) 

IpI 

with  Op)  *  the  field  cross  section 

p-l2*-*  0) 

IT  *  wavenumber  propagation  vector 
of  aspect; 

then  Bojarski  has  shown  that 


in  the  direction 

- - -  __ 
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Y(x)  =  — L,  f  r(p)  eip‘x  d3!  (3) 

(2ir)3 

which  is  just  a  3-dimensional  inverse  Fourier  transform  of  r(p). 

Several  other  authors  have  made  important  studies  and  extensions  of  this  work 
(6,7,8,9,10).  This  paper  treats  two  important  questions,  both  of  which  deserve 
more  study. 

1.  What  is  the  validity  and  accuracy  of  the  physical  optics  assumption  on  which 
this  technique  is  based? 

2.  The  three-dimensional  Fourier  Transform  relationship  implies  that  scatter¬ 
ing  data  at  all  look  angles  and  for  all  frequencies  is  necessary  for  rig¬ 
orous  reconstruction  of  the  target.  What  can  be  done  when  the  range  of 
possible  look  angles  is  severely  restricted  (to  within  30°  of  nose-on,  for 
example)? 

Section  II  describes  a  set  of  measurements  of  the  complex  scattering  cross-sec¬ 
tion  over  a  60:1  bandwidth  for  several  cone  targets.  From  these  data,  the  Ramp 
Response  Signature  is  generated.  This  signature,  f irst_described  by  Kennaugh 
(11)  can  be  shown  to  be  the  Fourier  transform  of  the  r(p)  discussed  by  Bojarski 
for  a  given  look  angle.  Comparison  between  the  measured  ramp  responses  and  the 
actual  target  profile  functions  (cross  sectional  area  vs  distance)  is  made. 

Section  III  discusses  the  imaging  of  these  cone  targets.  The  philosophy  of  the 
process  goes  beyond  the  inverse  diffraction,  making  use  of  some  a  priori  geo¬ 
metrical  shape  information  and  some  target  identification  concepts.  Information 
having  a  strong  correlation  with  the  target  shape  is  extracted  from  only  certain 
portions  of  the  time  domain  signatures.  A  set  of  moldable  shapes  is  postulated, 
which  embody  assumptions  on  the  target  shape.  The  moldable  "limiting  surfaces" 
are  related  to  the  signature  shape  information,  and  are  also  controlled  by  sev¬ 
eral  process  parameters.  There  is  a  limiting  surface  for  each  look  angle.  The 
image  consists  of  the  surface  defined  by  the  intersection  of  the  limiting  sur¬ 
faces.  An  automated  iterative  process  adjusts  the  process  parameters  of  the 
limiting  surfaces  until  the  agreement  between  the  images  and  all  input  signa¬ 
ture  information  is  optimized.  The  process  is  demonstrated  using  just  two  look 
angles  (0°  or  nose-on  and  30°)  for  a  cone  target. 

Some  general  conclusions  from  this  work  are  contained  in  Section  IV. 

II.  MEASURED  RAMP  RESPONSE  SIGNATURES 

A  set  of  cone  target  shapes  shown  in  Fig.  1  have  been  measured  and  imaged.  The 
Ramp  Response  Signature  for  aspect  angles  from  0°  (nose-on)  to  30°  was  generated. 

Figure  2  summarizes  the  geometry  and  the  definition  of  the  canonic  time-domain 
scattering  signatures,  including  the  ramp  response  (12).  Given  an  incident  plane 
wave  with  its  space-time  variation  respresented  by  £.(x,y,z,t) ,  a  backscattered 
time  domain  signal  T  (r,t)  is  observed  at  a  far-field  observation  point  P,  at 
a  distance  r  from  the  target.  The  time-domain  signature  waveform  is  the  retarded¬ 
time  scattered  field  value,  multiplied  by  a  far-field  normalization  factor  2r/c. 

Of  course,  a  complex  frequency-domain  spectrum  is  associated  with  each  time  domain 
signature.  If  the  incident  signal  is  an  impulse,  then  the  Impulse  Response 
F_(t)  and  its  impulse  response  spectrum  F(jw)  are  obtained.  For  the  normali¬ 
zation  chosen,  the  frequency-domain  backscattered  cross-section 
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Fig.  1.  Outlines  of  cone  targets  studied. 
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TIME  DOMAIN  FREQUENCY  DOMAIN 


Fig.  2.  Geometry  for  transient  signature  definitions. 


o(jcj)  =  ttc2 |F(  joo)  J2. 

The  step  response  is  the  first  integral  of  the  impulse  response.  The  ramp  re¬ 
sponse  is  the  second  integral  of  the  impulse  response. 

/ 

There  are  two  important  features  of  the  ramp  response  which  make  it  attractive 
for  identifying  the  target  shape.  First,  Rayleigh  showed  that 

F(ju>)  =  aQ  +  a^jw)  +  K(jio)2, 

00 

and  aQ  =  =  0,  K  «  target  volume.  Thus  /  FR(t)dt  =  K  «  target  volume.  Sec¬ 

ond,  physical  optics  analysis  using  the  Kirchoff  current  approximation  predicts 
that 


FR(t)  «  A(t), 

where  the  profile  function  A(t)  is  defined  as  the  cross-sectional  area  intercepted 
by  a  transverse  plane,  moving  at  a  velocity  of  one-half  the  speed  of  light  in 
the  same  direction  as  the  incident  field. 

Transient  response  data  can  be  obtained  by  direct  time-domain  measurement,  or 
by  complex  cross  section  measurements  over  a  broad  bandwidth  (at  least  10:1) 
in  the  frequency-domain  and  calculation  of  the  inverse  Fourier  transform.  The 
latter  technique  was  used  in  this  effort  (13).  Two  frequency-domain  systems, 
both  covering  the  range  of  about  1  to  12  GHz,  were  used  in  the  measurements. 
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A  very  sensitive  10-frequency  (1.08,  2.18,  ...  10.8  GHz)  system  was  used  to  meas¬ 
ure  the  response  of  a  set  of  models  5  cm  long.  Then  a  swept-frequency  system 
covering  1  to  8  GHz  was  used  to  measure  a  set  of  models  40  cm  long.  Using  ap¬ 
propriate  calibration  factors,  a  composite  signature  data  set  with  a  58:1  fre¬ 
quency  bandwidth  was  produced. 

A.  Ten-frequency  Radar  System 

A  block  diagram  of  the  experimental  ten-harmonic  radar  backscatter  system  is 
shown  in  Fig.  3.  In  this  system  a  single  l-band  microwave  source  is  used  to 
harmonically  generate  a  set  of  frequencies.  The  network  analyzer  receiver  local 
oscillator  is  used  to  modulate  the  higher  harmonics  (balanced  modulators),  and 
also  to  modulate  (lower  sideband)  the  L-band  signal  going  into  the  reference 
port  of  the  network  analyzer  receiver  head.  The  result  is  that  the  receiver 
head  of  the  network  analyzer  downconverts  each  of  the  harmonically  related  back- 
scattered  signals  to  the  same  IF  frequency.  The  output  of  the  network  analyzer 
is,  in  fact,  the  vector  sum  of  the  set  of  signals  being  received.  The  processing 
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Fig.  3.  10-harmonic  scattering  cross-section  measurement  system  block  diagram. 
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of  the  data  from  this  point  reduces  the  contribution  of  the  background  and  an¬ 
tenna  coupling  in  the  received  signal  and  recovers  the  individual  amplitude  and 
phase  of  the  individual  harmonics.  The  operational  procedure  is  to  move  the 
target  slowly  toward  the  radar  antennas  and  to  take  amplitude  and  phase  data 
samples  under  computer  control.  Arrays  of  amplitude  and  phase  versus  position 
data  for  the  targets  of  interest  as  well  as  the  empty  support  pedestal  and  a 
calibration  and  test  sphere  are  stored  in  the  computer.  The  raw  data  are  Fourier 
transformed  to  yield  the  amplitude  and  phase  of  the  individual  harmonics.  Any 
antenna  coupling  or  scattering  from  stationary  objects  is  rejected  at  this  point 
as  a  DC  term.  The  target  measurements  then  have  the  empty  pedestal  (background) 
data  subtracted  and  the  final  result  is  calibrated  by  using  the  calibration 
sphere  data.  In  the  end,  we  have  the  amplitude  of  the  targets  expressed  as 
absolute  radar  cross  section  (in  cm.)  and  the  phase  of  the  backscattered  return 
relative  to  the  center  of  the  calibration  sphere.  The  test  sphere  data  serves 
as  an  estimate  of  the  overall  accuracy  of  the  system. 

B.  The  Swept-Frequenc.y  Radar  System 

A  block  diagram  of  the  swept  frequency  radar  system  is  shown  in  Fig.  4.  This 
system  is  intended  for  larger  target  models  than  the  ten  frequency  system,  with 
data  being  obtained  in  finer  increments  in  frequency.  In  such  a  system,  the 
target  is  stationary,  and  the  signal  to  noise  improvement  introduced  by  the 
moving  target  data  processing  system  is  not  available.  On  the  other  hand,  the 
targets  have  radar  cross  sections  approximately  64  times  larger  due  to  their 
8  times  larger  dimensions.  The  basic  concept  of  the  swept  frequency  system  and 
the  steps  in  the  measurement  of  the  data  are  shown  below. 


TRANSMIT 


Fig.  4.  Swept-frequency  scattering  cross-section  measurement  system  block  diagram. 
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(1)  Measure  and  store  in  computer  files  amplitude  and  phase  readings  as  the 
frequency  is  stepped  over  a  band  of  frequency.  Readings  are  taken  on  the 
targets,  on  reference  and  check  spheres,  and  on  the  background. 

(2)  Subtract  (phasor  subtraction)  the  background  data  from  the  various  target 
and  sphere  data  to  remove  the  errors  due  to  various  antenna  coupling  and 
unwanted  scatter  effects. 

(3)  Use  computed  values  of  the  reference  sphere  to  calibrate  the  system  in  terms 
of  absolute  radar  backscatter  cross  section  (amplitude  and  phase). 

(4)  Use  data  on  the  check  sphere  to  confirm  the  overall  integrity  of  the  system 
and  the  data. 

The  major  problem  in  the  above  set  of  concepts  is  due  to  constraints  on  the  fre¬ 
quency  repeatability  of  the  swept  frequency  system.  If  the  background  is  to 
be  subtracted  from  the  data  on  the  various  targets,  then  the  frequency  for  each 
step  in  the  frequency  sweep  must  be  repeatable  to  a  high  degree.  The  constraint 
is  that  the  amplitude  and  phase  of  the  background  must  be  unchanged  when  the 
target  Is  introduced.  This  can  be  assured  if  the  set  of  data  samples  is  taken 
at  nearly  identical  frequencies  for  the  background  and  for  the  set  of  targets. 
Therefore,  microwave  frequency  counter  was  interfaced  to  the  instrumentation 
computer,  and  the  computer  controls  the  frequency  of  the  sweeper  as  well  as  the 
position  of  the  object  as  the  measurement  is  performed. 

C.  Typical  Target  Data 

Measured  scattering  data  are  compared  to  exact  calculations  for  a  3.5"  diameter 
metal  test  sphere  in  Fig.  5  (14).  The  data  are  normalized  and  calibrated  to 
represent  square  root  of  echo  area  (in  cm)  and  phase  with  respect  to  the  cen¬ 
ter  of  the  sphere.  Based  on  these+data  and  other  tests,  the  accuracy  of  the 
measured  data  are  estimated  to  be  -10%  in  amplitude  and  -10°  in  phase. 

Measured  data  on  a  3:1  sharp  cone  at  nose-on  look  angle  are  presented  in  Fig. 

6.  Also  shown  are  data  measured  by  Keys  and  Primich  (15)  on  a  target  of  very 
slightly  different  shape,  and  calculations  using  the  geometrical  theory  of  dif¬ 
fraction  (16)  and  equivalent  current  analysis  techniques  (17). 

Ramp  response  waveforms  for  the  six  targets  of  Fig.  1,  nose-on  incidence,  are 
shown  in  Figs.  7  and  8.  In  each  case,  the  data  have  been  normalized  as  in  Fig. 

5.  The  resulting  plots  of  area  vs  distance  are  compared  to  the  actual  profile 
function  of  the  objects  In  each  case. 

• 

Fair  agreement  between  the  ramp  responses  and  profile  functions  is  seen  In  all 
cases.  It  is  noted  that  some  reverberation  probably  due  to  diffraction  at  the 
back  face  of  the  cones,  is  evident  in  all  cases.  Also  note  that  these  58  fre¬ 
quency  band  ramp  responses  do  not  contain  sufficient  resolution  to  distinguish 
sharp  from  rounded  tips  and  edges  on  the  models.  However,  the  presence  of  a 
small  cylinder,  completely  in  the  shadow  region,  is  evident  in  the  response  of 
target  #4  compared  to  the  corresponding  response  of  the  cone  alone  -  Target  #1. 

Of  primary  importance  for  this  imaging  study  is  the  fact  that.  If  the  reverbera¬ 
tions  are  eliminated  by  a  range-gating  process,  the  time  domain  ramp  response 
gives  a  good  approximation  of  the  geometrical  shape  of  the  target,  including 
the  shadow  region,  with  some  loss  of  definition.  Thus,  out  of  all  parameters 
which  might  be  extracted  from  broadband  signature  data,  It  constitutes  a  simple 
piece  of  information,  highly  correlated  to  the  target  shape. 
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Fig.  6.  Complex  scattering  cross  section  for  a  3:1  cone, 
nose-on  look  angle. 
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III.  TARGET  IMAGING 

The  creation  of  a  three-dimensional  image  from  measured  scattering  signature 
data  is  to  be  discussed  here.  Specifically,  we  need  to  specify  the  boundaries 
of  the  three  dimensional  characteristic  function  y (x,y,z)  for  a  target,  which 
in  turn  permits  the  creation  of  an  image  at  any  look  angle.  For  the  purposes 
of  this  discussion,  isometric  views  of  the  object  will  be  presented,  since  these 
seem  to  best  portray  the  targets  in  a  single  picture. 

Direct  utilization  of  the  Fourier  Transform  relationship  of  Bojarski  is  one  ap¬ 
proach  which  might  be  used  to  find  y(x,y,z).  The  restricted  range  of  look  an¬ 
gles  can  be  viewed  as  windowing  in  the  spatial  frequency  domain,  a  situation 
which  can  easily  be  analyzed  using  standard  Fourier  transform  theory. 

If  the  reverberations  of  the  ramp  response  are  gated  out,  and  the  remainder  is 
used,  then  its  demonstrated  characteristics  have  an  important  impact  on  the  in¬ 
verse  transform  imaging  process.  Normally,  as  seen  in  Equation  (1),  the  input 
scattering  data  requires  measurement  at  a  pair  of  opposing  look  angles,  which 
are  combined  to  form  the  characteristic  scattering  function  r(p).  However,  our 
results  show  that  the  single  look  angle,  after  gating  out  reverberations,  is  the 
approximate  one-dimensional  transform  of  y(p).  Thus  the  need  for  the  antipodal 
look  angle  is  eliminated. 

Gross  (18)  has  studied  the  problem  of  narrow  aspect  angle  windowing  in  the  phy¬ 
sical  optics  inverse  diffraction  process.  For  example.  Fig.  9  shows  a  grey  scale 
plot  of  a  twg-dimensi<j)nal  triangle,  using  ideal  scattering  data  which  has  been 
windowed  to  -60°  and  -30°  from  nose-on.  For  the  30°  window,  the  "back"  face 
is  well  defined,  but  severe  degradation  of  the  front  point  almost  completely 
obscures  its  trangular  shape. 

The  limiting  surface  imaging  technique  is  an  attempt  to  improve  image  quality 
in  cases  like  the  one  above,  by  embodying  a  priori  information  into  the  process. 
This  is  done  by  building  the  image  object  from  a  set  of  moldable  limiting  sur¬ 
faces,  one  for  each  look  angle  (19). 

The  limiting  surface  for  each  look  angle  has  a  profile  function  specified  by 
the  measured  ramp  response.  However,  its  boundaries  consist  of  a  shape  deter¬ 
mined  by  a  combination  of  a  priori  and  process  parameters.  For  example,  the 
limiting  surfaces  used  here  have  elliptical  cross-sections  perpendicular  to  the 
look  angle  whose  size  is  determined  by  the  profile  function  at  the  given  distance, 
and  whose  orientation  and  alignment  are  determined  by  a  set  of  process  param- 
ters.  The  final  image  is  the  intersection  (the  region  common  to  all  limiting 
surfaces)  of  the  limiting  surfaces.  It  has  been  shown  that  a  wide  variety  of 
simple  shapes  may  be  accurately  formed  from  these  surfaces.  In  some  cases,  the 
nature  of  the  image  might  be  known  more  specifically,  such  as  an  aircraft.  Thus 
a  set  of  moldable  wing,  fuselage,  and  empannage  shapes  might  be  used  instead. 

The  process  parameters  used  with  the  elliptical  limiting  surfaces  are  shown  in 
Fig.  10  (20).  Two  of  the  parameters,  9  and  $  specify  the  look  angle. of  a  par¬ 
ticular  profile  function.  The  remaining  parameters  are  in  general,  unknown  and 
require  a  priori  knowledge  of  the  target  geometrty  or  iterative  manipulation 
to  achieve  the  best  image.  A  complete  set  of  these  parameters  must  be  specified 
for  each  look  angle.  A  straight  line  along  which  the  centers  of  ellipses  are 
to  be  aligned  must  be  specified.  This  center  line  is  described  by  two  angles, 
a  and  £.  a  Is  the  angle  between  the  center  line  and  the  look  angle  axis.  8 
gives  the  rotation  of  the  center  line  about  the  look  angle  axis  with  the  y  axis 
as  the  B*0  reference,  y  describes  the  tilt  of  the  ellipses  about  the  center 
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line  and  is  also  referenced  to  the  y  axis.  In  addition  the  aspect  ratio,  R, 
for  the  ellipses  must  be  specified. 


Fig.  10.  Specification  of  angles  used  in  imaging  algorithm. 


Functionally  the  imaging  algorithm  can  be  described  as  follows.  For  a  given 
point  in  the  x-y  plane  the  program  iterates  through  values  of  z.  For  each  z 
value  the  area  of  an  ellipse  which  passes  through  that  point,  using  the  param¬ 
eters  specified,  is  calculated  for  each  look  angle.  If  the  areas  of  all  the 
ellipses  are  found  to  be  less  than  the  values  specified  by  the  corresponding 
input  profile  functions,  then  the  point  is  assumed  to  lie  within  the  volume 
of  the  target.  The  points  with  minimum  and  maximum  z  values  which  are  found 
to  be  interior  to  the  target  then  become  a  surface  contour  in  a  constant  x 
plane.  A  complete  contour  is  swept  out  by  repeating  this  process  while  iter¬ 
ating  over  y  and  holding  x  fixed.  Finally  a  complete  set  of  contours  describing 
the  target  surface  are  drawn  by  iterating  over  x.  Portions  of  contours  which 
should  be  visually  obscured  by  preceding  contours  are  omitted  to  heighten  the 
image's  3-dimensional  effect. 

The  correspondence  between  an  elliptical  cross  section  and  profile  function  is 
depicted  in  Fig.  11.  The  look  angle  is  in  the  x-y  plane  with  4>=45°.  An  el¬ 
lipse  perpendicular  to  the  look  angle  and  passing  through  the  point  p  is  shown. 
The  ellipse  has  area  a  which  is  also  the  value  of  the  profile  function  at  the 
corresponding  point  along  the  look  angle  axis.  Therefore  the  point  p  lies  pre¬ 
cisely  on  the  target's  surface.  A  surface  contour  containing  p  is  also  indi¬ 
cated.  When  several  look  angles  are  used,  the  final  result  is  the  same  as  if 
a  separate  image  surface  were  calculated  for  each  look  angle  and  their  inter¬ 
section  taken  as  the  actual  image  surface. 

B.  A  Criterion  for  Determining  Image  Accuracy 

One  method  of  determining  image  quality  would  be  a  visual  comparison  of  an  image 
to  it's  corresponding  target.  However,  a  target  being  imaged  is  in  general  un¬ 
known.  A  more  objective  measure  is  the  volume  error  between  the  input  and  output 
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functions.  Volume  error  is  defined  as: 


evol. 


>Ain(x)  •  Aout(x)ldx 

*00 

/  Ain(x)dx 
-00 


(4) 


where  A,  (x)  is  the  ramp  response  or  input  profile  functiton  and  A  t(x)  is  the 
output  profile  function  for  the  image  along  a  given  look  angle.  Volume  error 
therefore  is  expressed  as  the  actual  error  volume  between  the  input  profile  func¬ 
tion  information  and  the  resulting  image  profile  function,  divided  by  the  volume 
corresponding  to  the  ramp  response.  Volume  error  is  calculated  for  each  look 
angle  and  the  average  is  used  as  a  basis  for  comparing  image  quality. 


An  extensive  study  was  done  on  the  behavior  of  the  images  and  the  image  volume 
error  as  the  process  parameters  were  varied.  For  example.  Fig.  12  shows  a  plot 
of  volume  error  vs  cu»0Ohe  of  the  process  parameters,  where  a  4:1  cone  is  being 
imaged  using  data  at^O0  (nose-on)  and  30°  look  angles.  The  parameter  a-  controls 
the  major  axis  of  the  limiting  surface  corresponding  to  the  30°  look  angle. 

It  is  seen  the  volume  error  is  minimized  when  a2  is  at  30°,  its  correct  value. 
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Fig.  12.  Volume  error  vs  c^. 

Figure  13  shows  what  happens  to  the  limiting  surfaces  in  two  cases  for  the  volume 
error  calculation  above.  When  -  =  30°,  it  is  seen  that  the  two  limiting  sur¬ 
faces  are  lined  up,  and  their  intersection  (the  surface  lying  within  both  simul¬ 
taneously)  is  a  relatively  accurate  image.  However,  when  _  =  45°,  the  two 
surfaces  are  not  aligned.  The  image  which  would  be  produced  in  this  case  is 
seen  in  Fig.  14.  The  front  tip  has  been  "chopped  off"  by  the  misalignment  of 
the  two  limiting  surfaces.  The  profile  functions  in  Fig.  14  show  how  this  effect 
also  produces  a  volume  error. 

The  study  of  the  volume  error  vs  all  process  control  parameter  variations  re¬ 
vealed  that  the  process  if  relatively  "well  behaved",  i.e.,  incorrect  values 
of  each  parameter  give  measurable  increases  in  the  volume  error,  and  volume  error 
increases  proportional  to  process  parameter  error.  Because  of  this  character¬ 
istic,  an  automated  iteration  procedure  was  developed  to  obtain  the  image,  and 
was  evaluated  using  several  specific  test  cases. 

The  procedure  which  was  used  is  a  linear  direct  search  method.  A  linear  method 
is  one  which  uses  a  set  of  direction  vectors,  in  this  case  the  parameter  coor¬ 
dinate  axes,  throughout  the  search.  A  direct  search  method  is  any  minimization 
technique  not  requiring  explicit  evaluation  of  any  derivatives  of  the  function 
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-  IMAGE  GENERATED  FROM  O*  LOOK  ANGLE 

- IMAGE  GENESATED  FROM  30*  LOOK  ANGLE 


Fig.  13.  Example  of  imaging  dependence  on  a. 


OUTPUT  PROFILE 
FUNCTION 

INPUT  PROFILE 


FUNCTION 


VOLUME  ERROR  *0.33 


Fig.  14.  Image  and  profile  functions  of  target  2  with  limiting 
surfaces  misaligned  as  in  Fig.  13. 
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being  minimized.  The  procedure  begins  by  determining,  at  some  initial  point, 
which  direction  along  each  parameter  one  would  have  to  travel  in  order  for  volume 
error  to  decrease.  This  is  done  by  making  small  perturbations  from  the  initial 
point  along  each  parameter  direction.  Each  parameter  is  then  incremented  by 
some  fixed  amount  in  the  appropriate  direction.  This  is  equivalent  to  moving 
only  roughly  in  the  direction  of  the  gradient.  The  elliptical  cross  section 
aspect  ratio  is  actually  incremented  logarithmically  because  of  the  nature  of 
this  parameter.  This  procedure  is  repeated  until  the  vicinity  of  the  minimum 
has  been  located.  The  process  converges  to  the  minimum  by  decreasing  the  in¬ 
crement  sizes  each  time  the  minimum  is  passed  as  explained  above. 

The  possible  initial  limiting  surface  parameter  combinations  can  be  represented 
by  several  cases.  These  cases  demonstrate  the  performance  and  restrictions  of 
the  iterative  algorithm.  The  ideal  0°  and  30°  profile  functions  for  target  6 
will  be  used  in  each  example  unless  otherwise  indicated.  The  first  case  is  when 
the  limiting  surface  parameters  are  known  for  one  look  angle  and  unknown  for 
the  other.  The  algorithm  will  iterate  to  very  nearly  the  correct  values  of  the 
unknown  parameters.  For  example,  with  the  parameters  for  the  0°  look  angle 
correct  and  the  initial  30°  look  angle  parameters  set  at  cu  =  60°,  S2  =  140°, 

Yo  =  50°,  and  R~  =  0.5,  the  resulting  oarameter  values  are  a2  =  29.5,  8 2  =  179.7, 
Y?  =  -0.25  and  fL  =  1.19.  Another  example  required  20  iterations  with  the  ini¬ 
tial  parameter  increments  set  at  4.9°,  4.9°,  20.1°  and  0.0792  for  a2,  Bo.  Y?» 
and  R-,  respectively.  Volume  error  decreased  from  0.77  initially  to  0.186/ 

A  third  example  used  the  measured  0°,  29-harmonic  ramp  response  and  30°,  10-har¬ 
monic  response  for  target  6.  This  time  18  iterations  were  required  and  the 
resulting  parameter  values  were  a2  -  29.38,  Bo  *  179.51,  Yo  =  -9-67,  and  R2  = 
1.083.  The  final  image  and  image^profile  functions  are  shown  in  Fig.  15.  ^Here 
the  volume  error  decreases  from  0.729  to  0.164. 

Images  of  the  other  cone  targets,  made  using  just  2  look  angles,  are  shown  in 
Figs.  16  and  17. 

IV.  SUMMARY  AND  CONCLUSIONS 

Measurement  of  transient  scattering  signatures,  and  their  characteristics  have 
been  described  using  cones  as  an  example.  The  creation  of  three-dimensional 
images  based  on  these  data  have  been  discussed.  Specifically  a  limiting  surface 
imaging  process,  implying  a  priori  information  and  a  set  of  process  parameters 
which  are  iterated  to  obtain  a  shape  which  best  agrees  with  this  input  data, 
has  been  described  and  demonstrated. 

It  is  seen  that  the  time-domain  transient  scattering  signature  is  a  useful  tar¬ 
get  identification  tool,  summarizing  all  complex  scattering  cross-section  data 
in  a  single  waveform  which  is  strongly  correlated  to  the  target  shape.  Thus, 
this  waveform  should  be  considered  as  a  source  of  features  for  target  identi¬ 
fication  processes,  as  well  as  input  information  for  target  imaging.  The  time 
domain  ramp  response  is  an  approximate  profile  function  of  the  target,  both  in 
the  "lit"  and  "shadowed"  region,  and  was  thus  chosen  for  the  imaging  process 
input.  If  the  reverberations  are  gated  out,  the  measured  ramp  responses  are 
seen  to  have  characteristics  which  correspond  to  the  physical  optics  approxi¬ 
mation  for  scattering  by  a  target. 

The  limiting  surface  imaging  process  is  seen  to  be  an  efficient  way  of  incor¬ 
porating  a  priori  information  in  order  to  get  improved  accuracy  with  severely 
limited  scattering  signature  data.  Depending  on  the  applicaiton,  rather  gen¬ 
eralized  or  very  specific  moldable  shapes  might  be  used  in  the  process. 
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Fig.  15.  Final  image  and  profile  functions,  3:1  cone. 


An  objective  indicator  of  image  quality  was  chosen  to  be  the  comparison  of  the 
image  profile  functions  with  those  of  this  input  data.  Generalizing  this  con¬ 
cept,  it  would  be  possible  ,  where  necessary,  to  use  other  scattering  analysis 
techniques  such  as  Geometrical  Theory  of  Diffraction  or  Moment  Methods  to  cal¬ 
culate  "virtual"  scattering  signatures  for  comparison  to  input  data.  In  all 
cases,  the  time-domain  signature  format  is  important  to  the  process,  because 
it  shows  where  the  image  shape  needs  to  be  iteratively  changed,  and  by  how  much. 
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Fig.  17.  Images  of  targets  #4,  5. 
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ABSTRACT 

An  integral  representation  technique,  closely  related  to  the  extended  boundary  con¬ 
dition  method,  has  'previously  been  used  to  calculate  the  modes  of  a  dielectric  elec¬ 
tromagnetic  waveguide  which  consists  of  a  cylinder  of  arbitrary  cross  section  and 
index  of  refraction  n'  embedded  in  a  uniform  medium  of  index  n.  The  technique  is 
here  extended  to  calculate  the  modes  of  composite  guides  which  consist  of  two  or 
more  single  guides  in  proximity.  Selected  numerical  results  are  given  for  two 
circular  and  two  square  guides. 


INTRODUCTION 

In  a  previous  work1  an  integral  representation  technique  was  used  to  calculate  the 
modal  properties  of  electromagnetic  dielectric  (fiber  optic)  guides  of  various  cross 
sectional  shapes.  The  method  is  here  extended  to  the  calculation  of  modes  of  compo¬ 
site  guides,  i.e.,  guides  which  consist  of  two  or  more  parallel  single  guides.  From 
a  slightly  different  viewpoint  this  calculation  can  be  considered  to  show  how  modes 
of  the  single  guides  mix  as  the  guides  are  brought  together  to  form  a  composite 
guide . 

We  recall  first  the  basic  formulae  for  a  single  guide,  assumed  to  be  a  homogeneous 
cylinder,  parallel  to  the  z-axis,  with  irregular  cross  section  A,  which  cross  sec¬ 
tion  is  bounded  by  a  curve  L.  The  guide  has  index  of  refraction  n!  and  is  embedded 
in  a  uniform  medium  of  index  n.  The  case  of  greatest  practical  importance  is  the 
weakly  guiding  one  for  which  n=n',  and  for  simplicity  we  confine  attention  to  it, 
although  the  method  presented  here  can  be  extended  to  arbitrary  n  and  n*.  For  weak 
guiding  the  vectorial  character  of  the  electromagnetic  field  ceases  to  be  impor¬ 
tant2,  and  one  can  work  with  an  amplitude  y  which  can  be  taken  to  be  any  of  the 
transverse  electromagnetic  field  components  Ex,Ey,Bx,By.  For  time  harmonic  modes 
varying  as  e"*40*  and  with  kQ  =  u/c,  the  wave  equation  for  ¥  is 

n*  3  *  3  ^  22 


inside  the  guide,  and  a  similar  one  with  n'  replaced  by  n  outside  the  guide.  W'lth 

j  1/  ^ 

assumed  propagation  dependence  as  e  S  ,  i.e.,  with 


s*  (x,y)eikSz 
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the  equation  for  $  inside  the  guide  is 

2 

(V*  +  K1 ) $  =  0  Inside  Guide  (1) 

where  K.'2  =  n,2k2  -  kg  and  y2  is  the  two  dimensional  Laplacian,  and  similarly 

(72  ♦  K2)$  =  0  Outside  Guide  (2) 

where  =  n2k2-  kj.  Equations  (1)  and  (2)  are  jointly  equivalent  to  the  integral 
representation 

$  (p)  =  (K2  -  K'2)  /  «< p *)gK(p  ,p’)dA»  (3) 

where p  is  a  position  vector  in  the  x-y  plane,  and  the  Green  function 


SKCp,^)  =  -(i/i,  )H  „(K|  p-p*!  ) 

satisfies 

(V2*  X2>gK(p,  £)  =5  (p-p*) 


The  equivalence  of  ( 1 )  and  (2)  to  (3)  is  easily  shown  by  operating  on  both  sides  of 
(3)  with  7  +  K2.  In  addition  to  satisfying  (1)  and  (2)  both  $  and  its  normal  deri¬ 
vative  3$>/3n  must  be  continuous  across  the  boundary  of  A.  These  conditions  are  sat¬ 
isfied  by  the  $  defined  by  (3). 

The  integral  representation  (3)  is  useful  for  perturbation  calculations  for  guides 
which  are  almost  circular^.  Given  the  known  solutions  for  the  circular  guide,  the 
area  integral  in  (3)  can  be  written  as  one  over  a  circle  (inscribed,  circumscribed, 
of  the  same  area,  etc.),  and  a  remainder  or  perturbation  integral,  and  useful  formu¬ 
lae  can  thereby  be  derived  for  almost  circular  guides.  For  the  present  problem  it 
is  however  convenient  not  to  use  (3)  but  rather  use  a  line  integral  version  of  it. 
This  is  obtained  by  using  (1)  and  (2)  to  write  (3)  as 


*<i»  =  /  {*  (p’)(-72sKcs,£  ’>  +s(Vp>>  *  sKya$(p,)  >dA’ 

For  p  inside  A  this  becomes,  on  using  Green's  Theorem  to  convert  the  area  integral 
to  a  line  integral, 

0  =  /(*  -  g„3±  I  )dL'  (4) 

L  ”  an'  K  3n'  _ 

where  subscript  -  (♦)  indicates  a  point  just  inside  (outside)  the  boundary.  Eoua- 
tion  (4)  is  also  derivable  from  the  bottom  line  of  the  standard  Huyghen's  principle 
representation 
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$  (p) 
0 


} 


s 


/  ($  3!s_- 

L  ♦  3n* 


P  outside  A 
P  inside  A 


on  using  the  fact  that  $  and3$/3n|^  =  3$/^n|  .  Equation  (4)  is  of  course  the 
homogeneous  counterpart  of  the  basic  integral  representation  used  in  Waterman's  for- 
mulation^  of  scattering  problems. 


We  recall  that  the  technique1  for  using  (3)  or  (4)  is  to  assume  an  expansion  for 
in  the  interior  of  the  guide  of  the  form 


* 


a? 

1=  o 


JlUC'pHAjcosliJ)  +  B]Sinli|)) 


and  combine  this  with  an  expansion  of  the  Green  function  for  small 


(5) 


gv <p  ,p  ’ )  s  -(i/4)  ?  e1J1(Kp)H1(Kp’)cosl(Ip-^)') 

^  Is  0 


(6) 


whereupon  Eq.  (4)  becomes  a  homogeneous  set  of  equations  for  the  and  E^.  Ey  set¬ 
ting  the  determinant  of  this  set  to  zero  we  get  an  equation  for  the  propagation  con¬ 
stants.  For  circular  guides,  for  example,  this  procedure  yields  the  well  known  dis¬ 
persion  relation 

K'jJ(K'a)H1(ka)  s  KJx(K'a)H{(Ka)  (7) 


It  is  useful  to  recall  here  the  connection  of  the  present  problem  with  an  analogous 
quantum  mechanical  bound  state  problem,  since  it  is  sometimes  convenient  to  call  on 
quantum  mechanical  results  or  terminology.  To  see  this  connection  we  recall  that 
the  Schrodinger  equation  (units  R  s  2m  =  1)  for  the  wave  function  $  of  a  particle  of 
energy  E  in  a  two  dimensional  potential  V(p)  is 

(-V2+  V(£))  $=  E$  (8) 


If  the  potential  is  an  attractive  one 
cross  section  A,  i.e.,  if 

V(p)  =  {"V° 

0 

then  Eq.  (8)  is  equivalent  to 

(7*+(M,  +E))  $s  0 
2 

(7  +E)f  z  0  , 

Ey  comparing  these  equations  with  (1) 
V8  E  s  K'2  ,  E  s  K2  so  the  equivalent 


that  is  constant  throughout  some  irregular 

p  in  A 
p  outside  A 

p  in  A 
p  outside  A 

nd  (2)  we  can  make  the  identification 
strength  of  the  potential  is 
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=  -  K 2 


2 

la  tabulating  the  modes  of  single  guides,  two  parameters  P  and  E  closely  related  to 
E  and  V0  are  used.  For  a  circular  guide  of  radius  a  they  are 


|E[/V0 


(kpVkg  )2  -  n2 
rf*  -n  2 


2 

E 


2  2 

=  \  a2Al=  ( r?»  -n2)k§a2/n 


(9) 


OUTLINE  OF  METHOD  FOR  TWO  COUPLED  GUIDES 

The  above  method  is  here  extended  to  two  guides;  the  extension  to  more  than  two  is 
straightforward.  The  guides,  both  uniform  and  of  index  n'  are  embedded  in  a  medium 
of  index  n  as  shown  in  Fig.  1. 


Fig.  1  Two  irregular  guides,  a  distance  4  apart 

A  coordinate  system  is  associated  with  each  guide  and  the  distance  between  the  ori¬ 
gins  of  the  systems  is  d..  We  want  to  apply  Eq.  (4)  to  the  present  case.  Since  (4) 
holds  for  arbitrary  cross  section  it  will  hold  for  the  geometry  of  Fig.  1.  The  fact 
that  the  two  guides  of  Fig.  1  are  disjoint  is  of  no  consequence.  One  can  imagine 
them  connected  by  a  very  thin  dielectric  fin  which  makes  them  into  a  single  guide 
but  which  clearly  does  not  affect  the  modal  properties  of  the  system.  In  the  appli¬ 
cation  of  (4)  to  the  present  case,  the  integral  goes  over  both  boundaries  and  that 
equation  becomes 


1 


li 


IJ 


)dLx' 


3  n2 


g  ft 

K  3n2 


)dL’ 


(10; 
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The  technique  for  exploiting  (10)  is  an  extension  of  that  for  single  boundaries. 
Namely,  in  terms  of  the  two  coordinate  systems  shown  in  Fig.  1,  we  write  expansions 
like  (5)  for  $  inside  each  guide 


=?  J^K'P^U^cosl^  +  B^sinlip^ 
$  (*)  s?  J1(K'P2)(a[2)cos1^2  +  B[2)sinli|>2) 


(11) 


(12) 


These  are  put  into  (10)  and  the  Green  function  expansion  (6),  and  Bessel  function 
translation  formulae,  are  used  to  evaluate  Eq.  (10)  first  at  small p  i  then  at  small 

Pa,  whereupon  it  becomes  a  set  of  homogeneous  equations  for  the  A^1  ^  .Ap^Ei1  \b[2^  . 

The  vanishing  determinant  of  this  set  yields  the  desired  propagation  constants. 


The  detailed  treatment  of  two  perfectly  arbitrary  guides  can  become  somewhat  leng¬ 
thy,  and  hence  less  than  transparent.  The  principles  remain  the  same,  but  the  de¬ 
tails  become  much  clearer  if  the  individual  guides  have  some  symmetry  and  are  symme¬ 
trically  arrayed,  as  is  often  the  case  in  practice.  For  the  sake  of  clarity,  we 
shall  choose  to  analyze  in  detail  composite  guides  with  such  symmetry  properties. 

The  generalization  to  arbitrary  guides  will  then  be  straightforward. 


COMPOSITE  GUIDES  WITH  TWO  SYMMETRY-AXES 

For  the  reasons  above  we  now  consider  two  identical  guides,  each  with  an  axis  of  re¬ 
flection  symmetry.  The  guides  are  so  placed  (Fig.  2)  that  this  axis  is  the  x-axis 
and  so  that  there  is  also  reflection  symmetry  in  the  y-axis. 

y 


Fig.  2  Two  guides  that  form  a  composite  guide  with  reflection 
symmetry  in  both  the  x  and  y-axes. 
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For  a  composite  guide  of  this  symmetry,  we  know  from  the  usual  parity  arguments  of 
quantum  mechanics  that  the  amplitude  <j>  must  be  either  even  or  odd  with  respect  to 
reflection  in  the  x-axis,  and  similarly  with  respect  to  the  y-axis,  i.e. 

#(x,y)  =  +$(-x,y)  ,  $(x,y)  =  +$(x,-y) 


There  are,  in  short,  four  kinds  of  states  of  the  system  which,  with  E  for  even  and  0 
for  odd,  can  be  designated  EE,  EO,  OE,  00,  where  the  first  and  second  letters  of  the 
pair  refer  respectively  to  the  left-right  and  up-down  reflection  properties.  For 
any  one  of  these  states  the  general  expansions  of  Eq.  (11)  and  (12)  simplify.  For 
example,  for  the  EE  state,  even  with  respect  to  reflection  in  the  x-axis,  there  can 
be  no  sine  terms  in  either  expansion.  Then  possible  forms  are 


=?  a[i)J1(K*Pi)cos1^)1 

l=o 

)cosl,j>2 

1=0 


(13) 

(14) 


Left-right  evenness  means  of  course  that  the  amplitude  $  at  a  point  must  equal  the 
amplitude  at  the  reflected  point.  Consider  a  point  inside  cylinder  #1  for  which 

PjS  a,$i=®  ;  from  (13)  the  wave  function  there  is  $(*  )  =  £  ^^(K'ajcosloc 

The  reflected  point  in  guide  #2  has  coordinates  p2=a,  ip2=TT~a  and  with  cosl(ir-a)  = 
(_Jcosla  the  wave  function,  there  is  $(2)  =  E  (-)^A^2  ^  J^(Ka)cosl<x.  We  have  then  the 
requirement  for  the  even  state  that 


a[1}  =  (-)!a[2)=  ax 


EE  state 


We  consider  now  the  application  of  the  above  to  circular  guides.  Figure  2  applies 
with  the  understanding  that  the  two  cross  sections  shown  there  are  now  to  be  taken 
as  circles  of  radius  a.  We  want  to  apply  (4)  to  the  EE  state  of  this  composite  sys¬ 
tem  for  which  we  have  by  the  above  arguments 


$(1)  =  ?  A^IC'  p^cosl,^ 


(15) 


(2)=?  (-)1A1J1(K'p2)sinl'P2  (16) 

®  l=o 

These  are  to  be  put  into  (4)  and  the  result  evaluated  at,  say,  small  P j.  For  doing 
the  integral  over  circle  #1,  we  use  the  expansion  (6)  of  the  Green  function 

,JJ)  for  small  pt  .  For  integrating  over  circle  #2,  we  use  the  Green  function 
in  P2  coordinates,  ?k(^,P2^»  but  with  transformation  formulae  to  express  the  p2 
dependence  in  Pi  coordinates.  Now  for  Pi  small,  p2  is  necessarily  larger  than  d  so 
that  we  can  use  the  expansion 


Sk(P2»P2>  s  -(i/4)?  £nJn(K’p2)Hn(Kp2)(sinn!p2sinn\|)2  ♦  cosni02cosn$2) 

n=o  (17) 


We  combine  this  with  the  translation  formula  valid  for  p2<d 
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Hn(fcPi)cosnip2  =  (-)n?  Ji(Kpl)cosl^i(hi^n(lCd)-(-)Rhi_n(Kd))  (18) 

l=o 


Equations  (15)  through  (18)  are  now  inserted  in  (4)  and  the  coefficients  of 

J]_(K  Pi)cosl  are  equated  to  zero  to  yield  the  following  set  of  equations  for  the  A^ 

0  =  AjejX].  ♦?  enAnrn(h1+n(Kd)-(-)nHl_n(Kd))  ,  1=0,1 ,2...  (19) 

ns  o 

where  with  X  =  Ka,  Y  =  K'a, 

Xi  =  XH{(X)J1(Y)  -  YJ{(Y)H1(X) 

Tn  =  XJ„(X)Jn(Y)  -  YJ„(Y)Jn(X) 

2 

Since  K  is  imaginary  for  bound  modes  (K  =  -|k|  )  the  function  Hs(Kd),  which  for 
large  d  behaves  as  e"Kd,  goes  to  zero  for  infinite  d  and  Eq.  (19)  reduces  to  Eq.  (7) 
for  a  single  circular  guide. 

For  finite  d  Eq.  (10)  can  be  solved  by  various  truncation  procedures.  The  clearest 
way  of  going  about  this  is  to  start  with  some  large  d,  where  essentially  only  one  A^ 
is  different  from  zero,  and  then  let  d  become  smaller  and  follow  the  change  of  A^ 
and  the  growth  of  the  other  coefficients.  We  have  done  this  for,  among  others,  that 
EE  mode  of  the  pair  of  guides  which  becomes  the  dominant  (ground  state)  node  of  the 
single  guide  for  infinite  d.  This  dominant  mode  is  the  solution  of  Eq.  (7)  for  1  = 

0  with  the  largest  energy  eigenvalue  E,  or  in  terms  of  P2  of  Eq.  (9),  with  the  lar¬ 
gest  value  of  P2.  The  results  are  given  in  Table  1.  Similar  results  have  been  ob¬ 
tained  by  Wijngaard^  by  a  conventional  matching  method  and  our  results,  when  the  com¬ 
parison  is  possible,  are  in  excellent  agreement  with  his. 

TABLE  1  Propagation  parameter  P2  of  Eq.  (9)  and  expansion  coefficient 
Aj_  of  Eqs.  (15)  and  (16)  for  an  EE  mode  of  two  coupled  circu¬ 
lar  guides  of  radius  a,  with  distance  d  between  centers. 


Ao 

is  normalized  to 

unity. 

B  =  2.00 

d/a 

P2 

A0 

A1 

a2 

A3 

a4 

CO 

.8916 

1.00 

0 

0 

0 

0 

3.00 

.8916 

1.00 

.0007 

.0008 

.0017 

.005 

2.50 

.8919 

1.00 

.007 

.007 

.013 

.029 

2.25 

.8931 

1.00 

.034 

.036 

.066 

.159 

2.10 

.8963 

1.00 

.101 

.114  ’ 

.217 

.552 

2.00 

.9033 

1.00 

.254 

.309 

.625 

1.698 

As  a  further  example  we  have  applied  the  method  above  to  an  EE  mode  of  two  square 
guides,  and  again  to  that  mode  which  becomes  a  dominant  mode  of  the  single  guide  for 
infinite  separation.  Expansions  like  (15)  and  (16)  are  substituted  into  (4).  Much 
as  for  the  circular  case,  one  is  led  to  a  transcendental  equation  like  (19)  but  some¬ 
what  more  complicated  since  certain  matrix  elements  that  were  diagonal  for  the  circu¬ 
lar  case  are  no  longer  diagonal.  The  transcendental  equation  is,  however,  readily 
solved  numerically,  and  again  it  is  expedient  to  start  with  large  d,  since  the  solu¬ 
tion  for  a  single  square  guide  is  known  from  previous  work1.  Unlike  the  circular 
case,  the  expansions  of  Eqs.  (15)  and  (16)  do  not  reduce  to  a  single  tern  but  they 
are  dominated  by  a  single  term  so  that  the  convergence  is  satisfactory.  What  is  of 
interest  is  the  change  of  this  convergence  as  d  decreases  from  infinity  and  this  is 
illustrated  in  Table  2. 


664 


L.  Eyges 


TABLE  2  Propagation  parameter  P2  of  Eq.  (9)  and  expansion  coefficients 
A^  of  Eqs.  (15)  and  (16)  for  an  EE  mode  of  two  coupled  square 
guides,  each  of  side  2b,  and  with  distance  d  between  centers. 
Aq  is  normalized  to  unity,  B  =  2.00. 


d/b 

P2 

A0 

*1 

A2 

A3 

A4 

OO 

.9072 

1.00 

0 

0 

0 

-2.013 

3.00 

.9073 

1.00 

.0007 

.0006 

.0007 

-2.014 

2.50 

.9079 

1.00 

.015 

.014 

.015 

-2.018 

2.25 

.9104 

1.00 

.078 

.074 

.089 

-1.984 

2.10 

.9162 

1.00 

.268 

.279 

.377 

-1.768 

2.00 

.9418 

1.00 

.897 

1.252 

2.297 

-1.165 

An  interesting  check  on  these  results  can  be  made.  As  the  distance  between  the 
guide  decreases,  there  comes  a  point  where  they  touch  and  in  effect  become  a  single 
rectangular  guide  of  width  4b  and  height  2b.  We  have  previously  calculated1  the 
dominant  mode  for  this  rectangular  guide  and  hence  can  compare  the  result  with  that 
calculated  in  the  present  context,  i.e.,  as  the  limit  of  two  touching  sqaure  guides, 
d/b  =  2.  For  the  previous  calculation,  for  E  =  2.00,  we  found1  P2  =  0.9402.  For 
the  present  one  we  have  the  reassuring  result  P2  =  0.9418. 

The  programming  and  computational  work  that  went  into  the  above  results  was  ably 
done  by  Dr.  Peter  Wintersteiner . 
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A  SCATTERING  MODEL  FOR  DETECTION  OF  TUNNELS 
USING  VIDEO  PULSE  RADAR  SYSTEMS 


G.  A.  Burrell,  J.  H.  Richmond,  L.  Peters,  Jr.,  H.B.  Tran 
The  Ohio  State  University  ElectroScience  Laboratory 
Department  of  Electrical  Engineering 
Columbus,  Ohio  43212 

I.  INTRODUCTION 

The  video  pulse  radar  is  now  recognized  as  a  viable  tool  for  many  applications. 
Some  of  the  more  successful  applications  include  the  Terrascan  pipe  detection 
system  (1,2,3)  observation  of  geological  targets  (4,5,6)  and  archaelogical  explo¬ 
ration  (7).  Many  of  the  targets  to  be  detected  have  a  two  dimensional  nature, 
i.e.,  they  can  be  modelled  without  significant  error  by  an  infinite  cylinder  of 
some  shape.  An  example  of  this  is  a  mine  shaft.  The  presence  of  abandoned  mine 
shafts  leads  to  serious  subsidence  problems,  and  if  these  can  be  detected  from 
the  surface,  then  substantial  loss  of  property  could  be  avoided.  Also  many  geo¬ 
logical  structures  such  as  fault  lines,  some  oil  and  gas  traps  can  be  represented 
as  non  circular  cylindrical  geometries.  The  antennas  used  to  launch  and  receive 
pulse  to  be  used  to  detect  such  targets  are  finite  in  extent.  The  antenna  system 
used  in  the  pipe  detector  video  pulse  radar  is  a  pair  of  loaded  crossed  linear 
antenna  elements.  The  transmit-receive  (T-R)  isolation  is  achieved  by  the  orthog¬ 
onal  properties  of  the  antenna.  This  orthogonal  antenna  system  will  respond  to 
a  linear  target  such  as  a  thin  wire  that  is  responsive  to  only  one  linear  polari¬ 
zation.  It  will  also  respond  to  any  target  which  is  located  off  the  axis  of  sym¬ 
metry  of  the  antenna  system.  When  the  target  is  represented  as  an  infinite  cyl¬ 
inder,  the  antenna  cannot  be  located  in  the  far  zone  of  the  target.  Neither  the 
echo  width  concept  for  the  infinite  cylinder  for  two  dimensional  scatterers  nor 
the  echo  area  for  three  dimensional  scatterers  are  applicable. 

A  new  model  is  introduced  to  obtain  the  voltage  generated  at  the  receiving  antenna 
located  at  the  same  position  in  space  as  the  transmitting  antenna.  Both  receiv¬ 
ing  and  transmitting  antennas  are  finite  length  dipoles.  This  model  treats  sepa¬ 
rately  the  propagation  phenomena  between  two  dipoles  separated  twice  the  target 
distance  in  a  homogeneous  lossy  media  and  the  local  scattering  mechanisms,  e.g., 
the  infinite  cylinder.  The  results  are  then  combined  to  obtain  the  voltage  gen¬ 
erated  at  the  terminals  of  the  receiving  antenna  due  to  the  scatterer. 

Alternatively  the  Green's  function  using  an  infinitesimal  dipole  at  a  finite  dis¬ 
tance  from  the  cylinder  could  be  involved  to  obtain  a  solution  for  the  scattered 
fields.  A  hybrid  technique  for  the  antenna  currents  which  combines  the  moment 
method  for  the  thin  wire  with  the  eigenfunction  solution  for  the  circular  cylin¬ 
der.  Such  a  solution  has  been  recently  developed  by  Wang  and  Richmond  (8).  In 
general,  the  target  is  immersed  in  a  lossy  medium  and  the  incident  and  reflected 
waves  are  attenuated  as  they  propagate  to  and  from  the  target.  Thus,  any  of  the 
conventional  concepts  for  characterizing  a  scatterer  would  require  a  separate 
analysis  for  every  target  range,  every  antenna  type  and  every  set  of  -electrical 
properties  of  the  medium.  Obviously,  this  leads  to  a  prohibitively  complex  set 
of  data  to  be  obtained  if  a  general  underground  radar  system  design  is  to  be 
achieved. 

In  a  previous  paper  (9)  we  have  discussed  the  means  of  obtaining  the  propagation 
of  pulses  between  the  transmit  and  receive  antennas  in  a  lossy  media.  The  basic 
model  Is  represented  as  the  transmission  between  a  pair  of  antennas  immersed  in 
the  medium  as  1i  shown  in  Fig.  lc.  This  transmission  is  represented  in  this 
paper  as  V^/Vy  where  2V-J-  is  the  Thevenin  voltage  of  the  generator  driving  the 
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transmitting  antenna  and  Vi  is  the  voltage  generated  across  the  load  impedance 
attached  to  the  receiving  antenna.  We  introduce  the  scattering  from  cylindrical 
targets  into  the  model  and  calculate  typical  received  signals.  As  discussed 
in  a  prior  paper  (9),  we  have  modelled  the  pulse  generator  by  its  Thevenin  equiv¬ 
alent  circuit.  The  Thevenin  generator  voitage  is  twice  the  output  voltage,  be¬ 
cause  in  antenna  engineering  it  is  common  to  refer  to  the  output  voltage  of  a 
generator  as  the  voltage  delivered  to  a  load  whose  impedance  equals  the  generator 
source  impedance.  This  voltage  is  VT.  In  general  the  voltage  appearing  across 
the  antenna  terminals  will  not  be  V-  because  the  antenna  impedance  will  vary 
with  frequency.  To  obtain  both  the  transmission  and  reflection  characteristics 
of  the  pair  of  antennas  in  Fig.  1(c)  to  the  input  pulse,  the  z-matrix  of  the 
two  port  network  comprising  the  dipoles  and  the  medium  was  computed  for  512 
equally  spaced  frequencies  up  to  a  maximum  frequency  which  was  about  2.5  times 
the  highest  frequency  for  which  the  input  pulse  had  significant  energy.  The 
integral  equation  was  solved  for  each  frequency  using  a  piecewise  sinusoidal 
expansion  for  the  current  distribution  (12).  From  the  z  matrix  data  computed 
as  a  function  of  frequency,  the  signal  reflected  from  the  transmitting  dipole 
and  the  signal  generated  across  the  load  impedance  terminating  the  receiving 
dipole  can  be  computed  (9). 

II.  SCATTERING  MODELS 


The  ratio  Vp/VT  represents  the  relative  terminal  voltage  obtained  at  the  receiving 
antenna  (across  the  load)  for  a  perfect  planar  reflector  at  a  depth  d.  If  the 
scatterer  is  a  simple  planar  lithologic  contrast,  this  result  would  be  modified 
by  the  reflection  coefficient  at  the  interface  and  the  result  would  be  exact. 

If  the  scatterer  is  a  planar  layer,  the  reflection  coefficient  of  the  layer  would 
be  used.  If,  in  general,  we  define  the  Scattering  Attenuation  Function  (SAF) 
as  the  modification  of  the  scattered  fields  of  the  perfect  planar  reflector, 
then  these  reflection  coefficients  represent  the  SAF  for  these  geometries.  A 
curved  interface  requires  an  additional  correction  factor. 

A.  Reflection  from  Convex  Contrasts  of  Large 
Radii  of  Curvature 


A  geometrical  optics  approach  (10,11)  can  be  used  to  provide  data  for  the  scat¬ 
tered  fields  to  a  radar  placed  a  distance  d  above  a  large  curved  surface  to  deter¬ 
mine  if  such  a  discontinuity  would  be  detectable  from  the  surface.  Geometrical 
optics  is  basically  a  high  frequency  concept.  Energy  propagates  along  a  straight 
line  path  in  a  homogeneous  medium;  in  our  case,  from  the  source  to  the  target. 

At  the  target,  these  rays  are  scattered  in  the  specular  direction.  The  magnitude 
of  the  fields  is  obtained  from  the  conservation  of  energy  for  a  point  source 
for  this  example  and  after  reflection  these  fields  may  be  represented  by  a  virtual 
source  a  distance  p  from  the  reflecting  surface  as  givea  by  (10,11) 


.  _  R  d 
p  '  R  +  2d 


(1) 


This  gives  rise  to  a  scattered  field  at  the  radar 
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where  U  e’yd  is  the  field  incident  at  the  curved  surface.  The  attenuation  and 
phase  delay  introduced  by  the  lossy  medium  are  displayed  separately  for  conven¬ 
ience.  Equation  (2)  reduces  to  the  case  of  the  planar  interface  discussed  earlier 
as  the  radius  R  goes  to  infinity.  The  net  loss  introduced  by  the  curvature  is 
given  by 
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Fig.  1.  Introducing  the  scattering  attenuation  function  of  a  cylinder 

into  the  radar  model. 
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'J(R)  .  R 

U(ft»»)  '  !T+~3 


(3) 


When  R  =  d,  the  scattered  field  is  reduced  by  approximately  a  factor  of  two, 
and  that  when  R  «  d,  the  scattered  field  reduction  is  of  the  order  of  R/d. 


The  reflecting  surface  need  not  be  spherical  and  indeed  can  be  represented  by 
two  principle  radii  of  curvature  R.  and  R2.  In  this  case,  there  are  two  virtual 
source  positions,  p,,  p-  corresponding  to  the  two  principle  radii  of  curvature. 
They  are  given  by  d 

/M 

pi  =JR.  +  2d 

These  give  rise  to  a  reflected  field  of  the  form 
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and  a  net  loss  of  the  form 


(5) 


U(R1,R2) 
U(R=») “ 


> 


Ri  R2 

^  +  d  r  +  d  ’  ^ 

The  spherical  "like"  model  of  Fig.  2  is  not  the  only  type  of  scatterer  that 
may  be  of  interest  for  geological  exploration.  Another  possibility  is  that  of 
a  two  dimensional  or  cylindrical  (not  necessarily  circular)  body.  In  this  case, 
the  apparent  source  position  is  different  in  the  plane  containing  the  axis  of 
the  cylinder  and  the  plane  orthogonal  to  it.  This  is  represented  by  the  general 
astigmatic  ray  tube  of  geometrical  optics.  The  apparent  source  position  in  the 
plane  containing  the  axis  of  the  cylinder  is  the  same  as  was  the  case  for  scat¬ 
tering  from  the  planar  surface,  i.e.,  R2-«0  in  Equation  (5). 


The  ratio  given  by  Equation  (5)  now  reduces  to 

U(R)  _  nr 

u(R=°°)  ~  J  R+d  * 


(7) 


B.  Model  for  Cylindrical  Contrasts 

The  computation  required  for  the  singly  curved  or  infinitely  long  cylindrical 
contrast  does  not  require  the  use  of  geometrical  optics  and  in  fact  can  be  ob¬ 
tained  using  any  other  method  for  computing  the  value  of  U(R)/U(°°).  When  the 
cylinder  radius  is  small,  the  SAF  can  be  computed  conveniently  by  a  modal  solu¬ 
tion  or  by  a  moment  method  solution  using  polarization  currents.  Such  a  solution 
contains  both  the  spatial  divergence  of  the  field  reflected  from  the  cylinder, 
the  reflection  coefficient  introduced  by  a  change  in  material  at  the  Interface, 
and  the  resonances  which  are  characteristic  of  the  cylinder.  Figure  1  shows 
how  we  can  obtain  the  radar  return  from  an  infinite  cylinder  using  a  scattering 
solution.  First,  we  calculate  the  backscattered  fields  Es  a  distance  d  meters 
from  the  cylinder.  This  field  is  then  related  to  the  field  which  would  be  scat¬ 
tered  by  an  infinite  ground  plane  replacing  the  cylinder.  Image  theory  is  in¬ 
voked,  and  as  in  Fig.  1(b),  we  calculate  the  field  E1  of  an  infinite  line  source 
2d  meters  deep.  Es  is  now  normalized  by  E1  to  get  the  SAF(Es/E;,  which  is  the 
representation  of  U(R)/U(®). 
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Fig.  2.  Depicting  the  apparent  source  of  reflection  from 
a  spherically  curved  surface. 


From  the  model  of  the  radar  system  with  the  perfectly  reflecting  interface  (9), 
shown  in  Fig.  1(c),  we  have  obtained  the  medium  loss,  the  antenna  frequency  re¬ 
sponse,  and  the  spherical  wave  attenuation  of  the  wave  radiated  by  the  dipole 
antenna.  The  effect  of  the  cylinder  is  now  simply  introduced  by  multiplying 
the  system  response  of  the  model  by  the  SAF  (EvE1),  i.e.. 
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(8) 


Vj  is  now  the  received  voltage  on  the  terminals  of  the  transmitting  antenna  due 
to  the  scatterer.  This  procedure  is  valid  because  the  cylinder  does  not  Intro¬ 
duce  additional  wave  divergence  in  the  plane  of  the  paper. 


If  the  orthogonal  antenna  pair  Is  used  as  shown  In  Fig.  1(d),  the  voltage  on 
the  receiving  antenna  is 
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The  additional  factor  of  1/2  is  introduced  by  the  use  of  the  crossed  dipole  ge¬ 
ometry.  This  is  introduced  since  the  incident  field  component  is  oriented  at 
45°  from  the  angle  (0°)  required  for  optimum  excitation  of  the  thin  cylinder 
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resulting  in  a  3  dB  loss,  and  the  receiving  antenna  is  oriented  as  45°  to  the 
scattered  field  resulting  in  another  3  dB  loss.  It  is  observed  that  these  3 
dB  factors  depend  on  the  linear  target  scattering  being  polarization  dependent. 

This  has  led  to  much  confusion  for  three  dimensional  targets  and  this  will  be 
discussed  later  in  more  detail.  The  major  objective  here  is. to  introduce  a  model 
for  the  scattered  field  that  extends  this  previous  analysis  to  include  the  target 
scattering. 

It  may  appear  that  this  model  is  valid  only  for  thin  cylindrical  contrasts  pri¬ 
marily  because  the  position  of  a  reflecting  plane  is  chosen  to  coincide  with 
the  position  of  the  scatterer.  For  a  tunnel  sufficiently  large  that  different 
scattering  mechanisms  can  occur,  such  as  those  from  the  top  and  the  bottom  of 
the  tunnel,  then  different  reference  planes  could  be  required  for  the  different 
scattering  mechanisms  in  the  same  model.  This  would  drastically  increase  the 
amount  of  data  required  for  design  and  require  a  much  more  complex  analysis. 
Fortunately  as  is  shown  in  Appendix  I,  the  choice  of  the  position  of  this  re¬ 
flecting  reference  plane  does  not  significantly  influence  the  results  and  thus 
the  technique  should  be  reasonably  valid  for  a  thick  cylindrical  contrast. 

C.  A  Check  on  the  Validity  of  the  Model 
for  thin  Cylindrical  Contrasts 

The  received  voltage  VR  of  Fig.  Id  has  been  computed  by  a  direct  moment  method 
solution  to  check  the  normalization  procedure.  For  this  comparison,  an  electri¬ 
cally  small  radius  perfectly  conducting  circular  cylinder  was  used  because  it  could 
be  analyzed  by  both  methods.  The  moment  method  solution  was  by  the  sinusoidal 
reaction  technique  (12),  so  that  the  buried  cylinder  was  required  to  be  finite 
in  length.  The  lossy  medium  attenuates  the  current  on  the  cylinder  as  the  distance 
from  the  excitation  point  becomes  large  so  that  the  cylinder  can  be  truncated  with¬ 
out  introducing  significant  error.  We  used  a  pair  of  50  m  long  orthogonal  dipoles 
200  m  from  the  center  of  a  1000  m  long,  0.01  m  radius  wire.  The  antenna  system 
was  oriented  for  maximum  signal  (the  plane  of  the  antenna  system  was  parallel 
to  the  plane  containing  the  wire  and  the  transmitting  antenna  was  rotated  45° 
from  the  direction  of  the  wire).  The  medium  parameters  were  a=0.01  mhos/m  and 
er=  4.  Figure  3  shows  V„  when  Vy  is  a  50  microsecond  (ps)  1  volt  gaussian  input 
pulse  (9)  for  both  the  moment  method  solution  and  the  modal  solution  modified 
in  the  way  outlined  above.  The  agreement  in  shape  is  almost  exact  and  the  am¬ 
plitude  difference  of  0.8  dB  (trivial  considering  the  dynamic  range  of  “140  dB) 
is  attributed  to  the  moment  method  solution  because  the  cylinder  was  truncated. 

Note  also  that  for  the  example  a  high  conductivity  was  used,  and  the  depth  was 
200  m,  and  yet  this  is  a  detectable  pulse  for  a  properly  designed  system. 

III.  SCATTERED  FIELD  PROPERTIES 

There  are  a  number  of  computer  solutions  now  available  for  obtaining  the  scat¬ 
tered  fields  from  infinite  cylinders  In  a  conducting  medium  when  illuminated 
by  a. line  source.  Figure  4  shows  the  scattered  fields  normalized  in  the  form 
EVE1  or  fr/H1  for  1  meter  radius  circular  cylinders.  Included  in  Fig.  4  are 
curves  for  both  perfectly  conducting  and  hollow  cylinders.  The  hollow  or  die¬ 
lectric  cylinders  have  been  analyzed  both  by  a  model  solution  and  by  a  moment 
method  solution  commonly  designated  as  the  polarization  current  technique.  The 
two  solutions  produce  results  within  0.01  dB  for  the  circular  cylinder,  and  the 
polarization  current  technique  is  used  to  obtain  Es/E 1  for  non  circular  hollow 
cylinders.  When  the  distance  from  the  line  source  to  the  cylinder  is  large  the  T 
scattered  fields  Hs/Hx  can  be  taken  to  be  the  same  as  EVE1  since  EVE1  =  ZH^/ZU1 
where  Z  Is  the  intrinsic  impedance  of  the  media.  Hs/H1  is  designated  Ex.  EVE1 
for  polarization  parallel  to  the  cylinder  is  designated  E„. 
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Fig.  3.  Comparison  of  received  pulse  obtained  from  complete  moment  method  and 
modified  modal  solution.  The  antenna  system  was  a  pair  of  50  m  orthogonal 
dipoles,  and  the  target  a  0.01  m  radius  wire  200  m  from  the  antenna 
system.  The  constitutive  parameters  of  the  medium  were  aO.Ol 
mhos/m,  cr=4.  The  input  pulse  was  a  50  ys  gaussian. 

d  * 30m 


Fig.  4.  Scattering  attenuation  functions  for  a  cylinder  immersed  in  a  ground 
like  medium.  Results  are  presented  both  for  an  air  filled  cylinder 
and  a  perfectly  conducting  cylinder  (cr*®). 
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A.  Conducting  Cylinders 

For  the  conducting  cylinder  (which  may  be  representative  of  a  flooded  tunnel) 
the  normalized  scattered  field  is  almost  frequency  independent  over  a  wide  fre¬ 
quency  range,  and  the  reflected  field  is  only  about  5  dB  less  than  that  which 
would  be  obtained  from  a  perfect  reflecting  plane.  Consequently  such  a  target 
would  be  very  visible  to  a  parallel  polarized  electromagnetic  radar.  If  the 
radar  is  polarized  perpendicular  to  the  cylinder  then  the  cylinder  would  be  less 
visible  to  a  radar  operating  at  low  frequencies  than  would  the  same  cylinder 
oriented  parallel  to  the  radar  antenna.  Note  that  in  Fig.  4  no  creeping  wave 
resonances  are  observed  in  Ex  for  the  perfectly  conducting  cylinder.  This  is 
due  to  the  lossy  medium  attenuating  this  wave.  This  resonance  was  observed  when 
the  conductivity  is  reduced  to  o  =  0.0001  mhos/m. 

The  results  for  the  conducting  cylinder  are  similar  to  those  which  would  be  ob¬ 
tained  for  a  flooded  tunnel.  Figure  5  shows  the  normalized  scattered  fields 
for  lossy  cylinders  of  varying  coductivity.  It  is  observed  that  the  lossy  cyl¬ 
inder  behaves  similarly  to  a  conducting  cylinder  until  the  frequency  decreases 
so  that  the  tunnel  diameter  equals  the  skin  depth.  The  conductivity  of  the  water 
in  a  flooded  tunnel  could  vary  within  wide  limits,  but  would  be  of  the  order 
of  1  mho/m  if  significant  quantities  of  mineral  salts  were  dissolved. 


Fig.  5.  Scattering  attenuation  function  for  lossy  dielectric  cylinders 
in  a  lossy  medium  for  parallel  electric  polarization. 
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B.  Air  Fined  Circular  Cylinders  (Tunnels) 

The  scattered  fields  for  the  air  filled  infinite  cylinders  (tunnels)  shown  in 
Fig.  4  are  characterized  by  internal  resonances.  At  frequencies  higher  than 
about  the  fourth  resonance  the  scattered  fields  are  the  same  for  both  polari¬ 
zations:  consequently  at  these  frequencies  the  tunnel  would  not  be  detectable 
by  electromagnetic  means  with  an  orthogonal  antenna  system.  At  frequencies  lower 
than  about  the  fourth  resonance  the  fields  scattered  by  the  tunnel  are  different 
for  the  two  polarizations.  Thus,  in  this  frequency  range,  the  tunnel  is  poten¬ 
tially  detectable  by  a  radar  with  an  orthogonal  antenna  system.  At  low  frequen¬ 
cies,  when  the  tunnel  is  electrically  small,  the  tunnel  is  12-16  dB  more  visible 
to  a  perpendicularly  polarized  radar  than  it  is  to  a  parallel  polarized  radar. 
This  is  the  reverse  of  the  case  of  the  conducting  cylinder,  and  occurs  because 
a  transverse  cylinder  obstructs  the  current  flow  in  the  medium  more  than  a  par¬ 
allel  cylinder  does. 

For  E„  the  first  resonance  occurs  when  the  tunnel  diameter  is  approximately  a 
half  wavelength  (aim  radius  tunnel  resonates  at  about  50  MHz).  The  resonances 
can  be  predicted  quite  accurately  using  Geometrical  Optics  (10).  For  E„  only 
two  rays  need  be  considered  for  good  engineering  accuracy  down  to  the  first  res¬ 
onance  (10):  These  are  the  direct  reflection  from  the  tunnel  roof  and  the  ray 
which  travels  into  the  tunnel  to  be  reflected  from  the  tunnel  floor.  This  simple 
representation,  which  is  polarization  independent,  gives  good  accuracy  above 
the  fourth  resonance  for  Ex.  For  EA  below  the  fourth  resonance,  additional  rays 
(which  are  polarization  dependent)  need  to  be  included  in  the  G.O.  solution. 

An  important  characteristic  of  the  scattered  fields  of  the  air  filled  tunnels 
is  that  the  resonance  behavior  Is  Independent  of  depth  and  the  electrical  pa¬ 
rameters  of  the  ground.  This  first  resonant  region  for  1  m  radius  tunnels  lies 
between  40  MHz  and  60  MHz.  This  has  been  verified  for  a  range  of: 

conductivities  .0001  mhos/m  <  a  £  0.01  ’'hos/m, 
permittivities  4  <  e  ^T6  and 

depths  15  m  <  dr<  120  m. 

Only  the  level  of  the  curve  changes  significantly  as  these  parameters  are  changed 
This  remarkable  behavior  is  a  result  of  the  fact  that  the  resonances  are  caused 
by  internal  reflections.  This  is  extremely  Important  in  terms  of  identification, 
i.e.,  a  signal  received  by  an  electromagnetic  radar  operating  in  the  resonance 
region  will  contain  a  signature  of  a  hollow  circular  tunnel,  and  this  signature 
will  be  relatively  unaffected  by  the  depth  or  the  ground  parameters.  The  only 
effect  of  the  ground  parameters  on  the  shape  of  the  curve  In  the  resonant  region 
is  to  alter  the  depth  of  the  nulls:  this  occurs  because  a  change  in  the  Fresnel 
reflection  coefficient  alters  the  amplitudes  of  the  direct  reflection  from  the 
tunnel  roof  and  the  Internal  reflection  from  the  tunnel  floor. 

The  values  of  e  ,  a  and  d  affect  the  amplitude  of  the  curve  In  the  following 
ways. 

1)  Increasing  e  Increases  the  value  of  the  Fresnel  reflection  coefficient, 
so  that  the  direct  reflection  from  the  top  of  the  tunnel  is  increased,  and  the 
scattered  field  Is  increased. 

* 

2)  Increasing  o  (or  decreasing  e  )  increases  the  attenuation  constant  a  of  the 
medium  (9).  The  scattered  f1eldsrare  normalized  by  the  fields  El 2  scattered  by 
a. perfectly  reflecting  plane  located  at  the  axis  of  the  cylinder,  so  that  the 
E1  Is  lowered  due  to  extra  attenuation  Introduced  because  the  propagation  dis¬ 
tance  involved  is  Increased  by  twice  the  tunnel  radius.  Thus  the  normalized 
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scattered  fields  ES/E*  are  increased.  This  effect  can  be  very  pronounced,  as 
shown  in  Fig.  6  where  the  conductivity  is  changed  by  an  order  of  magnitude. 

The  level  change  of  14.1  dB  is  exactly  accounted  for  by  the  change  in  path  loss 
over  a  distance  equal  to  the  radius  of  the  cylinder. 

3)  As  the  depth  is  changed,  the  change  in  level  of  the  curve  is  described  by 
Equation  (7).  This  is  ilustrated  also  in  Fig.  6  where  a  depth  change  from  15 
m  to  120  m  results  in  an  8.79  dB  change  in  level. 


Fig.  6.  Comparison  of  scattering  attenuation  function  for  1  m  radius  tunnel 
for  different  depths  (d)  and  conductivity  (o)  shows  that  the 
primary  effect  of  these  parameters  is  to 
change  the  amplitude  of  the  curve. 

Figure  7  shows  the  SAF  for  a  square  tunnel  as  would  be  observed  using  a  cross 
dipole  system  where  both  Ex  and  E„  have  been  incorporated  in  the  solution.  The 
SAP's  in  this  case  are  obtained  using  the  polarization  currents  in  a  moment 
method  solution. 

IV.  SYSTEM  PROPERTIES 

The  goal  of  this  paper  is  to  include  scattered  fields  from  targets  other  than 
the  planar  interface  In  the  analysis  of  the  response  of  a  Video  Pulse  radar  sys¬ 
tem.  In  the  previous  section  we  obtained  the  SAF  for  several  cylinderical  tar¬ 
gets.  In  the  following  section  we  use  that  data  to  obtain  the  video  pulse  re¬ 
sponse  for  a  tunnel . 


1 1 
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Fig.  7.  Scattering  attenuation  function  for  a  2  m  square  tunnel  immersed  in 
a  media  with  er=4,  cnO.OOl  mhos/m  at  a  40  foot  depth. 

A.  Signals  Received  from  Tunnels 

The  effect  of  the  various  features  of  the  scattered  fields  of  the  tunnels  on 
typical  received  radar  signals  is  illustrated  with  some  examples.  Fig.  8  shows 
the  system  response  for  aim  long  dipole  30  m  from  and  parallel  to,  a  1  mm 
radius  infinite  circular  tunnel.  The  diple  has  a  0.0015  m  radius  coating  of 
polythene  (e  =2.3).  The  time  domain  received  pulse  after  being  reflected  from 
the  cyllnderis  shown  in  Fig.  8.  The  transmitted  signal  was  an  8  ns  doublet, 
and  the  parameters  of  this  radar,  were  chosen  for  Illumination  of  the  tunnel 
In  the  resonant  region  (9).  The  tunnel  resonances  are  clearly  observed  when 
Fig.  8  Is  compared  to  Fig.  9  which  does  not  include  the  tunnel  5AF.  The  tunnel 
resonances  cause  a  ripple  with  an  8  ns  period  on  the  tail  of  the  received  signal, 
and  this  kind  of  signature  is  suitable  as  input  to  an  identification  scheme  based 
on  the  complex  natural  resonances  of  the  cylinder  (13). 

B.  Direct  Mode  Operation 

• 

A  crossed  dipole  antenna  system,  with  one  dipole  used  for  transmit  and  the  other 
for  receive,  can  provide  about  100  dB  of  isolation  between  the  transmitted  and 
received  signals.  However  only  targets  which  couple  energy  from  one  dipole  to 
the  other  can  be  observed  (e.g.,  a  parallel  interface  cannot  be  observed).  How¬ 
ever  if  the  same  dipole  is  used  both  for  transmitting  and  receiving  (called  a 
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direct  mode  system)  then  targets  in  which  the  scattered  signal  is  polarized  in 
the  same  sense  as  the  incident  signal  can  be  observed.  The  direct  mode  system 
is  practical  if  there  is  a  large  time  separation  between  the  transmitted  signal 
and  the  received  signal  (called  a  clear  range  window).  From  Fig.  8,  it  is  ob¬ 
served  that  the  received  pulse  is  delayed  by  approximately  70  transmitted  pulse 
widths.  Clearly  a  pulser  could  be  designed  so  that  the  transmitted  pulse  would 
decay  well  below  the  received  pulse  level  when  it  arrives  back  at  the  antenna. 

Second  it  may  also  be  necessary  to  use  the  direct  mode  to  detect  planar  inter¬ 
faces  and  other  targets  that  do  not  exhibit  the  desired  polarization  character¬ 
istics. 

Figure  4  reveals  that  at  frequencies  such  that  the  scattered  field  from  the  tun¬ 
nel  is  above  the  fourth  resonance,  the  scattered  fields  become  independent  of 
polarization.  This  means  that  the  orthogonal  mode  geometry  would  not  observe 
the  tunnel  when  it  is  placed  directly  over  the  tunnel.  In  this  case,  it  would 
be  necessary  to  either  use  the  direct  mode  system  or  to  displace  the  antenna 
from  the  position  directly  above  the  tunnel.  This  latter  concept  is  easily  il¬ 
lustrated  if  the  tunnel  is  placed  in  the  plane  of  the  crossed  dipole  pair  as  * 

shown  in  Fig.  10.  Here  the  electric  field  incident  (E1)  on  the  cylinder  is 
now  parallel  to  the  cylinder.  The  scattered  electric  field  Es  has  a  component 
parallel  to  receive  dipole  as  shown.  This  applies  to  any  target,  for  example, 
a  spherical  scatterer  would  produce  no  significant  received  signal  if  it  is 
placed  on  the  axis  of  symmetry  of  the  cross  dipole  antenna  symmetry.  It  would 
be  observed  however  if  it  is  displaced  from  this  axis  in  planes  not  containing 
either  antenna. 

C.  Influence  of  the  Polarization  Properties  of  the  Target 
on  the  Received  Signal 

In  order  to  better  visualize  the  various  situations  that  can  occur  for  this  radar 
system  using  the  crossed  dipole  concept  for  isolation,  let  us  represent  the  radi¬ 
ated  field  as  being  that  cause!  by  a  z  oriented  dipole  at  the  origin  of  the  con¬ 
ventional  spherical  coordinate  system.  The  radiated  field  is 

*  -jkr 

£d  =  ee  K  -  sin6  (10) 


The  voltage  obtained  on  the  receive  crossed  dipole  are  represented  by  those  of 

an  x  oriented  dipole  at  the  position  (2r,9,4)).  If  the  reflection  process  does 

not  alJter  the  polarization  of  the  wave  then  the  received  voltage  is  proportional 

to  T.m  where 
e  x 

ex  =  eQ  cos  6  cos  4)  (11) 

or 

e-jk2r  , 

Vr  «  Z-p -  £  sin  29  cos  $  (12) 

In  this  case,  the  target  would  be  any  geometry  that  can  be  represented  by  a  non¬ 
depolarizing  scattering  center  or  flare  spot  located  at  the  position  (r,9,<b).  • 

If  on  the  other  hand,  the  target  is  polarization  sensitive  as  is  the  case  for 
a  thin  wire  or  thin  cylinder  then  the  wave  Incident  on  the  target  must  be  de¬ 
composed  into  Its  appropriate  components. 

For  example,  assume  the  scatterer  to  be  a  thin  conducting  cylinder.  Such  a  tar¬ 
get  is  an  effective  scatterer  for  waves  polarized  parallel  to  the  cylinder. 
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Fig.  3.  System  responses  for  1  m  long  dipole  antenna  parallel  to  and  30  m  from 
1  m  radius  circular  air-filled  tunnel.  The  input  pulse  is  an  8  ns  gaussian 
doublet.  The  dipole  is  coated  with  a  0.0015  m  radius  layer  of  polythene 

insulation  (e  =2.3). 
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9.  System  responses  for  1  m  parallel  dipoles  spaced  60  m.  The  system 
parameters  are  the  same  as  for  Fig.  8  except  that  the  SAF  for  the 
tunnel  has  not  been  included. 


Fig.  10.  Illustrating  the  incident  E1  and  the  scattered  field  Es  when  the  cylinder 
is  in  the  plane  containing  the  orthogonal  dipole  antenna  system. 
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Thus  the  incident  wave  should  be  decomposed  into  two  waves  whose  electric  field 
is  given  by 

^inc  =  «■  E”  +  E*  (13) 

Now  the  thin  conduct’  ,g  cylinder  is  placed  so  that 

y  =  d,  and  x  =  z  tan  9‘  (14) 


where  9’  is  the  angle  between  the  cylinder  and  the  x  axis.  The  field  scattered 
by  the  cylinder  is  now  proportional  to  cos  9 ' ,  and  the  received  voltage  at  the 
x  oriented  dipole  at  the  origin 


=  £  sin  29'. 


(15) 


Similarly  if  the  target  scatters  only  the  component  of  the  wave  polarized  perpen¬ 
dicular  to  the  cylinder. 


1* 


ac 


20  ‘ 


(16) 


where  the  negative  sign  indicates  a  reversal  of  polarity  in  comparison  to  that 
for  parallel  polarization. 


There  is  also  the  possibility  that  the  scattering  caused  by  the  two  components 
of  the  incident  wave  satisfies  neither  of  the  above  conditions  i.e.,  neither 
scattering  component  vanishes.  This  was  the  case  for  the  tunnels  for  frequencies 
up  through  the  first  few  resonances.  We  define  a  complex  proportionality  con¬ 
stant 

e! 

ax  =-7  (17) 

E„ 

where  En,  E^  are  the  scattered  fields  for  the  cylinder  for  incident  polarizations 
parallel  and  perpendicular  to  the  cylinder  respectively. 

Now  Equation  (23)  may  be  written  as 

fine  3  e„  Eg  cos  9'  +  eA  Erf  sin  9'  (18) 

The  received  voltage  is  now 

VR  “  I  Ed  sin  29'  ’  7  Ed  3i  sin  29'  (19) 


*  \  Ed  sin  29'  (1  -  ax) 

For  a  =  1,  VA  =  0  corresponding  to  the  case  where  the  reflected  field  is  orthog¬ 
onal  to  the  deceiving  dipole  and  is  parallel  to  the  transmitting  dipole. 

V.  CONCLUDING  REMARKS 

Various  cylindrical  scattering  models  have  been  used  to  outline  the  expected 
performance  of  video  pulse  radar  systems  for  the  detection  of  cylindrical  ge¬ 
ometries.  When  incorporated  with  previous  results  for  transmission  between 
dipole  antennas  immersed  in  conducting  media,  these  results  provide  the  necessary 
design  information  for  video  pulse  radars  to  detect  tunnels. 


680  G.A.  Burrell,  J.H.  Richmond,  L.  Peters  and  H.B.  Tran 


Thus  the  incident  wave  should  be  decomposed  into  two  waves  whose  electric  field 
is  given  by 

^inc  =  ®"  E"  +  Ea  (I3) 

Now  the  thin  conducting  cylinder  is  placed  so  that 

y  =  d,  and  x  =  z  tan  6'  (14) 


where  9'  is  the  angle  between  the  cylinder  and  the  x  axis.  The  field  scattered 
by  the  cylinder  is  now  proportional  to  cos  9’,  and  the  received  voltage  at  the 
x  oriented  dipole  at  the  origin 


v; :  ■  £  sin  26'. 


(15) 


Similarly  if  the  target  scatters  only  the  component  of  the  wave  polarized  perpen¬ 
dicular  to  the  cylinder, 


1* 


cc 


-  \  sin  29' 


(16) 


where  the  negative  sign  indicates  a  reversal  of  polarity  in  comparison  to  that 
for  parallel  polarization. 


There  is  also  the  possibility  that  the  scattering  caused  by  the  two  components 
of  the  incident  wave  satisfies  neither  of  the  above  conditions  i.e.,  neither 
scattering  component  vanishes.  This  was  the  case  for  the  tunnels  for  frequencies 
up  through  the  first  few  resonances.  We  define  a  complex  proportionality  con¬ 
stant 

e! 

a*  ■  —  (17) 

Em 

where  E*,  Ex  are  the  scattered  fields  for  the  cylinder  for  incident  polarizations 
parallel  and  perpendicular  to  the  cylinder  respectively. 

Now  Equation  (23)  may  be  written  as 

Iinc  =  e„  Eg  cos  9'  +  Si  Ed  sin  9'  (18) 

The  received  voltage  is  now 

VR  *  k  Ed  sin  29’  *  7  Ed  sin  29'  (19) 


*  \  Ed  sin  29'  (1  -  ax) 

For  a  *  1,  V„  =  0  corresponding  to  the  case  where  the  reflected  field  is  orthog- 
-.'•al  to  the  receiving  dipole  and  is  parallel  to  the  transmitting  dipole. 

V.  CONCLUDING  REMARKS 

:/1lndrical  scattering  models  have  been  used  to  outline  the  expected 
of  / ideo  pulse  radar  systems  for  the  detection  of  cylindrical  ge- 
-»•  •  -hen  Incorporated  with  previous  results  for  transmission  between 

Tinersed  in  conducting  media,  these  results  provide  the  necessary 
•  n  for  video  pulse  radars  to  detect  tunnels. 
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APPENDIX  I.  DISCUSSION  OF  POTENTIAL  ERRORS  IN  THE 
MODEL  IF  FIGURE  1 


The  reflecting  plane  of  Fig.  1  is  positioned  at  the  axis  of  the  cylinder  and 
yet  it  has  been  noted  that  for  large  hollow  cylinders,  the  dominant  scattering 
occurs  at  the  front  interface  (or  top  of  the  tunnel).  This  Appendix  shows  that 
this  reflector  position  does  not  modify  the  results. 


First,  it  is  observed  that  it  makes  no  difference  where  the  reflecting  plane 
is  placed  in  so  far  as  the  model  of  Fig.  4a  is  concerned..  However,  it  will  in- 
flunce  both  the  model  of  Fig.  4b  (for  the  normalization  E1)  and  the  separation 
of  the  dipole  and  its  image  shown  in  Fig.  4c.  Recall  that  the  model  of  Fig. 

4c  was  introduced  to  treat  the  finite  source  and  also  to  treat  the  influence 
of  the  ray  divergence  on  the  received  voltage  both  in  the  plane  of  and  perpen¬ 
dicular  to  the  plane  of  the  paper.  If  it  is  assumed  that  reflection  occurs  from 
the  front  interface  as  indeed  appears  reasonable,  then  our  reflecting  plane  should 
be  placed  at  that  position.  The  major  mechanism  that  could  contribute  to  errors 
would  be  the  loss  introduced  by  the  media.  It  could  be  argued  that  the  energy 
enters  the  tunnel  at  the  top  and  the  tunnel  (being  free  space)  is  lossless. 

We  are  concerned  with  the  changes  introduced  in  both  the  models  of  Figs.  4b  and 
4c  when  the  reflecting  plane  is  so  moved.  The  ray  divergence  in  the  plane  of 
the  paper  of  Fig.  4c  can  be  represented  by  a  line  source  perpendicular  to  the 
paper.  The  fields  of  that  line  source  are  given  by 


U  =  UQ 


,-yr 


(Al) 


YPi 

where  the  factor  U  e  equals  the  fields  incident  of  the  ground  plane  at  a  dis¬ 
tance  Pj  =  d,  the  factor 


+  r 


d 

J  d  +  r 


(A2) 


is  the  spatial  divergence  factor  and  represents  the  decay  in  the  fields  caused 
by  ray  spreading  as  the  observation  distance  r  moves  away  from  the  source  point, 
the  factor  e"Yr  represents  the  usual  phase  delay  factor  plus  the  attenuation 
introduced  by  the  medium.  The  fields  scattered  by  a  plane  at  the  axis  of  the 
cylinder  is  represented  by  r  =  d  whereas  the  fields  scattered  by  a  plane  at  the 
front  interface  is  represented  by  r  =  d  -  2a.  Thus  the  factor 


U(d-2a)  _  _2va  T~ 

U(d)  "  e 


represents  the  error  introduced  in  the  model  of  Fig.  4c. 

The  factor  E*  would  increase  by  e^Ya  if  the  reference  plane  is  shifted  to  the 
top  of  the  tunnel.  This  cancels  che  factor  e'^a  in  Equation  (A3).  The  result¬ 
ing  error  in  Equations  (10)  and  (11)  is  then  only 


Jb 1  1  (A4) 

This  result  implies  that  the  reference  plane  can  be  taken  at  any  convenient  posi¬ 
tion  as  long  as  it  is  consistent  with  both  the  models  of  Figs.  4(b)  and  4(c), 
and  the  amplitude  of  the  result  so  obtained  is  modified  by  the  V  d/d-a  factor. 

This  was  confirmed  by  recomputing  the  result  of  Fig.  8  with  the  reference  plane 
moved  to  a  point  one  half  of  the  distance  from  the  target  to  the  source.  The 
result  was  exact  in  shape  and  differed  by  3  dB  in  amplitude. 
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An  important  advantage  of  this  result  is  that  for  an  HFW  radar  the  results  for 

tunnels  buried  at  different  depths  can  be  computed  from  one  frequency  response 

calculation  for  the  model  of  Fig.  4(c). 
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SUMMARY  OF  PANEL  DISCUSSIONS 


(i)  25  June  1979  :  Moderator  -  Professor  Raj  Mittra,  University  of 

Illinois,  Urbana 

Professor  Mittra  began  the  panel  discussion  with  general  comments  on  the  day's 
talks  and  put  forth  specific  questions  to  the  speakers  and  participants. 

A  considerable  amount,  of  time  was  spent  on  how  well  the  T-matrix  method  can  handle 
scatterers  with  edges  or  corners.  Professor  Mittra  commented  that  if  the  coordinate 
system  chosen  is  not  suitable  for  the  particular  scatterer  then  the  matrices 
become  highly  ill  conditioned  and  if  special  basis  functions  are  used  other  than 
circular  and  spherical  functions  then  there  is  considerable  numerical  difficulty 
involved  in  their  computation.  Professor  Bates  remarked  that  the  use  of  special 
functions  that  could  take  care  of  the  singularities  at  the  edges  would  result  in 
well  conditioned  matrices.  Dr.  Wall  added  that  the  use  of  regularization  techniques 
would  also  result  in  matrices  with  good  condition  numbers.  The  same  effect  could 
also  be  achieved  by  the  use  of  subsectional  basis  functions  and  he  had  tested  this 
for  the  thin  wire  problem.  Professor  Wilton  remarked  that  special  functions  were 
not  needed  to  handle  edges  with  the  moment  method  but  Professor  Bates  felt  that 
the  resulting  matrices  would  then  be  ill  conditioned. 

Professor  V.K.  Varadan  stated  that  good  results  had  been  obtained  for  the  strip 
and  the  penny  shaped  crack  although  they  are  slender  and  long.  Dr.  Waterman  said 
that  these  two  cases  are  very  special  since  the  limit  of  zero  aspect  ratio  exists 
for  the  ellipse  and  spheroid  so  that  the  computer  programs  developed  for  these 
geometries  still  provide  good  results  even  for  crack  like  scatterers.  He  felt  that 
these  two  examples  should  be  excluded  from  a  discussion  on  obstacles  with  edges. 

Professor  Mittra  observed  that  the  T-matrix  formulation  seemed  naturally  suited 
to  handle  multiple  scattering  problems.  Professor  Strdm  who  originally  solved 
such  problems  added  that  the  framework  of  the  theory  is  such  that  if  one  is 
familiar  with  its  use  for  acoustic  waves  then  one  can  easily  extend  it  to  electro¬ 
magnetic  and  elastic  wave  problems.  The  inhomogeneous  scatterer  could  also  be 
handled  by  this  method  by  modelling  the  scatterer  as  being  comprised  of  several 
homogeneous  layers.  Good  numerical  results  have  already  been  obtained  for  such 
scatterers. 

Professor  Kouyoumjian  made  some  general  remarks  on  the  relationship  between  the 
T-matrix  and  moment  methods  and  was  of  the  opinion  that  they  are  first  cousins. 
Professor  Baum  also  noted  that  in  both  cases  one  matricizes  integral  equations. 
Professor  Kouyoumjian  felt  that  one  of  the  great  advantages  of  the  T-matrix 
approach  was  that  only  one  integration  had  to  be  performed  on  the  actual  surface 
of  the  scatterer  since  the  testing  was  done  on  a  fictitious  surface  on  which  the 
basis  functions  were  orthogonal.  The  key  to  the  whole  method  was  the  explicit  use 
of  the  extinction  theorem  to  eliminate  the  unknown  surface  or  interior  fields. 

Professor  V.K.  Varadan  stated  that  atleast  for  elastic  wave  scattering  problems. 
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the  T-matrix  approach  was  the  only  one  available  at  present  for  non-spherical 
obstacles.  The  moment  method  was  applied  only  to  two  dimensional  elastic  wave 
problems  and  not  well  explored.  Professor  Baum  felt  that  before  making  comments 
on  which  method  had  more  success  it  was  important  to  specify  exactly  what  integral 
equation  one  was  talking  about.  Professor  Bates  replied  that  when  the  T-matrix 
method  was  first  introduced  by  Dr.  Waterman  for  acoustic  and  electromagnetic 
waves,  the  moment  method  was  already  being  used  widely  for  scattering  problems. 

But  for  elastic  waves,  the  T-matrix  approach  was  tried  before  the  moment  method 
and  the  response  was  enthusiastic  since  it  quickly  provided  numerical  results  for 
a  number  of  new  problems,  and  it  is  natural  to  follow  along  a  successful  path. 

Professor  Mittra  questioned  Professor  Achenbach  on  the  apparent  discrepancy  between 
theoretical  results  using  the  geometrical  theory  of  diffraction  for  cracks  in 
elastic  solids  and  experimental  results.  Professor  Achenbach  replied  that  this  was 
due  to  the  fact  that  in  the  laboratory  one  was  dealing  with  real  materials  and 
real  cracks.  There  was  definite  damping  of  the  waves,  some  of  the  interfaces  were 
not  plane  interfaces  as  was  assumed  in  the  theory  and  finally  the  discrepancy  was 
only  in  the  amplitudes  of  the  scattered  fields  and  not  in  the  frequency  dependence. 
He  felt  that  it  was  the  frequency  dependence  that  mattered  in  inverse  problems, 
since  the  amplitudes  could  easily  be  matched  better  by  introducing  damping  in  the 
theory.  Professor  Baum  agreed  and  commented  that  the  singularity  expansion  method 
(SEM)  was  based  on  the  fact  that  the  frequency  dependence  associated  with  a  set 
of  resonances  characterizing  the  scatterer  was  source  independent. 

Finally  Professor  Mittra  asked  Professor  Mei  to  comment  on  the  unimoment  method 
and  the  matching  of  boundary  conditions  off  the  actual  surface  of  the  scatterer 
and  on  a  fictitious  surface  that  was  chosen  to  conform  to  the  coordinate  system 
being  used.  Unfortunately,  Professor  K.K.  Mei's  response  was  not  recorded  clearly. 

(ii)  27  June  1979  :  Moderator  Professor  R.H.T.  Bates,  University  of  Canterbury, 

New  Zealand 

Professor  Bates  posed  three  questions  to  the  panel  and  the  audience  - 

(1)  Should  the  method  introduced  by  Dr.  Waterman  which  is  the  focus 
of  this  Symposium  be  called  the  T-matrix  method,  the  null  field 
method  or  the  extended  boundary  condition  method  ? 

(2)  What  are  the  conclusions  to  be  drawn  from  the  talks  and  discus¬ 
sions  at  the  Symposium  ? 

(3)  What  are  the  new  problems  to  be  looked  into  where  the  T-matrix 
method  can  be  conveniently  applied  ? 

He  then  summarized  his  impressions  from  the  Symposium  - 

(1)  The  T-matrix  method  seems  to  have  made  the  maximum  impact  in 
elastic  wave  scattering  problems  and  was  being  used  by  the 
people  in  the  Engineering  Mechanics  Department  at  OSU  and 
Professor  Staff  an  StrCJm's  group  in  Sweden. 

(2)  The  method  seems  particularly  well  suited  for  multiple  scatte¬ 
ring  problems  especially  in  conjunction  with  ensemble  averaging 
techniques  of  statistical  mechanics  and  lastly, 

(3)  The  application  of  the  method  to  waveguide  problems  seems  to 
establish  the  usefulness  of  the  method  unequivocally. 
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He  then  asked  Professor  V.V.  Varadan  if  one  could  conclude  that  in  elastic  wave 
problems  the  T-matrix  method  has  yielded  answers  superior  to  those  by  other 
methods.  Professor  V.V.  Varadan  stated  that  it  would  be  unfair  to  come  to  that 
conclusion  since  the  moment  method  that  yields  answers  for  the  same  range  of 
wavelengths  has  been  unexplored  for  3-D  problems  and  suggested  that  the  group  at 
OSU  should  look  into  this  method.  Dr.  Thompson  who  had  been  involved  with  the 
Rockwell  ARPA/AFML  program  for  non-destructive  testing  for  the  past  five  years 
summarized  his  impressions  of  the  different  methods  that  have  been  used  for 
elastic  wave  scattering. Simple  but  not  so  accurate  approximations  of  scattering 
problems  like  the  Born,  the  quazi  static  and  the  extended  Born  methods  have 
provided  good  understanding  and  insight  and  more  accurate  numerical  methods  have 
provided  results  that  agree  more  closely  with  experimental  results.  Ultimately 
one  has  to  deal  with  extremely  complex  flaws  in  structural  materials  which  perhaps 
can  be  approached  with  finite  element  calculations. 

The  panel  was  asked  if  transient  problems  like  the  scattering  of  seismic  waves 
from  buildings  in  which  the  building  actually  moves  had  been  studied  using  the 
T-matrix  method.  Professor  V.K.  Varadan  replied  that  it  was  possible  if  one  could 
integrate  the  T-matrix  solution  over  frequencies.  At  the  end  of  this  part  of  the 
discussion  it  was  concluded  that  it  was  pointless  to  discuss  the  superiority  of 
one  method  over  another,  A  particular  method  may  be  very  well  seated  for  a  certain 
problem  and  not  so  for  another. 

Next  the  use  of  the  finite  element  method  for  elastic  wave  problems  was  discussed. 
Professor  V.V.  Varadan  summarized  the  situation  in  this  regard.  Professor  C.C.  Mei 
had  been  using  finite  element  methods  for  scalar  diffraction  problems  i.e.  the 
scattering  was  by  rigid  obstacles  in  water.  The  method  has  yet  to  be  applied  to 
the  full  elastodynamic  problem.  Usually  the  scatterers  are  modelled  by  approximate 
theories  such  as  beam  and  shell  models.  But  it  would  be  very  interesting  to 
apply  the  uni-moment  method  which  is  related  to  the  finite  element  approach  for 
elastic  wave  problems. 

The  question  of  truncation  sizes  and  convergence  criteria  in  the  use  of  the 
T-matrix  method  was  raised  by  a  member  of  the  audience.  Professor  V.V.  Varadan 
replied  that  at  present  there  axe  none  available  and  such  questions  were  basically 
decided  by  checking  the  symmetry  and  unitary  properties  of  the  scattering  matrix. 
Professor  Ramm  was  of  the  opinion  that  although  as  Engineers  and  Physicists  we 
are  interested  in  the  application  of  certain  mathematical  techniques  for  the 
solution  of  physical  problems,  it  is  important  for  us  to  be  concerned  about  exist¬ 
ence  and  convergence  proofs.  Professor  Bates  commented  that  the  time  was  ripe  for 
mathematicians  to  look  into  these  questions  in  the  context  of  the  T-matrix. 

There  was  an  interesting  discussion  on  whether  the  T-matrix  method  is  a  suitable 
name  for  the  method  introduced  by  Waterman.  Professors  Bates,  Strttm,  V.K.  Varadan, 
V.V.  Varadan  and  Boemer  participated  in  this  discussion.  Various  names  have  been 
used  in  the  papers  published  so  far  -  Transition  matrix,  T-matrix,  Transfer  matrix, 
the  extended  boundary  condition  and  the  null  field  method.  Since  the  term  T-matrix 
is  already  widely  used  in  quantum  mechanics,  this  name  applied  to  the  Waterman 
method  would  cause  some  confusion.  The  name  extended  boundary  condition  method 
(EBC)  is  vague  and  misleading.  It  creates  the  impression  that  boundary  conditions 
are  not  satisfied  on  the  actual  surface  of  the  scatterer  whereas  the  boundary 
conditions  are  satisfied  in  a  perfectly  natural  way.  It  was  the  general  opinion 
of  the  panel  that  the  null  field  method  was  the  most  suitable  name,  since  the 
key  to  the  whole  technique  is  the  nulling  of  the  incident  fields  at  the  points 
interior  to  the  scatterer.  Professor  V.K.  Varadan  was  concerned  that  researchers 
in  mechanics  who  are  now  familiar  with  the  name  T-matrix  approach  should  not  be 
confused  by  the  name  null  field  method. 
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Some  of  the  new  problems  that  are  ready  to  be  studied  by  the  null  field  approach 
are  cluttering  problems  -  scattering  from  moving  and  'noisy'  obstacles,  multiple 
scattering  from  trace  gases,  aerosols,  dust  and  other  types  of  atmospheric  conta¬ 
minants,  scattering  from  rough  surfaces  like  the  surface  at  the  bottom  of  the 
ocean,  scattering  from  flaws  in  structural  materials  in  the  presence  of  nearby 
boundaries  to  include  surface  wave  effects.  Professor  V.K.  Varadan  mentioned  that 
Dr.  De  Santo  at  Naval  Research  Laboratory  had  already  started  some  nice  work  on 
rough  surfaces  and  Professor  StrBm  and  his  group  have  already  started  work  on 
surface  wave  effects. 

The  last  subject  for  discussion  was  the  inverse  problem.  Professor  Ksienski  began 
this  discussion  by  calling  on  theoreticians  to  look  more  directly  at  the  end 
objective  instead  of  trying  to  improve  scattering  theory  and  making  it  mathemati¬ 
cally  pleasing.  In  actual  application,  the  identification  of  an  unknown  flaw  at 
an  unknown  location  is  the  important  problem  not  if  one  has  an  elegant  theory  to 
describe  the  scattering  from  a  model  flaw.  Professor  Boemer  agreed  with  him 
saying  that  even  for  inverse  problems  researchers  are  too  concerned  with  theorems 
and  proofs.  He  noted  that  Professor  Young  presented  during  his  lecture  a  relation¬ 
ship  that  was  derived  for  high  frequency  scattering  but  which  seemed  to  apply 
very  nicely  in  the  low  frequency  resonant  scattering  region.  Professor  V.V.  Varadan 
added  that  Dr.  Rose  using  the  inverse  Bom  approximation, which  really  applies 
well  only  to  weak  contrasts  between  flaw  and  host  material, seemed  to  have  obtained 
excellent  results  for  a  cavity  in  a  solid  where  the  contrast  is  infinite.  ProfessoT 
Bates  suggested  that  since  human  vision  works  on  90  %  a  priori  information,  in 
dealing  with  the  inverse  problem  one  should  take  advantage  of  all  the  a  priori 
information  available  since  there  are  too  many  unknowns  to  handle  mathematically. 

He  mentioned  that  the  use  of  cross  polarized  channels  in  experiments  had  yielded 
tremendous  information.  Professor  Seliga  commented  that  this  has  had  tremendous 
application  in  measuring  rainfall  rates.  The  actual  variations  in  the  magnitudes 
of  the  cross  section  are  not  important  but  it  is  the  differentials  relative  to 
polarization,  preferred  orientation  etc.  that  are  important. 

The  panel  discussion  and  Symposium  concluded  with  a  vote  of  thanks  by  Professor 
V.K.  Varadan  and  Dr.  N.L.  Basdekas. 

The  two  panel  discussions  were  summarized  from  tape  recordings  that  were  some¬ 
times  totally  unclear.  Any  misinterpretation  of  comments  made  by  the  panel  and 
participants  is  totally  unintentional. 


